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NONLINEAR  CONICAL  FLOWS  OF  GAS. 

B.  M.  Bulakh. 


Page  7. 

PREFACE 

During  the  axisymmetric  flow  of  supersonic  uniform  flow  about 
the  round  cone  of  gas  the  bcw  shock  neat  the  apex  of  the  cone  is  also 
round  cone  (if  flow  for  abruptly  supersonic),  but  flow  behind  shock 
wave  is  not  uniform. 

Since  in  the  supersonic  flow  of  gas  the  slight  disturbances  are 
not  spread  Upstream,  the  which  interests  us  flow  about  the  cone  of 
the  finite  length  will  be  concealed  as  for  a semi-infinite  cone.  Then 
as  a result  of  the  fact  that  in  task  is  absent  the  reference  length, 
the  Parameters  of  flow  prove  to  be  constants  along  each  ray/beara, 
which  emerges  from  the  apex/vertex  of  the  streamlined  cone,  such  a 
field  of  flow  he  is  called  conical  and  serves  as  the  object/subject 
of  this  book. 

The  problem  of  cone,  examined  by  A.  Busemann  in  1929  [ 1 ],  was 
the  first  task  of  the  conical  flow  theory  of  gas.  Long  time  it 
remained  only.  Only  in  1943  A.  Busemann  in  work  [2]  derived  the  basic 
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formulas  of  the  linear  conical  flow  theory,  with  the  aid  of  which 
were  solved  at  present  many  important  tasks  (see,  for  example  [3, 

4]).  The  theory  of  the  nonlinear  conical  flows  cf  gas  (based  on 
"precise"  equations  of  motion  of  nonviscous  gas)  began  to  be 
developed,  essentially,  in  the  50's.  In  last/latter  decade  the 
interest  in  conical  flows  considerably  was  enforced.  This  is 
understandable,  since  although  the  parameters  of  conical  flows  are 
functions  from  two  angular  independent  variables,  they  belong  all  the 
same  to  three-dimensional  type  flows.  Within  the  framework  of  conical 
flow  theory,  are  solved  such  fundamental  problems  of  gas  dynamics  as 
task  cf  cone,  the  task  cf  triangular  plate,  etc.  Conical  flows  serve 
as  starting  point  for  the  solution  to  the  spatial  problems  of  the 
flow  about  the  nonconical  bodies  and  are  of  interest  also  for 
mathematical  physics,  since  here  many  fccundary-value  problems  are 
related  to  the  mixed  elliptical-hyperbolic  type,  almost  in  no  way 
illuminated  in  mathematical  literature. 

Page  8. 

In  recent  years  were  created  the  circuits  cf  the  flow  about 
conical  bodies,  were  placed  the  corresponding  boundary- val ue 
problems,  were  created  the  analytical  and  numerical  methods  of  the 
solution  of  the  problems  of  the  theory  of  the  nonlinear  conical  flows 
of  gas,  both  with  super  and  hypersonic  speeds,  were  carried  out 
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experimental  studies.  As  a result  the  thecry  of  nonlinear  conical 
flows  acquired,  to  a certain  extent,  the  final  form.  However,  the 
special  books,  dedicated  to  this  question.  thus  fat  the^e  is  neither 
in  the  USSR  nor  abroad.  The  proposed  book  is  intended  to  fill  this 
qap/spacinq.  The  author  hopes  that  all  tasic  prcolems  of  the  theory 
of  the  nonlinear  conical  flews  of  gas  feund  in  it  reflection, 
although  the  book  is  not  handbook  on  the  theory  of  nonlinear  conical 
flows. 


For  this  reason  many  theories  are  set  forth  concise.  (For  in 
detail  research  on  question  is  indicated  literature).  Experimental 
materials  are  drawn  only  to  evaluate  the  quality  of  theoretical 
results.  Semi-empirical  theories  barely  are  set  forth. 

At  present  many  tasks  of  the  theory  of  the  nonlinear  conical 
flows  of  gas  can  be  solved  with  the  assigned  degree  of  accuracy  by 
ETsVM  [digital  computer];  therefore  by  the  analytical  method  of  the 
solution  of  such  problems  it  is  given  comparatively  little  attention, 
in  the  same  cases  when  the  numerical  methods  of  the  solution  of 
problems  are  not  still  created  or  their  application/use  is 
inexpedient,  analytical  theories  are  set  forth  in  detail. 


In  bibliography,  as  a rule,  are  net  indicated  the  technical 
reports  of  different  companies  and  special  institutions,  unattainable 
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to  the  Soviet  Leader.  Unfortunately,  in  the  book  could  not  preserve 
single  designations  and  the  same  letters  in  different  paragraphs 
designate  now  and  then  different  values. 

In  conclusion  we  would  like  to  note  that  this  book  arose  as  a 
result  of  author's  many-year  work  in  the  range  of  the  nonlinear 
conical  flows  of  gas,  initiated  under  Saveli  Vladimirovich 
Falkovich's  manage ment/manual  to  whom  the  author  is  sincerely 
gratef  ul» 

December  1967.  E.  Bulakh. 
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Chapter  1. 

COMMON  PROPERTIES  A ND  SOME  PARTICULAR  FORMS  OF  THE  CONICAL  FLOWS  OF 
GAS. 

§1.  Basic  assumptions  and  equations. 

1.1.  Lead-in  observations.  In  this  book  are  examined  the  steady 
motions  of  yas  on  the  assumption  that  yas  inviscid,  that 
nonheat-conducts,  and  is  found  in  the  state  of  local  thermodynamic 
equilibrium  (or  in  the  "frozen"  state),  i.e.,  there  is  equation  of 
state  of  qas.  In  the  yeneral  case  of  the  equation  of  motion  of  this 
yas,  contain  as  unknown  functions  three  component  of  the  velocity 
vector  of  the  particle  of  gas  V,  pressure  p#  density  p (or  other  two 
thermodynamic  functions  of  gas)#  which  depend  on  three  space 
coordinates.  During  flow  those,  limited  by  conical  surfaces,  the 
supersonic  uniform  flows  of  gas  are  formed  the  conical  flows,  which 
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t are  characterized  by  the  facts  that  the  velocity  vector  of  V and  the 

thermodynamic  functions  of  gas  are  constant  on  half-lines,  passing 
through  the  apex/vertex  of  the  streamlined  tody  - the  pole  of  conical 
flow.  (Incipient  yielding  of  such  type  is  caused  by  the  fact  that  in 
supersonic  flow  conical  body  can  be  considered  unlimitedly  continued 
downstream,  i.e.,  not  having  the  significant  dimension). 
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Fig.  1. 
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1.2.  Spherical  coordinates.  If  ve  introduce  the  system  of 
spherical  coordinates  B , <J>,  9 (fig.  1)  with  beginning  in  the 
apex/vertex  of  the  streamlined  body,  then  the  unknown  values  will 
depend  only  on  angular  coordinates  <J>,  6,  but  will  not  depend  on  R, 

i.  e.  , 

dl  9p_  __  as  _ di  _ 

d/t  di{  ~ an  TiT  ~ TTt  0 

s 

I 

(S,  specific  enthropy  and  enthalpy). 


In  the  selected  systea  of  coordinates  (see  Fig.  1)  the  equation 


• % 

I 


l 


of  continuity  div  (pV)  = 0,  the  equation  of  Euler  dV/dt  = 1/p  grad  p 
(d/dt  - complete,  substantial  time  derivative) , the  equation  of 
energy  d/dt  S = 0,  for  conical  flow  will  be  written  in  the  fora 
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(pt  sin  0)e  4-  (pw)®  = — 2up  sin  0,  (1.1) 

rae  -)-  ir  cosec  0U®  — — w*  = 0,  (1.2) 

it#  -f-  cosec  4-  uv  — w*  clg  0 = — ^ ■ po,  (1 .3) 

(rwg  w cosec  0 w,i.)  sin  0 -)  w (u  sin  0 -f  r cos  0)  = 

= (1.4) 

vSe  + w cosec  05®  = 0.  (1.5) 

Here  u,  v,  w - the  components  of  the  velocity  vector  of  V in 
direction  increase  with  respect,  to  R,  0,  <1>;  derived  are  designated  by 
subscript  about  the  sign  of  function,  i.e'.  ,fb-~  For  the 

closing/shorting  of  system  cf  equations  (,1.1)- (1.5)  it  is  necessary 
to  indicate  the  dependence 

S = S(p,  p)  (1.6) 

[Also  T = T(s,  i) , e = e(S,  i)  , a * a(S,  i)  , where  T are  absolute 
temperature,  e - specific  internal  energy,  a - the  speed  of  sound. 

The  graphic  representation  of  dependences  (1.7)  is  called  Holier 
diagrams  (see,  for  example  [5])  ]. 

Page  11. 


Multiplying  the  equation  of  Euler  along  flow  line  scalarly  on  V, 
replacing  dp/p  by  di(di  = dp/p  with  dS  = 0)  and  producing  integration 
along  flow  line,  we  will  obtain  Bernoulli*s  integral 

+ '«•  (1.8) 

?*  = | V |J  * u*  ♦ v*  ♦ w*,  i„  - stagnation  enthalpy  or  the  total 
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enthalpy.  Since  the  conical  flows  appear  from  uniform  flow  and  i0  is 
constant  in  all  field  of  conical  flow.  Kith  integral  (1.8)  it  is 
possible  to  replace  one  of  the  equations  £ 1.  2)  is ( 1.  U)  . Is  simplified 
with  the  aid  of  (1-8)  system  of  equations  (1.1)-{1.5),  (1.7)  (see  in 
regard  to  this  also  [ 6 ])  . 


It  is  temporary  in  order  not  to  disrupt  the  designations, 
accepted  in  thermodynamics,  the  designations  of  derivatives  let  us 
extract  completely.  Differentiating  (1.7)  , we  will  obtain 

_£L  - ( d?  \ dS  4.(^1 ~\  JL  M u, 

ae  ~ • as  )i  ae  m at  )*  ae  ' { y> 

JL  - (JL\  JL  4-  (JL\  JL  m io\ 

a<l>  ~ 1 as  ji  <*»  r VWJs  a<i>  ' 

Multiplying  equation  (1.9)  on  v sin  0,  (1.10)  - on  w,  piecemeal 

store/adding  up  and  talcing  into  account  (,1.5),  we  will  obtain 

■ST' " 8in 6 + -Sr  w = [-Tr)8(-WvainQ  + Saw}  <1J1) 

From  second  law  of  thermodynamics  for  reversible  processes 


TdS  = di  - 

p 


(1.12) 


it  follows  that  with  S = const,  di  = dp/p, 


where 


fjp\  _ „ ( ap  \ _ p 
'~sr)a-p\~oF)B-  IT' 

a?  Is 


(a  is  the  local  velocity  of  sound  in  gas).  Let  us  differentiate  (1.8) 
on  S and  <b: 
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He  eliminate  p from  (1.1)  with  the  aid  of  (1.11),  (1.13),  (1- 1U) 

and  we  utilize  (12);  the  eguaticn  of  continuity  takes  the  form 

(a1  - r*)  sin  8re  = (u*  - a *)  w«  4-  vw  (sin  0we  + + 

+ U (r*  -f  ir*  — 2a*)  Pin  0 — a*r  cos  8.  (1.15) 

(Derivatives  are  designated  in  indices). 


From  (1.12)  it  follows 


L < JtL\ 

? ' »s  ji 


= r, 


< f BP 
? Hi  Js 


= 1. 


therefore. 


taking  into  account  (1.  14)  , 


dw 


* du  0t> 

*o>  +ua3F  + l;tfar  + “ Mr* 
and  equation  (1.4)  he  will  be  written  in  the  fora 


TS#  ~ nsinOia,  — uu<j,  — vv^~siaOw(u+  rctg8).  (1.16) 
Consequence  (1.5),  (1.16),  (1.2)  is  the  equation 

TS,~*  — uu,  ~ u>w»  -f  w cosec  8a®  -f  uv  — ta*  ctg  8.  (1.16a) 

As  a result  of  transformations  instead  of  the  system 
(1.1)- (1.5),  (1.7)  is  obtained  a simpler  system  of  equations 
0»2),  (1.16),  (1.5)  for  determining  of  u,  v,  w,  S [T  = T(S, 


(1-15) 
i)  • 
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(a(S,  i);  i is  determined  from  (1.8)  ]. 

1«3«  cartesian  coordinates,  in  secies  cf  problems  (for  example, 
in  the  case  of  flat/plane  wings)  to  conveniently  utilize  a Cartesian 
system  of  coordinates  Ojxyz  (Fig.  2). 


Page  13. 

Here  the  parameters  of  gas  in  conical  flow  depend  only  on  the 
relation  of  coordinates  S = x/z,  V)  - y/z.  Plane  £ ,v\  has  the  simple 
physical  sense:  this  is  plane  z •=  1 in  space  xyz,  a ^ - 

correspondingly,  coordinate  x and  y takes  the  form 

p(u;  |-  r,  — — 1|//<ti)  -f 

i -j 

-!  (/'  — rjw)p,.  <». 

1 

= “T^ 

(u  — 5w)l’i+  (V-1)W)V,,  =- 

= — p, , 

? r 

( U — lw)  -f  (r> — rji/-)  w,= 

*=  -jr(£/>i  + vO- 
(u— \w)  S%+(v—  tjw)  A’,,=0. 

Here  u,  v,  w - the  components  of  vector  of  V in  direction 
increase  x,  y,  z;  derivatives  of  designations,  with  indices. 

From  these  equations  by  the  way  of  transformations,  the 
completely  analogous  to  transformations  in  the  case  of  spherical 


ZZZE 
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coordinates,  we  obtain  system  ot  equations: 

» \ / "f  4"  w**  \ , . f u*  -4-  r*  4-  it  ) 

(u  |w»)( — 7 ),  + (v  — n«o)  { - -x  )T  + 

+ «*  (In  + Tl«\  — »i  — «\)  =-0.  (1.17) 

£ |(w  — £«’)  u=  -f  (n  — r\ir)  u,}  -f  r\  |(u  - l>r)  /•;  -j- 

+ (v  — ijit)  u,J  + (a  — lw)  wi  + (v  — ip/?)  u\  0,  (l.iS) 

(u  - £?/•)  u-=  + (i>  — r\w)  U'„  + t(»~  -\-v  -\-w  ^ + 

+ „(!£±f!j£)<+r(,  «+,«).*.  «.<«, 

(«  — £«•) ,V&  -f  (v  — i)w)  S\,  - 0 (1 .20) 

[a  - a (S,  i)  , T = T(S,  i)  , i it  is  determined  from  (1.8)]. 


I 
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Fig.  2. 


Page  14. 

For  ideal  gas  p = p RT  (R  - the  characteristic  constant  of  gas)  , 
specific  heat  capacities  at  constant  pressure  cp  and  a constant 

voluae  ct  are  constant  (It  cp  — cv)  and 

.V  ^ c,ln  (/<(»•  ■)  -|  ,-onsl , r i cpT  ■ - - . 

' v » 1 

a2  = r (P/P)  = yRT.  Hence  it  follows  that  T =(a*)/jR,  and  integral 
(1.8)  assumes  the  f or m (V2/2)  + (a*)/(^  - l)  = i0,  i.e.,  in  systems  of 
equations  (1.15),  (1.16),  (1.5)  and  (1.  17)  - ( 1. 20)  T and  a2  there  ate 

the  known  (linear)  functions  V2  = u2  ♦ v2  ♦ w2. 

1.4.  Generalized  spherical  coordinates.  During  the  study  of  the 


/ 
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i.  flow  of  hypersonic  flows  about  the  conical  bodies  of  gas  it  is 

convenient  to  utilize  a system  cf  the  orthogonal  generalized 
spherical  coordinates  R,  9,  <D,  in  which  one  family  of  coordinate 
surfaces  are  spheres  R2  = x2  ♦ y2  ♦ zz  = const;  tne  second  and  third 
families  are  constructed  as  follows.  On  the  surface  of  sphere  R = 1, 
are  carried  out  two  families  of  orthogonal  coordinate  lines*  moreover 
so  that  to  body  surface  corresponds  one  of  these  lines.  Then  to  these 
coordinate  lines  stretch  themselves  the  conical  surfaces,  which  are 
accepted  as  coordinate  surface  9 = const#  (t>  = const  (Fig.  3)  . 


If  we  designate  by  u#  v,  w the  components  cf  vector  of  rate  of  V 
in  direction  increase  with  respect  to  R,  9,  0>,  then  the  equation  of 
continuity#  moment  urn,  energy  they  will  be  written  in  the  form  [7] 

2pit  t + (u'.4|)<nl  = 0,  (1  21) 

(122) 


-y- 1*.|.  + ur  p nr 


(In  A,) 


A, 


•*«1 


fi  ” (,■ 


* * 

r 


*•  ‘ -T  '« 


0. 


rr. /’" 

(1.23) 

(1.24) 

(1.25) 
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1-5.  I r rotational  flows.  If  the  flow  of  gas  is  irrota tional, 
then  there  is  a velocity  potential  #(r  - grad  and  s = S0  = const. 
For  conical  flow  *,  it  is  represented  in  the  form  * = RF  (0,  «l'),  in 

the  case  of  spherical  coordinates.  Function  F let  us  call  the  conical 
potential.  The  velocity  components  will  be  determined  according  to 
the  formulas 

(1.28) 

while  system  of  equations  (1.15),  (1.2),  (1.16),  (1.5)  will  come  to 

one  equation  for  determining  of  F (see  [20]). 

sin2  0 (a2  — i’2)  Fm  — 2vv si n <j,  -f-  (a2  — tr")  F,i.<j,  -f 
-f-  sin2  A (2a2  — v1  — v'-)  F -y-sin2fl(a2 -|- ?/>2)  F*  0,  (1.27) 

(a  - a {i.  S0),  - 7 + i - /„.  (1.8)1. 
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For  the  Cartesian  coordinates 

u ^ g*  F=.  v = q>„  — Fv  i/’  - q>.  — F — £Ft  — qF,,.|  ‘ ' 

System  of  equations  (1.  17)  - (1.  20)  is  reduced  to  equation  (see  [9]) 


where 


/.  [F]  = AFUi  + 2/?F*„  + CFr,„  = 0, 
A = a*  (1  + 5*)  - (u  - &*)«, 

F = a2^  — (u  — lw)  (r  — »)«>), 

C = a*  (1  + t|*)  — (c  — tjut)*, 


(1.29) 

(1.30) 


see  (1.8)  ] 


If  we  in  plane  £,  >j  introduce  polar  coordinates  by  formulas 


4-  T)2,  tg  0 — ■ tj/S.then  equation  (1.29)  is  converted  to  forn  [10] 
{a2  ( 1.  + r»)  - \rF  - ( 1 + r»)  Fr]*}  F„  + 

+ 2[F-(r  + ±)Fr]F9(±Fn-±F')  + 


Moreover 


+(*-jr*l)(-}rFm  + ±Fr)  = 0,  (1.31) 


u = cos  QFr  — sin  0 — F», 


w = sin  0Fr  + cos  0 ■—  Ft,  w~F  — rFr.  (1.32) 


1.6.  Transfor nation  of  hodograph.  since  for  the  conical  flow 

u — (Pjc  = U (l,  T)),  V = <fv  = v (l,  ri),  w — w (l,  T))  =<plt 
it  is  possible  to  write  that  £ = 5(u»  v)*  *T)=>[lu,  v)  and  hence  w * 

, , . . . . , _ . I)  (U,  V) 

w(u»  v)  (on  the  condition  that  the  jacctian  of  transformation  — --  = 
F — F\1  ^0),i-e«,  to  each  conical  flew  corresponds  certain  surface  in 
the  space  of  hodograph  u#  v,  w (case  F|„  = 0 will  be  examined 

later  than)  . 


Page  17. 

The  differential  equation,  to  which  it  satisfies  w * w(u,  v),  is  most 
simply  obtained  with  the  aid  of  the  application  of  the  Legendre 

transformation  [11,  12,  13]  to  conical  potential  F {l,  r\): 

x(«")  + F(s,  n)  ";+  »»i,  1 ..  .... 

U = F:,  V ■=--  F,,,\  - Xu-  >1  X»-|  ' 

From  (1.28)  it  follows  that  Legendre  potential  x(u,  v)  in  our  case  is 

simply  - w(u,  v)  and,  therefore, 

l ~ — U’u.  t|  — — U'„.  (1.34) 

Equation  for  w(u,  v)  will  be  obtained  from  (1.29),  if  we  in  (1.30) 
substitute  (1.34),  and  the  second  derivatives  of  F in  terms  of  S in 
terms  of  ij  to  replace  in  terms  of  known  formulas  (see  [13]) 

Ftl)  — F t,r,  -=*  uu'"' 

where  a = FK  F,x  — F?„  • 


I 
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Alter  reduction  for  g equation  (1-29)  it  will  take  the  form 


where 


- 2//i«u.  +Cliru„  0. 

At  a'-  (1  + lii)  — (u  + 

lit~  a-u  nwt  — (u  -f  uv„)  (v  + !/•«•„), 

Ci  ^ a!(l  + «*•„)*  — {v  4- 


1.7.  Canonical  variables,  in  the  case  AC  - B*  > 0 equation 
(1.29)  can  be  reduced  to  the  canonical  system  of  equations,  which 
contains  as  the  unknown  functions  €,*r),  u,  v,  w [see  (1.28)  ],  if  we 
introduce  new  independent  variables  p,  o by  the  aid  of  equations  (see 


[14]) 


Ai  |p'—  Bl , + y AC-  If  l,  = 0.  (1.37) 

4%- *5  -Vac-b-i,-  0.  (1-3H) 


The  remaining  equations  of  canonical  system  take  the  form 

Au,+  Bv  +VAC-  B-  va  - 0,  (,  :i9) 

Ait,  + Bv9  - Y AC  - //-  v,  0.  (1-4°) 

Aw  + t|Ar  q - 0 (I  'll) 

(A  ri~ — f- the  operator  of  Laplace). 
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Furthermore,  on  the  boundary  of  the  region  in  which  are  defined 
€*  T) , u,  v,  w as  functions  p»  «,  aust  be  fulfilled  the  condition 

dw  -f  tj  dr  -(-  5 du  — 0.  (1 .42) 

From  system  of  equations  (1.37)- (1.41)  by  crossed  differentiation  it 
is  possible  to  obtain  the  system  of  equations,  which  contains  old 


- r - 


> ; 

> * 1 •’ S . X 
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derivatives  of  ?,  -yj,  u,  v,  w for  p and  0,  in  the  form  of  the 
operators  of  Laplace  (see  [ 14]).  System  of  equations  ( 1.  37 ) - (1.  42)  of 
irvariant  of  relatively  conformal  mapping  of  the  plane  of  independent 
variables.  (Another  method  cf  the  reduction  of  equation  (1.29)  to 
canonical  systems  in  Cases  AC  - B2  < 0 and  AC  - B2  > 0 is  given  in 
work  [ 1 5 ])  . 


1.8.  Characteristics  of  equations  of  conical  flows.  For  study  of 
the  type  of  the  system  of  equations  of  the  flow  of  gas»  it  is 
possible  to  use  any  coordinate  system.  Let  us  examine,  for  example, 
the  Cartesian  coordinate  system,  in  which  these  equations 
[ ( 1.  17)  - (1 . 2 0)  ] they  have  most  symmetrical  form. 

From  equations  (1.18)  and  (1.20)  it  immediately  follows  that  the 
lines  of  the  constant  entropy  which  we  will  call  flow  lines  on  plane 
t,  T) , determined  by  equation  d£/u  - £w  = d-rj/v  - -qw#  are  dual  system 
performances  of  equations  ( 1.  1 7) - ( 1 .2 0)  . Multiplying  the  equations  of 
this  system  to  some  indefinite  factors,  storeyadding  up  them  and 
requiring,  so  that  the  obtained  combination  would  contain  the 
derivatives  of  the  unknown  functions  only  in  one  direction  (or  taking 
into  account  that  the  characteristic  is  line  of  weak 
(discontinuity/interruption),  we  will  obtain  that  those  who  were 
remaining  two  char acter istics  are  determined  by  the  same  equations 
that  and  in  the  case  of  the  irrotational  motion 
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A (dii)*  ~ 2B  di]  dl  + C (d£)»  - 0,  (1.43 

where  A,  B,  C are  given  by  formulas  (1.30).  Relationship/ratios  on 
characteristics  are  derived  in  p.  12.2. 

Page  19. 

Equation  (1.29)  - elliptical  (hyperbolic)  type,  if  the 
projection  of  speed  of  V on  the  plane,  perpendicular  to  the 
radios- vector  of  point  in  space  xyz,  is  less  (mere)  the  local 
velocity  of  sound  a [especially  simply  this  is  obtained  from  equation 
(1.27)  ];  respectively  system  of  equations  ( 1.  1 7)  - ( 1 . 20)  will  have  two 
merging  real  characteristics  and  two  - apparent/imaginary  (all  four 
characteristics  are  real). 

Let  us  show  that  system  performances  ( 1.  1 7)  - ( 1 . 20)  are  traces 
from  the  intersection  of  conical  characteristic  surfaces  and  space 
xyz  by  plane  z = 1.  Characteristic  surfaces  for  the  steady  flow  of 
gas  are  determined  by  the  condition  that  the  projection  of  velocity 
vector  on  standard  to  characteristic  surface#  l'„.  is  equal  in  modulus 
to  the  local  velocity  of  sound  a,  i.e.#  Vn  — - I*et  us  be 
subsequently  interested  only  in  conical  characteristic  surfaces. 

Their  equations  can  be  written  in  the  form 
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r ~T’  ~rj  ~ 0 or  HE-D-ofe  JL>. 

The  single  standard  n to  this  surface  in  space  xyz  has  the 

components 

“ i L,  ; v - /iTTn+(r«s-i-r,,i', 


a the  velocity  vector  of  V - with  respect  to  u,  v,  w.  Condition  Vn~ 

w = -j- a let  us  write  now  in  the  form 


i«rt  + »r„  - «•  (Hi  + qr,.)]  irg  + r*  + au  4-  - - 

= y-a.  (1.44) 

After  the  erection  of  relationship  11.44)  into  square, 
replacements  r5  on  dr],r^  - on  (-dE)  (since  4?--  — ^ along  the 

curve  ;gu  = of  0)  and  simple  transformations  we  will  obtain  equation 
(1.43).  Turning  the  given  above  reasonings#  we  will  obtain  that  to 
each  characteristic  on  plane  E,  T)  corresponds  the  conical 
characteristic  surface  in  space  xyz.  Flow  lines  are  traces  from  the 
intersection  of  conical  stream  surfaces,  which  are  also  the 
characteristic  surfaces  of  the  steady  motion  of  gas,  plane  z * 1. 


Fage  20. 

Actually,  if  the  aquation  of  conical  stream  sucface  is  (£,*»])  = 0, 
then  the  projection  of  speed  ?'  on  standard  w to  it  is  equal  to  zero, 

i.  e.  , 

-j-  vY,  — -f  i|I\,)  =-  0 |cm.  (1.44)], 
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that  alter  replacement  respectively  on  </»],  I'r,  - on  (-d£),  it  is 

possible  to  write  in  the  form 

u — £«>  v — vj" 

(in  spherical  coordinates  of  characteristic  essence  also  traces  from 
the  intersection  of  conical  characteristic  surfaces  with  sphere  R = 

1)  . 


System  of  equations  ( 1.  17) - (1. 20)  has  the  great  similarity  to 
the  equations  of  motion  of  gas  in  two-dimensional  vortex/eddy 
problem. 


Actually,  if  we  for  flat/plane  vortex  xlow  as  the  unknown 

functions  take  the  projections  of  speed  on  the  axis  of  Cartesian 

system  of  coordinates  u,  v and  s — S lcvy  (y  — l)ri,  where  5 is  the 

specific  enthropy,  then  equations  of  motion  take  the  form 
( a 1 — u *)  ux  — uv(uu  f-  !>,)  -f  (a*  — v *)  vv  = 0,  ) 


usx  -f  vsy  — 0, 
v (u„  — vx ) — =--  0, 


(145) 


where  a is  the  speed  of  sound;  a*  ^ — u1  — v*),  (/,  ■= 

The  flow  lines*  determined  by  equalization  dx/u  * dy/»#  are  here 
system  performances  of  equations  (1.45)  (along  them  S = const; 
therefore  such  characteristics  they  are  called  entropy).  The  type 


of 


I 

I 


I 

I 

| f DOC  = 7 b PAGE  ^^3 

I flew  (supersonic,  subsonic),  and  the  ranges  of  effect  are  completely 

defined  by  remaining  two  system  performances  (1,45),  their  equation 

I 

a 

taking  the  same  form  as  in  irrctational  task.  Exactly  the  same-  is 
matter  with  system  of  equations  ( 1 . 17)  - (1 .20)  , cniy  here  for  one 
unknown  function  it  will  be  more;  therefore  will  be  addded  one 
additional  equation,  and  flow  lines  on  plane  €»TJ  (lines  of  the 
constant  entropy),  determined  by  equation  d£/u  - £w  = drj/v  - t)w,  are 
dual  characteristics. 

Page  21. 

The  type  of  flow  and  range  of  effect  (on  plane  5,  ) they  are 

completely  determined  by  the  remaining  two  characteristics;  see 
(1.43).  For  this  reason  at  the  points  where  the  last/latter 
characteristics  are  real  (are  apparent/imaginary),  flow  will  be 
called  conically  supersonic  (conical  subsonic). 

The  note(i  nearness  between  two-  dimen s iona  1 problem  of  gas 
dynamics  and  tasks  of  conical  flow  theory  on  plane  5,7)  (or  to  single 
• sphere)  makes  it  possible  in  many  instances  correct  to  foresee  the 

properties  of  conical  flows,  being  oriented  toward  known  facts  in 
two-dimensional  problem. 


1-9.  shock  waves,  if  we  designate  by  it  normal  to  the  surface  of 
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the  stream  lined  conical  body,  then  the  condition  of  its  nonseparated 
flow  is  J'u  I'  m o,  i.e.,  body  surface  must  be  stream  surface. 
(Specifically,  on  plane  £,  along  line,  corresponding  to  body 
surface,  is  satisfied  condition  d£/u  - £w  = d^/v  - t)w) . 

on  the  surface  of  shock  cone,  are  fulfilled  the  laws  of 
conservation  of  mass,  energy,  momentum/ in  pulse/pulse,  which,  if  we 
designate  the  parameters  of  gas  ahead  of  the  shock  by  index  1,  and 
after  the  shock  - by  index  2,  they  are  record/written  in  the  form 

I a | a 

Pi  I ill  — P«l  n»i  h 4 ~t-  ~ it  H r ’ 

V v v ,•  • <M0> 

* T|l  — » t|?i  * t.l  I tj, 

Pi  4 P2 1 nt  = Pi  4 Pi  l ■ 

Here  1’n,  1',,,  1%,  - with  respect  to  the  projection  of  speed  of  Ton  single 
standard  even  two  any  tangential  directions  to  the  shock  layer. 
Subsequently  to  relationships  (1.46)  will  be  given  the  forms, 
convenient  for  the  solution  of  the  problems  of  the  corresponding 
section.  Let  us  here  examine  only  the  case  when  shock  wave  is 
assigned  by  equation  tj  = t|,  (5)  and  gas  - ideal,  i.e.,  i = y/y  - 1 p/p. 

Page  22. 


Let  us  assume  that  the  shock  wave  fcorders  0n  the  flow,  which  has 
component  speeds  along  the  axes  of  the  Cartesian  system  of 
coordinates  Oaxyz,  equal  to  ut,  va , wx , and  the  speed  of  sound  at. 

The  velocity  components  after  shock  wave  u2,  v2,  w2  is  possible 
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easily  to  obtain  from  the  continuity  condition  of  the  coaponent  of 
the  speed,  tangential  to  the  surface  of  jump,  and  Prandtl' s 
conditions  for  normal  components  in  the  case  of  oblique  shock, 
emitting  simple  calculations,  let  us  write  the  final  formulas; 


where 


u.  - i/,  — i|i  P,  =-  /,  + P,  = u\  4-  Uni  - »1.)  !’< 


P- 


2 

7 + 1 


— Vi  + »®i  - h.) 


n -T|j/)  r — Tl,) 

i + n,*  +-  (^•ni  — -n,)J 


(1.47) 

Increase  .v  = 5(v  (v  — lJ^l  'durinq  transition  through  the  jump  is  determined 
with  the  aid  of  usual  fcrmula  for  an  increase  in  the  entropy  on  shock 
wa  ve 


(1-48) 


where  qn  is  dimensionless  velocity  component  in  the  direction  of 
standard  to  shock  wave;  it  is  determined  by  the  relationship/ratio 


qla]  - Ii’i  — + wi(5»)i—  »l)J*  11  + ni*  + (In.  - il)5)'1- 

(1.49) 

Let  us  assume  no*  that  Uj,  v,,  w,  - the  components  of  the  speeds  of 
irrotational  conical  flow;  then  occurs  the  relationship/ra  tio  dw , 4 t), 
dr,  4 | =r  (),  which  is  the  consequence  of  formulas  (1.28).  Let  us 
assume  also  that  flow  behind  shock  wave  irrotational,  then  u - F,,  r- 
w = F—lFl  — i ]f\,  where  F,  the  conical  potential  of  this  flow,.  Hhen 
«*  t),  (5  ) according  to  (1.47)  are  fulfilled  the  equalities 


.4. 


DOC 


78 


PAGE 


' "i  - tl ./\  (/•,.),  V,  h /',  I 

I':  - ~ *1.  (/■’.,)*  "’i  + (5»|.  — »1,)  /*•  I ^••r'U) 
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Functions  /■,  , (/ \)5.  (A,) «.  those  who  were  determined  from  (1.50),  satisfy 
the  conditions  of  strip,  potential  F is  continuous  during  transition 
through  the  shock,  wave.  Actually,  let  us  multiply  first  equation 
(1.50)  on  £,  the  second  - on  t|,  let  us  add  with  the  third;  as  a 
result  we  will  obtain 

!•  «’i  r 'in.  I- "if  F,. 

Let  us  differentiate  Fz  along  shock  wave: 

dF»  du't  {■  i|,  f/r,  £ diq  -f  ?•,  d 1|,  //,  dz 

»,  c/t|,  //,  d;.  (1 .51) 

Let  us  multiply  first  equation  (1.50)  ty  d£*  the  second  on  di|,  let  us 
add  them;  as  a result  we  will  obtain 

(/’«);  dl  4 (/’,).  dii,  = w,  dfc  r,  d 1 1 , . (1.52) 

From  formulas  (1.51),  (1.52)  follows  the  condition  of  the  strip: 

dh\  (l'\)idl-\-(Fi\)tdi\,.  ( < :,:i) 

This  moans  that  during  the  study  of  flews  after  shock  waves  in 
the  irrotational  approach/approximation  of  condition  for  the 
components  of  speed  on  jump  they  are  satisfied  by  irrotational  flow 
accurately,  and  it  is  not  required  to  derive/conclude  some 
approximations,  valid  only  for  irrotational  flows. 
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l. 

In  series  of  problems,  it  is  necessary  to  examine  contact 

> 

discontinuity/interruptions  in  the  fecit  of  conical  surfaces;  on  such 
surfaces  are  satisfied  the  normal  conditions 

Pi  = Pi<  lr„i  = l O-Vi) 

(here  n - standard  to  the  contact  surface) . 

§2.  some  particular  forms  of  the  conical  flows  cf  gas. 

In  §2  will  be  in  essence  examined  the  simplist  forms  of  the 
conical  flows  for  which  the  equations  of  motion  are  reduced  to 
ordinary  differential  equations  or  to  the  systems  of  final  equations. 
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a)  TKe  axisymmetric  flow  about  the  round  cone. 


2.1.  Lead-in  observations.  The  task  of  the  determination  of 
axisymmetric  supersonic  flow  about  round  cone  was  examined  for  the 
first  time  by  A-  Busemann  in  1929  in  the  report  from  which  in 
press/printing  appeared  only  smali  delay  [1]-  Then  appeared  the  very 
short  reference  to  the  solution  of  this  problem  in  M.  Burkard's  note 

[16]  and  almost  simultaneously  with  it  was  published  the  work  of  G. 

Taylor  and  D.  .Makkol  [17]  in  whom  the  task  of  cone  was  investigated 
with  large  completeness  both  theoretically  and  experimentally.  (Late 
C.  Makkol  [18]  expanded  and  refined  the  calculations*  carried  out  in 

[17] ,  and  were  obtained  the  shadow  photographs  of  the  flying 

projectiles  with  cone  head  one  cf  which  is  reproduced  in  Fig.  4.)  A. 

Busemann  solved  problem  in  the  space  of  hodcgraph,  G.  Taylor  and 


D.  Makkol  utilized  spherical  coordinates  in  physical  space 
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Fig.  A . 
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Since  then  for  the  task,  of  the  axis  y mmetr  ic  flew  about  the  round 
cone,  were  comprised  vast  tables,  were  carried  cut  the  experiments, 
more  precisely  formulating  the  possible  mode/corditions  of  the  flow 
about  the  cone,  were  obtained  numerous  approximate  solutions,  were 
found  empirical  formulas  for  the  different  mode/conditions  of  the 
flew  about  the  cone.  Many  of  these  results  entered  into  textbocks  on 
gas  dynamics.  For  this  reason  well  known  things  will  examined 
briefly,  and  primary  attention  will  be  allotted  to  the  less  known  to 
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the  wide  circle  of  the  readers  event/re  ports,  which  relate  mainly  to 
the  transonic  and  hypersonic  mcde/condi ti cns  of  the  flow  about  the 
cone. 


Let  us  examine  round  cone  with  half-anyle  £ in  the  uniform 
supersonic  flo«  0f  yas,  which  has  density  plm  temperature  Ti, 
specific  enthropy  and  enthalpy  respectively  s,  and  i,  , nach  number  M, 
and  speed  V1#  directed  along  the  axis  cf  cone  (Fig-  5). 

Jf  the  parameters  of  uniform  flow  and  value  £ are  such,  that 
in  the  range  between  the  leading  shock  wave  and  the  surface  of  cone 
the  flow  is  supersonic,  then  cone  can  be  examined  by  unlimitedly 
continued  downstream  (then  since  the  slight  disturbances  in  the 
supersonic  flow  of  gas  they  are  not  spread  upstream),  since  under 
conditions  of  task  is  not  contained  the  reference  length,  the 
parameters  of  gas  can  depend  only  on  angle  e,  if  we  utilize  spherical 
coordinates,  or  ]/ , if  we  use  Cartesian  coordinates, 
i. e. , flow  wm  be  conical. 
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Fig.  5. 

Fage  26. 

(Abcut  other  mode/conditions  of  the  flew  about  the  cone  will  be  said 
later)  all  cell/eleraents  of  bow  shock  are  inclined  toward  the 
direction  of  undisturbed  flow  at  identical  angle,  therefore,  after 
gallop  S = S2  = const  and  flow  irrotaticna 1. 

2-2.  Hodograph  analysis.  Following  A.  Buseiann  [1,  11  ],  let  us 
examine  the  solution  of  problem  in  the  space  of  hodograph.  Since  flow 
about  cone  is  a xis  yinmetric,  the  surface  in  the  space  of  hodograph, 
corresponding  to  this  flow,  must  be  surface  of  revolution  relative  to 
axis  w,  and  its  equation  can  be  written  in  the  fora 

W = W (u >),  0)  = + U*  + W*I  ^ ) 
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where  u is  velocity  component,  perpendicular  to  the  axis  of  symmetry. 

Since  the  surface  of  revolution  is  determined  by  any  meridional 
section  of  it,  let  us  examine  the  axial  section  of  surface  by  plane  u 
= 0.  Differentiating  (2-1)  with  respect  to  u«  v and  set/assuming  then 
u = 0*  we  will  obtain  th©  following  t'elat  ions  hi  p/ratios: 


• w .=  v,  u-  = 0,  u-  — — - - — 

“ v Uut  dv  ' 


W uu  — 


1 rlu 


1 rlu 


""  = 1 _ /.  j rf-V  itn 

dui  V dv  ’ u nt  — u>  Wee  — " .777 


(2.2) 


vdv  "«  - dut-  _ dv-' 

According  to  (2.2),  equation  (1.35)  can  be  written  non  in  the 
following  form: 

. d!v 


dv  "I  K1  + '-^/]-(y  + ^J^),jv^--0.(2.d) 


If  we  examine  inverse  dependence,  i-e«  , tc  count  v by  function  w, 
then  equation  (2.3)  he  will  be  written  in  the  fcra: 

- 1 -f-  (v  + n/)1 

{ ’ ~ * (2.4) 


vv 


(Prime  indicates  differentiation  with  respect  tc  w) . 

Page  27. 

That  entering  in  (2.4)  the  speed  of  sound  a there  is  the  known 
function  S and  i (Hcllier's  diagram):  S = S2  - const  after  bow  wave, 
and  v,  as  function  ¥*  = »*♦  w2  (for  section  u = 0)  it  is  determined 


from  Bernoulli's  integral  (1.8) 

r-  + *•- 


l ' V 


(2.:.) 
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Ccmn unicat ion/conn ect ion  of  the  space  cf  holograph  with  physical 
space  is  realized  with  the  aid  of  the  formulas  (1.34),  which  for 


section  u = 0 take  the  form 

'I 


dll’  1 

rlv  iJ  ’ 


f "•  (2-0) 


From  12. 6)  it  follows  that  the  direction  of  the  bean  in  plane  yc^z^ 
on  which  the  components  of  velocity  are  equal  tc  with  respect  0#  v, 
w,  coincides  with  the  direction  of  standard  to  meridional  curve  at 
point  A (v,  w)  (Fig.  6).  (We  are  speaking  about  the  axial  section  u = 
0)  . For  gr aphoanal y tical  integration  equation  (2.4)  is  aoce 
convenient  to  write  in  another  form-  if  n«  introduce  the  designations 

//  - |1  + Op  lr  |u>+ro'|  ,r- — 

that  eguation  (2.4)  it  is  represented  in  the  for* 

ft  - N 
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cf  cone  at  an  angle  0 , and  in  perpendicular  to  it  direction. 

Let  us  examine  now  the  conditions  cf  the  ncnseparated  flow  of 
cone  and  condition  cn  bcw  shock.  On  the  surzace  of  cone  tg  0 = £ 

v/w  or  0 - 0,  since  velocity  vector  is  directed  here  along  the 
appropriate  ray/beam  of  the  surface  cf  cone. 

Bow  shock  in  this  task  to  eat  the  round  cone  the  half-angle  of 
which  let  us  designate  through  p.  Formulas  (1.46)  can  be  written  in 
this  form: 


with  0 = P:  Wt  = Wt,  PlUt  = p ,U„ 

. U\  . u\ 

‘i  ~ — '*  + ~y  > Pi  + P/  i - Pi  + Pi^t-  (2.8) 

Here  ij  = i (p1#  p i)  , t2  = i (p2,  p2)  [or  it  is  possible  to 
utilize  dependences  p = p (S,  i)  , p = p [S#  i)  ]. 


Furthermore,  must  be  fulfilled  the  kinematic 
relat ionsh ip/ratios: 

U,  = Vx  sin  p,  Wx  = V'j  cos  p, 

Ut  — Vt  sin  (P  — A),  Wt  = Vt  cos  (p  — 6), 
V*  = U*  + W', 


(2.8.) 


where  6 is  an  angle  of  rotation  of  velocity  vector  after  shock  wave 


f 
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Por  an  ideal  gas  1 c>f 


T-i  T -i V 

p - *7>,  r = -^  = const.  6-  =x  c.  In  (w-t)  + tf#> 

and  relationship/ratio  (2.8)  it  is  possible  to  write  (for  example, 
see  [19])  in  the  following  form: 


Ui_ 

Ui 

p - pi 

/'I 


JL 

pi 


fT 


(T  + 1)M;  Kin  3 

(7  l)Mj*in'3f- 
y :J~T  (M; si iis  8 - 1). 

in'  3 - 

; .«in  3 


(2. !*) 

(2.KI) 


. - (T  — 1)  M sin'3—  1 .... 

1 I -(TTTF-^^r-(rM'sm 


-S|  In  1 p ~~t~  (Mfsin 


T +1 
fr  r l)M].«in-p 
(T  — 1)  M;  sin  ' 3 + : 


In  r—  , (2J2) 

P«i 


where  = Vi/a  i - the  Mach  number  of  undisturted  flow;  pD1,  p02  - 
stagnation  pressure  do  shock  wave 

wy  w,  = i,  (2.  id) 

commun icat i on/conn ect ion  between  6 and  0 is  given  by  the  formula 

_ M;  din- 3—  1 

I c f>  ~ 2 etc  3 — . (-.  I • ) 

K 8P  M*(T  + eo.23,  + 2 

We  will  obtain  now  froa  formulas  (2. 8)  - (2.  14)  a series  of  useful 

re la t i On sh ip/ratios. 

Subsequently  it  is  convenient  to  relate  the  components  of 
velocity  to  the  maximum  (taximum)  speed  Vnp  t which  corresponds  to  zero 
enthalpy  (expansion  into  vacuua)  in  the  equation  of  Bernoulli  (1.8): 


v*  , , : 

“5 — r 1 **  *o  r ~~2  * 

From  formulas  (2.8a)  it  follows  that 


Wi 

Vmr, 


»l 

-jr^-cos  3. 
ron 


(2.1">) 


(2.16) 


■*  r 





DOC 


78028602 


PAGE  s&f  3^ 


Fage  30. 


For  an  ideal  gas  equation  (2.15)  can  be  written  in  the  form 


_L  T — 1 /J  nr>  \ - 
M-  2 1 I'  / 


(-•17) 


From  equations  (2.8a)  and  (2.9)  follows  the  forsula 

V ■ 

1L  1 2 [ ! . LjlL)  . (2.18) 

</>  1'.  , . T + 1 U?«in  3 2 } 

-ii — sin  3 

r n rt 


Since  value  nt  is  connected  with  Vnp/Vt  equation  (2.17),  (2.18)  it 

is  possible  to  write  in  the  fore 


2 

— 1 

\T-1  1 

T-‘l 

T + 1 

l V\ 

/ 2 Bin  3 ^ 

2 J 

After  substituting  here  (2.16),  we  will  obtain 

= Trf^7ctgP  [(-fe)'-  ‘j-  (2-ly) 

In  the  fixed/recorded  sense  V| /^p  (i.e.  with  fixed/recorded  value 

Hi)  the  components  of  the  vector  of  velocity  after  shock  V2  (0,  v2, 
w2)  satisfy  the  known  equation  of  the  shock  polar  whose  equation  can 
be  written  (see  for  example,  [20])  in  the  fori  . 

mv  T — 1 op 

/ W:  ( I'l  "1  \*  1 PP  T ^ V * . 

ra  - to  v . 2 * * 

T + 1 vi  T + 1 Top  ' up 

(2.20) 

In  view  of  the  fact  that  the- exact  solution  of  the  task  of  cone  does 
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not  succeed  in  obtaining  in  the  locked  form,  this  problem  is  solved 
numerically,  moreover  in  are  possible  two  methods.  In  the  first 
method,  suitable  only  for  an  ideal  gas,  they  are  assigned  by  the 
half-angle  of  cone  € and  by  value  where  V3  - speed  on  the 

surface  of  cone. 

Page  31. 


According  to  these  data  construct  point  Aj  (see  Fig.  6)  on  the 
diagram  cf  hodograph  (where  all  speeds  they  are  related  to  V^p)- 
Equation  (2.15)  for  an  ideal  gas  can  be  written  in  the  fora 

In  terms  of  value  from  (2.21)  they  find  that  l^n  P)2 

Purtheraore,  for  point  a3  are  valid  the  equalities:  U /l/aa-O 

A .1  I :i 

% a • / I i Ait  A M A 


Nt  _l 

(condition  of  contlnoua  flow  about  c one ' and  -V  . 

ln^  to  data  from  enualatlon  (2.7) • ^written  In  be 

H ~ 


n|1  Accord- 


np 




-(*>W 


(2.22; 


OA 


O A/  V ’ np  / \ * / 

is  determined  that  PwVnp  ana  during  the  continuation  of  cut 
construct  center  of  curvature  (point  Da)  by  meridional  curve  for 

point  At  (A  3D:,  *=■  | i/F,,,,). 


The  end  point  A (Fig.  6)  of  small  circular  arc  with  a center  at 
point  D3  and  the  radius,  equal  to  |RJ/V„P,  determines  approximately 
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point  in  meridional  curve.  After  constructing  at  point  a standard  to 

meridional  curve  (standard  to  the  appropriate  circumference) , find 

N | y 

the  lengths  of  cuts  AB,  AC  CC,  OA  (Fig-  6),  which  determine  r — . — , 

"I'  1 np 

rr  v 

T — • T--and  further  with  the  aid  of  equations  (2-21),  (2.22)  is 

1 np  * np 

determined  that  R/Vnp  at  point  A is  constructed  center  of  curvature 
- point  D.  The  end/lead  of  the  small  circular  arc  with  center  into  D 
and  by  the  radius,  equal  to  I Rl/V'np  } will  determine  the  following 
point  of  meridional  curve,  and  so  forth.  Calculations  are  carried  out 
to  as  long  as  will  not  be  satisfied  condition  (2-19),  that  is 
fulfilled  on  bow  shock  when  Sep  (point  a2  in  Fig.  6). 

Eage  32. 


The  practical  method  of  determination  0 consists  in  the  fact 
that  for  a series  of  values  G they  construct  y—  according  to  the 

up 

//« 

diagram  of  hodograph  and  y— , determined  by  the  formula 

* up 


where  right  side  is  located  also  through  values,  removed  from  the 


diagram  of  hodograph*  The  point  of  intersection  of  these  two  curves 

w, 

will  determine  0.  In  terms  of  known  values  fl  and  y~  from  formula 

hp 

y 

(2.16)  is  determined  th*t  rr~  also,  from  equation  (2-17)  - the  Mach 

np 

number  of  undisturbed  flow.  Prom  formulas  (2.9),  (2.10)  then  are 


determined  p2/p i,  P2/P»#  after  which  the  pressure  and  density  at  each 
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point  of  flow  after  bow  shock  they  can  be  found  from  the  conditions 
of  the  isentropicity  of  the  flow 


(2.23) 


and  of  Bernoulli's  integral  (2.15),  written  in  the  for* 


fJLV 

2 

(Jj_ 

P 

Pi 

l l'npj 

"i~  T — 1 

l ►'np  , 

) Mj 

Pi 

P 

(2.24) 


(Let  us  note  that  the  described  method  cf  tne  construction  of 
meridional  curve  can  be  carried  out,  also,  without  graphic 
constructions,  but  only  it  is  numerical)  Csee  [17].). 


In  the  second  method,  suitable  both  for  ideal  and  for  the 
inadequate  gas,  is  assigned  the  angle  p - the  semiangle  of  bow  wave 
and  the  parameters  of  undisturbed  flew  unknown  is  the  half-angle  of 
the  streamlined  cone  £• 


Let  us  examine  first  the  case  of  ideal  gas.  On  that  which  was 

K, 


formulas  (2.8a) 


assigned  B,  froa  formula  (2.17)  it  is  determined  that  then  by 

and  further  ty  formulas  (2.9),  (2.13), 

£ - vWhm 


jh 

r. 


u. 


OP  * Dp 

tg  A.  In  terms  of  known  values 


(2.1  4)-  y2-  , , 

np 

and  6 is  constructed  point  k2  on  the  diagram  of  hodograph  (Fig.  6). 


Page  3 3. 


The  direction  of  standard  to  meridional  curve  is  assigned  by  angle  0. 


' 
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The  further  course  of  calculations  in  nc  way  differs  from 
calculations  for  the  first  method-  The  end  point  A3,  which 
corresponds  to  the  surface  of  cone,  is  determined  by  condition  U3 
0-  (Standard  to  meridional  curve  at  point  A3  passes  through  the 
origin  - point  0;  Fig.  6. 


The  demonstrative  representation  of  the  results  of  integration 
can  be  obtained  with  the  aid  of  the  shcck  polar-  (See  [11]).  The 
circuit  of  this  construction  is  given  in  Fig.  7. 

With  the  assigned  Mach  number  of  the  incident  flow  Hx , the 
terminuses  of  the  velocity  vector  after  shcck  wave  lie/rest  on  the 
shcck  polar  (curved  Ga"  2A*2A2H  in  fig.  7),  determined  by  equation 
(2-20)  , [ m j and  V|/^p  are  connected  Ly  equaticn  (2.17)  ].  On  the 
shock  polar  is  taken  a series  of  points  A2,  A*2,  A"  2,  ...  , that 
correspond  to  the  different  angles  0 of  the  slope/inclination  of  bow 
shock;  for  each  of  them,  is  constructed  the  meridional  curve  A2A3, 
A*2A'3..-».  The  end/leads  of  these  curves,  point  A3 , A' 3 , A"  3,  ..., 
that  correspond  to  the  different  half-angles  of  cone  are  formed 

certain  curve,  named  by  A-  Busemann  "apple-shaped."  The  grid  of 
"a pple-sha Ped"  curves  for  different  Mach  numbers  Hi  is  constructed  in 
[11]. 


Let  us  examine  now  the  case  of  the  inadequate  gas. 
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Pig.  7. 

Pa«*t  **<• 

In  conical  flow  theory  basic  interest  are  of  the  deviations  of  the 
properties  of  gas  from  the  properties  of  ideal  gas  at  the  high 
temperatures,  when  are  excited  oscillatory  degree  of  the  freedom  of 
molecules,  occurs  their  dissociation  and  ionization,  are  formed  new 
chemical  compounds-  (So  for  example,  in  the  air*  which  represents  in 
the  base  compound  of  nitrogen,  oxygen  and  argon,  besides  the 
reactions  of  dissociation  and  ionization,  occurs  the  formation  of 
oxide  of  nitrogen  and  sc  forth).  If  relaxation  times  for  these 
reactions  are  short  in  comparison  with  characteristic  time  of 
specific  gas-dynamic  problem,  then  it  is  possible  to  consider  gas  in 
local  thermodynamic  equilibrium.  Another  limiting  case  is  the  case  of 
the  so-called  "frozen"  thermodynamic  equilibrium  when  the  relaxation 
times  of  some  reactions  are  great  in  comparison  with  characteristic 


time  of  task 
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In  both  cases  there  are  equations  cf  state  of  gas  and 
possible  the  mode/conditions  of  conical  flew  abcut  the  bod 
limited  by  conical  surfaces.  For  the  intermediate  case  whe 
relaxation  times  of  the  reactions,  which  occur  in  gas,  are 
with  characteristic  time  of  task,  flow  differs  from  the  co 
parameter  determination  of  gas  is  conducted  taking  into  ac 
equations  of  chemical  kinetics  (see,  for  example  [22],  [23 
not  conical,  also,  in  the  case,  when  in  energy  balance  the 
significant  role  plays  radiation  from  the  heated  gas  and  t 
streamlined  body. 


are 
ies, 
n the 

com  parable 
nical,  and 
count  the 
])  . Flow  is 

he 


* 


For  the  theoretical  determination  of  the  properties  of  gas  in 

% 

the  case  of  thermodynamic  equilibrium  (or  the  "frozen”  equilibrium) 
are  utilized  the  methods  of  statistical  physics  in  its 
quantum-mechanical  form  along  with  the  data  of  spectroscop y.  The 
results  of  the  corresponding  calculations  for  air  at  the  values  of 
the  parameters  of  gas,  which  are  of  interest  in  gas  dynamics,  can  be 
found  in  works  [24,  25];  see  also  [26].  In  these  works  the  equation 
of  state  of  gas  in  the  form  of  the  different  dependences  between  the 
parameters  of  gas  is  represented  in  the  form  of  tables  and  diagrams. 
For  calculations  by  ETsVM  either  according  to  tables  are  determined 
the  approximating  expressions,  which  relate  the  parameters  of  gas 
(for  example,  see  [ 27,  28  ]),  or  the  equations  of  chemical  kinetics 
for  the  case  of  thermodynamic  equilibrium  they  are  connected  to  the 
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equations  of  motion  of  gas  (for  example,  see  [28]) 


Page  35. 


The  problem  of  parameter  determination  of  gas  in  the  range 
between  the  bow  shock  and  the  surface  cf  cone,  and  also  the  angle  of 
partial  opening  of  cone  £ from  the  assigned  parameters  of 
undisturbed  flow,  in  the  case  of  the  inadequate  gas  is  solved  into 
two  stages.  During  the  first  stage  are  determined  the  parameters  of 
gas  directly  after  bow  shock. 


Since  r elationship/ratios  (2.8)  in  this  case  cannot  be  presented 
in  the  form  of  simple  formulas  of  the  type  (2.9)-—  (2.12), 
determination  of  the  parameters  of  gas  after  shock  wave  is  conducted 
with  the  aid  of  iterative  process  or  with  the  aid  of  the  construction 
cf  auxiliary  curve/graph  and  interpolation.  Following  [30],  let  us 
examine,  for  example,  the  order  of  calculations  in  the  latter  case 
when  are  given  V,,  T1#  p,  and  p.  First  are  determined  the  missing 
parameters  of  undisturbed  flow;  from  diagram  i - p,  where  are 
plotted/applied  to  line  constant  T and  p,  they  are  determined  px  and 
ii,  then  from  diagram  i - p - a it  is  determined  a(  (flt  = Vi/a,)  and 
from  diagram  i - S from  the  known  pt  and  it  is  determined  St.  Further 
relationship/ratios  (2.8)  and  (2.8a)  are  represented  in  the  form 


i 


I 


DOC  = 78026602 


PAGE 


r=  = 1’,  cos  p tg  (p  _ 6)f 

/,  - /,  : iSzS 

P-  ~ P<  + {Vi  - l\), 
f*-'  Pi  tt:  • 

Being  given  a secies  of  values  of  the  angle  of  deflection  of 
velocity  vector  after  shock  wave  6,  according  tc  formulas 
(2.  25)  - (2.  28)  is  determined  a series  of  values  ^ * < P*  - P*  and 
construct  curve/graph  P*  = p?  (A).  Then  in  teras  of  the  obtained 
values  i? , p * according  to  diagraa  i - p is  determined  the  function 
of  p*  2 - of  p*  2 (6)  and  construct  its  curve/graph.  The  point  of 
intersection  of  these  curves  gives  to  us  6 and  p2.  Then  in  terms  of 
value  6 from  formula  (2.25)  it  is  located  U2,  and  from  formulas 

f 

(2.  26),  (2.27)  - with  respect  to  t2»  P2.  Temperature  T2  is  determined 

# 

from  diagram  i - p from  the  known  values  of  Z2 , p2,  the  speed  of 
sound  a2  - according  to  diagram  i - p - a*  entrcpy  S2,  with  the  aid 
of  p2«  T2,  according  to  diagram  p - T. 

Page  36. 

(According  to  diagram  i - S it  is  possitle  to  determine  the 
parameters  of  the  isentropically  stagnation  gas  by  value  S2  and  i0  = 
i»  ♦(V*1/2)),ln  terms  of  the  obtained  values  6 and  V2  *yU?2  ♦ w *2 
(where  w2  = cos  p)  is  constructed  point  a2,  (Fig.  6)  ; standard  to 


(2.2:.) 

(2.26)  <. 

(2.27) 

(2.28) 


\ 
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meridional  curve  composes  angle  j)  with  axis 
calculations  differs  from  the  case  of  ideal 
that  the  speed  of  sound  a in  equation  (2.7) 
to  diagram  a— i,  where  are  plotted/applied 
entropy,  in  terms  of  the  known  value  S2  and 
ray/beam  is  determined  from  the  equation  of 


w.  The  second  stage  of 
gas  only  in  the  facts 
is  determined  according 
to  the  line  of  constant 
value  i,  which  for  each 
Bernoulli: 


v* 

i - <o f • 

After  the  construction  of  the  diagram  of  hcdograph  p,  p,  T in 
field  of  flow,  are  determined  from  S - i-  diagram  from  the  known 
values  s2  and  i. 


2.3.  Methods,  based  on  use  of  spherical  and  cylindrical 
coordinates.  Following  G.  Taylor  and  D-  Makkol  [17],  let  us  examine 
the  solution  of  the  problem  of  cone  in  spherical  coordinates,  if  we 
combine  the  spherical  coordiante  axis  with  axis  of  the  symmetry  of 
cone  (and  by  direction  of  undisturbed  flow),  then  the  parameters  of 
gas  win  depend  on  the  strength  of  symmetry  only  on  angle  9 (see  Fig. 
5)  and  w = 0 (see  Fig.  1).  Furthermore,  in  flow  S = S2  = const; 
therefore  equation  (1.15),  (1.12)  they  take  the  form 

(a*  _ y*)  = u (i>*  — 2a*)  — a’i>  ctg  0,  (2.29) 

£ - *.  <2-30) 

a equations  (1.16),  (1.15)  are  satisfied  identically. 

In  the  case  of  ideal  gas,  the  speed  of  sound  a is  determined 
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directly  from  the  equation  of  Bernoulli  (1.8),  written  in  the  fori 

(2.21)  : 


For  the  inadequate  gas  a,  it  is  determined  from  diagram  i - S 
from  values  S?  and  i,.  moreover  i is  located  from  (1.8),  if  is  known 
value  v2  = u2  ♦ v2. 


Fage  37. 

Boundary  conditions  on  bow  shock  are  assigned  by  formulas 
(2. 8)  - (2. 1 4)  , where  it  is  necessary  only  to  consider  that  U = -v,  w = 
u.  The  condition  of  the  nonseparated  flew  of  cone  is  v = 0 when  ^ 

In  the  case  of  ideal  gas  the  solution  of  problem  can  be  begun, 
texng  given  values  £ and  rr-  wheno  e and  then  to  define  p and  Mlf 

ni* 

both  the  were  done  g.  Teplor  and  D.  Hakkol  [17],  or,  being  given 
values  p and  the  parameters  of  undisturbed  flow,  to  find  C . For  the 
inadequate  gas  there  is  only  second  possibility.  During  the 
integration  of  system  of  equations  (2.29),  (2.30)  it  is  possible  to 
utilize  finite-difference  methods,  without  turning  to  the  diagram  of 
hodograph  [17],  or  to  utilize  it  for  grap hoanalytical  solution  [20]. 


l 


The  task  of  cone  was  solved  also  by  the  "aethod  of 


DOC  = 78026602 


PAGE 


establishment"  [29]  wnich  will  be  examined  later  in  connection  with 
the  solution  of  the  problem  cf  round  cone  at  an  angle  of  attack,  and 
also  the  method  of  integral  relationship/ratios  [32]. 

2.4.  Transonic  flow  about  cone.  The  examined  methods  make  it 
possible  in  principle  to  obtain  with  the  assigned  accuracy  the 
solution  of  the  problem  of  cone  for  any  value  M,  > 1 (on  the 
condition  that  flow  conical).  But  if  the  Mach  number  of  undisturbed 
flow  M,  is  close  to  unity,  then  with  small  6 the  components  of 
velocity  sharply  change  and  the  application/use  of  the  described 
methods  becomes  difficult.  With  Mx  - 1 « 1 conical  flow  is  possible 
only  at  the  sufficiently  small  half-angles  cf  ccne  £ • 

For  the  overcoming  of  these  difficulties,  K.  Oswatitsch  and  L. 
S"yedin  [33]  introduced  the  new  unknown  functions  and  independent 
variables. 


If  we  use  Cartesian  coordinates  (see  Fig.  5)  and  to  introduce 
the  designations 

clf  al  — V tA1,  — 1,  y*  = y ct(J  a, , 

w'  w - u''  «• 

>'I  ’ V W-*.  ••*?*!• 

where  a^-  the  critical  speed  of  the  sound; 


(2.11) 


' T + | *'« Vj  • u'i  ~ I "| 
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that  the  equation  ot  the  axisymmetric  irrotational  flow  of  gas  in 
transonic  approach/approxiaation  will  be  written  in  the  fori: 


Page  38. 


(1 


dir* 

' dz~ 
dwK 

W ' 


1 d(  y*r*) 


V 

dv* 

~dT 


dy* 

= 0. 


=-  o, 


(2.32) 

(2.33) 


jf  w 

For  conical  flow  v 'u  they  depend  only  cc 

*1*  - — ■—  ctg a,  = t)ctg  a,, 


(2.34) 


and  equations  (2-32)#  (2.33)  accept  this  fori; 

±1  j_  ±(**t\*)  v*ri*  n 
dn*  ' Jn*  _*  — "• 


(2.35) 

<0)*  'T  3rj»  ~ u-  (2.36) 

From  equation  (2.35)  it  follows  that  if  w*  when  does  not 

* * . n<t 

have  the  "powerful"  special  feature/peculiarity#  then  v 7 ^ cc 


fast  enough#  when  r>  -*0  . Let  us  designate  ty  Y (t)*)  t he  product  v 7, 
then  V (n*)  -*•  ^ (0), Xan3  froi  (2.36)  it  follows  that 

= V (0)  1"  »|"  + (2.37) 

Let  us  make  now  a replacement  of  the  unknown  functions  by  the 
formulas 

*(» \ (2  38) 

X(qv)  = w*  (t)“)  — ^ ('1“)  In  Tl><.  J 


[Functions  V (ti'),  x (’l")  ar*  liaited  when  q* 


0). 


Equations  (2.35)#  (2.36)  are  converted  then  to  the  form 


rfV 


V-  Vfl+X  + TlaiH 
WH+x  + 'PimV-i 

+ in  qK). 


(2.39) 

(2.40) 


I 


I 


I 

I 


I 
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In  transonic  approach/approximaticn  the  equation  of  the  shock 
polar  and  the  continuity  condition  the  tangential  to  the  surface  of 
jump  component  of  vector  of  speed  they  are  record/written  in  the  form 

~ (»?)*! i H jrfj. 

’l.x  rtg  l g ? - tr*/v*  - ( 1 r ~ »'V  f'h 

(index  2 below  about  the  sign  of  function  leans  .that  is  taken  its 
value  immediately  after  shock  wave).  Hence,  after  transition  to 
variables  Hf  and  from  formulas  (2.38)  and  some  transf ormations, 

we  will  obtain  finally  following  conditions  on  bow  shock: 

y,  X f 4 1 

^ T ^ 2)  ' X*  — — ( 1 •}  In  tj*).  (2.41) 

Being  given  now  certain  value  X according  to  formulas  (2.41)  are 
determined  the  appropriate  values  and  they  produce  with 

finite-difference  methods  the  integration  of  equations  (2-  39),  (2.  40) 

x _ 

on  cut  from  % to  zero.  The  half-angle  of  cone  € is  determined  as 

follows,  on  the  surface  of  the  cone 

~ j and  *|“  *=-  =■  »g*-c,g*4  ~ ~ 

Prom  equations  (2.38)  and  (2.31)  we  obtain 


T 
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'P(O)*  'T(tgectgal)  = (i\*  ~ tga, — 2 — ) x x ,, 

= ig2* — ( 1 — ~ | , r»  4'») 

where  m’,  - — there  is  the  given  speed-  (.Dependence  on  is 

located  from  Bernoulli(s  integral;  it  takes  the  fora 

i—  M*»  2 1—  m*  \ 

M|-  T -f  1 Mj  J 


For  slender  cones  <’vl-v}/v1 , there  is  a value  small. 


Page  40. 


Disregarding  this  sense  in  comparison  with  unity,  we  will  obtain  from 


(2.42)  equation  for  i g £ • 


'I* (0)  ® . 


More  precise  value  can  te  obtained  from  equation  (2.42)  by  meai 


of  iterations. 


Prom  formulas  (2.  31)#  (2.38)  it  follows  that 


-^IIt  T in,’). j 

"I  M|  R »l 


(2.44) 


A £ 


On  the  surface  of  cone  when  y/*.  a 4 t) 


- M*7-_  (X(0)  4- T(0)ln(tgectgii)). 
Wi  ~ M* 

JS.  55^5-  IgP. 

un  w. 
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C r — /M 

Pressure  coefficient  in  flow  ^hw\/2  *s  determined  from  the 

formula 


C„  = — 2 JLzifL  _ . 

* lt>l  ' Ml  1 


(2.46) 


Since  bow  shock  lust  be  arrange/located  upstream  from  the  Mach  cone 
cf  the  undisturbed  flow  to  which  corresponds,  according  to  (2.  34)  , 
the  value  »T  = 1,  °r  1 < »iz  < oo,  whence,  with  the  aid  of  formula  (2.41), 
we  find  that  u<T.  <2.  The  authors  [33]  were  given  values  = 

0.10;  0.20;  0.40;  0.60;  0.80;  1.00;  1.20J  1.40.  (High  values  they 

are  of  practical  use,  since  maximum  value  Yco)  and,  consequently,  also 
£ they  are  reached  at  the  value  which  satisfies  inequality 

1,00  < 4f,  < 1,20.  (See  on  this  guestion  also  the  following  point/item). 
Integration  of  equations  (2.  39),  (2.40)  for  these  intervals  where 

and  Y they  changed  rapidly,  it  was  conducted  by  fcunge  - Kutta's 
method,  in  the  remaining  cases  was  utilized  the  simplest  method  of 
averages  value. 


Page  4 1. 


The  results  of  calculations  are  given  in  appendix  at  the  end  of  the 

book.  The  greatest  value  of  angle  £ which  corresponds  to  the 

assigned  parameters  of  undisturbed  flow,  will  designate  * it  is 

r J 

determined  from  relationship/ratio  (2.43)  and  the  results  of 
calculations  from  the  formula 
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1/  m!  — i „ r i 

/ -J-t— ,|-(0)11,1X  0.801/  1 r. 

rK  . f M 


(2.  '.7 1 


Since  with  M,  ■ 1 

.... 

of  (2.47)  after  simple  calculations  and  the  replacement  of  the 
tangent  of  small  angle  by  the  value  of  angle  itself  finally  we  will 
obtain 

. |>,W; 

'«•  Trn' ( ’ ~ *’1 


[When  y l/iOO  0,55  (INC  - a,).| 
results  up  to  Mg  = 1-2. 


The  presented  theory  gives  good 


2.5.  Analysis  of  results  of  flow-field  analyses  of  cones  and 
results  of  experiments.  The  basic  characteristic  features  of  the  flow 
about  the  cones  with  the  moderate  Mach  numbers  fig  of  undisturbed  flow 
were  establish/installed  in  the  works  cf  G.  Taylor  and  D.  Makkol  [17, 
18  ]. 


The  velocity  vector  of  the  particle  of  gas  after  bow  shock  is 
turned  with  respect  to  direction  of  undisturbed  flow  to  angle  6 less 
than  the  half-angle  of  cone  £ * pressure  grow/rises  to  certain  value 
F*  > Pc 


I 
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During  further  isentropic  particle  motion  of  gas  asymptotically 
approaches  a surface  of  cone;  the  angle  between  its  velocity  vector 
and  the  surface  of  cone,  but  also  velocity  modulus  continuously  they 
decrease,  and  pressure  grow/rises,  approaching  pressure  on  the 
surface  of  cone  p3  > p2.  Location  and  the  form  cf  flow  lines  for  the 
case  = 1.65;  are  shown  in  fig.  8 [18].  Broken  line  here 

designated  waves  of  Mach  (characteristic),  which  go  from  the  surface 
cf  cone. 

i 


r 
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Page  42. 

With  assigned  M,  and  e,  just  as  in  the  case  of  wedge,  are 
possible  t*o  solutions  of  problea.  (First  solution  is  characterized 
by  froa  the  second  snaller  values  0 and  p3) . This  fact  one  can  see 
well  in  Fig.  7,  where  ray/beaa  0A3  intersects  "apple-like  curve"  at 
two  points.  As  a rule,  cone  is  the  part  of  the  streamlined  body.  If 
the  remaining  parts  of  the  tested  body  are  not  the  source  of  a 
powerful  pressure  increase,  for  example,  the  cone  it  follows  the 
cylindrical  part,  which  has  the  same  diameter,  as  the  basis/base  of 
cone,  then  is  realized  in  actuality  the  solution  with  smaller  values 
8 and  p3.  But  if,  for  example,  the  cone  follows  the  cylinier,  which 
has  larger  diameter  than  the  basis/base  of  cone,  then  bow  shock  can 
be  intense,  and  flow  after  it  will  be  subsonic.  The  front  of  this 
jump,  as  a rule,  is  bent  and  flow  about  cone  will  not  be  conical, 
although  formally  there  is  solution,  which  describes  subsonic  conical 
flow,  (this  solution  is  realized  locally  only  near  the  apex  of  the 
cone) . 


Since  after  bow  shock  particle  speed  and,  consequently,  also 


I 
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v local  Hack  number  H = V/a  continuously  decrease  with 

approach. '^pproi  iaat  ion  to  the  surface  of  cone*  smallest  value  H in 
flow  is  reached  on  the  surface  of  cone*  and  at  a specific  ratio 
between  M,  and  r Nach  number  on  the  surface  of  cone  /^a  • Y3/a3 
becomes  equal  to  one.  (in  this  case  -p-2-  = ]/  vx~r~0,41  for  j = 1.4). 
If  we  now  somewhat  decrease  m,  Jor  increase  e),  that  on  certain 
ray/bean  8 * 8*,  where  « <8*  < 0*  we  will  obtain  B = 1 and  when 

r <8  <0*  the  flow  becomes  subsonic:  here  fl  < 1. 


ifyg"  ':  ' 
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Page  43. 

This  position  corresponds  to  the  curve  A*3A*2  in  Pig.  7.  Let  us 
note  that  during  the  deteraination  of  the  solution  in  this  case  no 
difficulties  appear,  since  the  denoainator  of  the  relation,  which 
stands  in  the  right  side  of  the  eguation  (2.7),  grow/rises  during 
notion  fron  bow  wave  to  the  surface  of  cone. 

Figures  9 depicts  by  dashed  lines  the  ray/fceaa  0=0*  and  the 
Hach  lines,  which  go  froa  this  ray/beaa,  for  the  case 

f - 20°,  M,  — 1,31 

During  further  decrease  of  M,  (or  an  increase  O subsonic 
region  rapidly  increases  and  occupies  entire  zone  of  flow  e <8  <p. 


•r 
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If  with  certain  M,  and  e,  on  the  surface  of  cone  8 * 1,  then, 
strictly  speaking,  with  saaller  M,  (or  large  e)  the  solution  of 
problea  in  the  fora  of  conical  flow  becoaes  unsuitable. 

However,  as  show  experiaents  [34],  [35],  conical  flow  is 
realised  in  these  cases  locally,  and  of  the  vicinity  of  the  apexes  of 
the  cone,  and  a conical  flow  theory  can  be  utilized,  for  axaaple,  for 
the  approxiaate  deteraination  of  the  greatest  angle  eKp  for  the  datua 
M,,by  which  the  bow  wave  will  wove  away  froa  the  apex  of  the  cone. 
Figures  lOa-c  gives  the  results  of  experiaents  [34]  for  the  case  of 
the  coabination  of  cylinder  with  the  cone  for  which  e = 25°  with  m,  * 
1.401;  1.273;  1.229.  (On  the  surface  of  cone  H * 1 with  M,  * 1.5). 

The  authors  [34]  note  that  the  aeasured  values  of  pressure  near 
apex/vertexes  coincided  with  the  values,  calculated  according  to 
conical  flow  theory;  bow  wave  will  aove  away  froa  body  at  soaewhat 
large  values  how  this  it  is  predicted  according  to  conical  flow 

theory.  In  work  [35]  it  was  established  that  the  departure/withdrawal 

3jacX.y 

of  bow  wave,  for  exaaple#  with  M,  * 2.45,  occurs  when  e«P  = 46°, 
calculated  value  e„p  = 45° 40'. 
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- ->5.0 


Key:  (1).  Sonic  line.  (2).  Shock  wave. 


Page  45. 


Detemination  - the  greatest  angle 


e 


■ ith  which  is  possible  the 
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solution  in  the  class  of  conical  flows  with  assigned  Mi*  can  be 

produced  on  "appla-like"  curve  (see  Pig.  7)  or  by  calculations.  For 

the  first  tiae  such  calculations  were  wade  in  work  [18],  in 
particular*  was  establish/installed  that  the  values  *><i  with  any  Mi 
for  ideal  gas*  y = 1.405*  do  not  exceed  value  57.6°. 

Figures  11  gives  the  theoretical  boundaries  of  aode/conditions 
during  the  flow  of  ideal  gas  about  the  cones  [30]  (with  y = 1.4). 

Since  the  angle  of  deflection  of  velocity  vector  after  juap  6 of 
less  half-angle  "up  for  a cone  is  obtained  by  substantially 

greater  than  for  a wedge  with  assigned  ; see  [17]*  [20]. 

In  Fig.  12*  undertaken  froa  work  [35]*  is  well  observable  the 
process  of  the  establishment  of  the  Bode/conditions  of  conical  flow* 
in  the  case  when  |^j  = 2.45.  Thus  far  * is  greater  than  value 

42°30**  with  which*  according  to  theory*  on  the  surface  of  cone  H = 

1*  the  pressure  is  changed  along  the  chcrd  of  aodel.  During  decrease 
e the  pressure  is  equalized  and  when  e = 42°30  becones  constant* 
which  indicates  the  eaergence  of  conical  flow.  By  snail  circles  are 
noted  values  determined  by  conical  flow  theory. 

When  between  the  bow  shock  and  the  surface  of  cone  the  flow  the 
supersonic*  between  theory  and  experiaent  is  observed  exclusively 
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good  agreeaeat.  One#  in  the  work  of  6.  Taylor  and  d.  Hakksi,  [17]  it 
vas  established  that  the  theory  predicts  well  the  half-angle  of  bow 
na»e  ^ with  assigned  l^t  and  and  distribution  pressure  p on  the 

surface  of  cone  (although  p was  detefained  on  the  aodels,  which  did 
not  exceed  0.74  inch). 


Key:  (1)  . Detached  shock  wave. 

Page  46. 

Then  D.  Bakkol  [18]  refined  the  calculations  [17]  ani  were 
obtained  the  shadow  photographs  of  projectiles  with  cone  head 
(diaaeter  of  which  was  sore  than  5 ca)  in  free-air  conditions,  on 
which  with  high  accuracy  it  was  possible  to  deteraine  p and  H on  the 
surface  of  head  cone.  (On  the  surface  of  cone  were  aade  the  sa*ll 
roughness,  which  aade  it  possible  to  see  the  Bach  lines, 
exiting/waste  froa  the  surface  of  coae,  and  to  aeasure  the 
appropriate  aach  angle).  Theory  and  experiaent  render/showed  in  wery 
food  afreeaent.  la  Ply.  IS,  wadertakea  froa  work  [It],  dark  aaall 


f 


DOC  * 78026603 


PACE  -*6-0-2 


circles  (•)  designated  the  points,  obtained  fros  photographs,  light 
H - the  points,  obtained  fron  calcalatioas. 


Fig.  12. 


Key:  (1).  o/o  of  chord. 

Page  47. 

Daring  the  determination  of  Hach  nuaber  H on  the  surface  of  cone 
especially  clearly  it  was  possible  to  trace  the  disappear* nce  of  the 
Hach  lines,  going  fron  the  surface  of  cone  at  the  values  Mt  snaller 


J 
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than  that  value  at  which  according  to  theory  H = 1 on  the  surface  of 

i 

cone. 

. 

With  the  large  Mach  nuibers  Mj  of  undisturbed  flow  (M,  «in  p > 4; 
see  [36]),  when  becowe  essential  the  effects  of  the  excitation  of  ; 

the  vibrational  degrees  of  freedom  of  the  wolecuies  of  gas  (air), 
their  dissociation  and  ionization,  the  calculations  of  equilibrium 

« 

flows  about  cones  were  conducted  independently  by  a series  of  the  ^ 

authors  [25,  30,  37,  38],  etc. 

These  calculations  showed  that  if  after  bow  shock  occurs  the 
dissociation  (and  ionization)  of  the  aolecules  of  gas,  than,  as 

< 

compared  with  the  case  of  ideal  gas  with  7 = 1.4,  the  shock  layer  it 
is  arrange/located  considerably  nearer  to  the  surface  of  cone  and 
difference  8 - e composes  a total  of  several  degrees;  pressure  on 
the  surface  of  comm  barely  depends  on  the  presence  of  dissociation; 
the  temperature  on  the  surface  of  cone  in  the  dissociating  gas  is 
considerably  less,  but  density  is  greater  than  in  ideal  gas;  in  the 
region  between  the  shock  wave  and  the  surface  of  cone,  the 
nodula/nodulus  of  full  speed,  Hach  number  H,  the  speed  of  sound  are 
virtually  constant.  Substantially  grow/rises  also  value  e«P,  with 
which  it  occurs  the  departure/withdrawal  of  bon  wave  from  the  apex  of 
the  cone.  For  example  [ 37],  during  the  motion  of  cone  in  standard 
atmosphere  at  height/altitude  10(^000  feet,  where  Ta  * 218»k,  and  pa  = 

j 
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0.01  ata.  with  a velocity  of  ft,  larger  than  26,000  feet/a,  2r,:p  «r  \x,\ 

while  in  a perfect  gas  at  V M<K>  2eH|l  115.3°  u>t^&hc)  fA,  Cfil 


Pig.  13. 

Page  48. 

In  following  table  1,  are  given  the  results  of  the  flow  constructions 
of  air  about  cones*  by  approxiaation  net  hod  [36]  for  the  caaea  E ~ 3<*  . 

M , = 7.860  ani  16.62;  T,  = 218°;  p,  = 0.01  ata.  (which 
corresponds  to  flight  in  standard  ataosphere  at  height/altitude 
100,000  feet)  and  for  a coaparison  are  given  the  corresponding  values, 
calculated  according  to  the  sale  aethod  for  an  ideal  gas  with  y = 
1.405. 

In  table  1 indices  1,  2,  3 designated  the  values,  undertaken  in 
undisturbed  flow,  iaaediately  after  bow  wave,  and  on  the  surface  of 
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cone  corresponding  ■ is  effective  Molecular  weight  of  air. 

Prom  table  is  evident  that  the  difference  in  results  for  the 
inadequate  and  ideal  gases  is  obtained  because  of  the  excitation  of 
the  vibrational  degrees  of  freedom  of  the  molecules  of  air  (whenM,  = 
16.62  degree  of  dissociation  of  the  molecules  of  oxygen  of 
approximately  1.5o/o,  but  nitrogen  - virtually  aero).  However, 
already  under  these  conditions  difference  0 - e is  3-4°,  the 
parameters  of  gas  after  jump  are  changed  little.  Temperature  on  the 
surface  of  cone  is  substantially  lower  than  in  ideal  gas.  Kith  an 
increase  in  the  values  M,  sin  t these  phenomena  become  expressed  more 
sharply. 
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Table  1. 


M, 

7,&fk) 

•v* 

TST 

HltHM 

jPJ 

ruB*-piiien 
HUM  nil 

UJ'HHUU 

run 

Oti^k-ht. 

oimir.Ha, 

•/.% 

Cv 

nr  jU ) 

COBeplDPH 

Hurt  ra:i 

IlieHHUft 

ran 

OthN^ht 

oiuh^kh, 

°0% 

r,/r, 

4,750 

4.4S1 

+0 

17,36 

12,91 

+34 

TJT- 

l.i'IS 

1,01.6 

4-",5 

1.015 

1,(»  5 

+ 1 

T;,IT, 

4,8.37 

4,548 

+5,5 

17,63 

12.98 

+36 

pin 

22.48 

+",5 

97,34 

97.32 

+o,5 

p<!p i 

1,<>65 

1 ,06" 

+",5 

1,054 

1,030 

+2.5 

pjp  i 

23,94 

23,76 

+ 1 

1"2,2 

100,2 

+2.5 

Pi/pi 

4,733 

—5,5 

5.606 

7,435 

—25 

Pa/P: 

1,(146 

1 ,045 

+".5 

1,0.38 

1 ,025 

+1 

Pa/Pi 

4 ,9i9 

5,224 

—5,5 

5,821 

7,617 

—24 

3 

34.(17° 

3 1.80° 

+ 1 

35,35° 

32,45° 

+3 

Mi 

3, "17 

3,185 

—5 

3,352 

4,200 

—20 

M, 

2.97.', 

3.149 

—5,5 

3,315 

4,182 

—21 

T (°K) 

1036 

977 

+6,1 

3785 

2815 

+33,8 

T3(°K) 

1054 

991 

+6,6 

3843 

2829 

+35.6 

m° 

28,97 

28,97 

u 

23.97 

28,58 

+ 1.5 

Key:  (1).  Values.  (2).  Ideal  gas.  (3).  Inadequate  gas.  (4).  Rel. 
error. 


Page  49. 

Thus,  for  instance,  according  to  the  data  [25],  in  the  case  e = 50°  M| 
26.84  (Vt  * 8 kn/s),  p,  = 0.000070  atn.,  Tt  = 220®K,  for  air  6 = 
52.30®,  T,  = 5720«K,  while  for  an  ideal  gas  with  T = 1.4;  ^ jc  58®  and 
T,  24500®K. 

Figure  14,  undertaken  work  [32],  gives  the  dependence  of  the 
angular  thickness  of  the  conpressed  layer  fi  - r on  the  5ach  nunber 
of  the  undisturbed  flow  of  air  during  the  equilibriua  flow  about 
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the  cone  in  the  case  p(  * 0.001  ata.,  Tt  * 273°K.  Here  saall  circles 
designated  the  results  of  precise  calculation,  by  solid  line  - the 
results  of  calculations  by  the  aethod  of  integral  relationship/ratios 
with  one  band. 

Figure  15,  undertaken  work  [37],  gives  the  dependence  of 
pressure  coefficient  ( n on  the  surface  of  cone  during  the 
equilibriua  flow  of  air  about  it  in  cases  Vt  X 10*  J * 10,  15,  26 

feet/s.  Pi  = 0.01  ata.,  Tt  * 218°  (which  corresponds  to 
height/altitude  100000  feet  in  standard  ataosphere)  , and  also  are 
given  results  for  an  ideal  gas  with  j * 1.4,  lAt  = «,  and  the  results, 
obtained  by  Newton's  foraula  cp  ~ 2 sin*  r.  (Let  us  note  that  Newton's 
foraula  gives  values  Cp,  which  less  by  3~60/o  of  those  vaL  u@s  which 
are  obtained  for  the  dissociating  gas) . Bore  coaplete  inforaation  of 
the  relatively  equilibriua  flow  of  dissociating  air  about  the  cones 
can  be  found  in  work  [25]*  The  coaparison  of  the  paraaeters  of  gas  in 
equilibriua  and  frozen  flows  about  cone  is  carried  out  in  note  [39]. 

During  the  coaparison  of  the  results  of  the  theoretical 
calculations  of  the  equilibriua  flow  of  nonviscous  flows  about  the 
acute  cones  of  gases  in  the  case  M,  sin  e 1 with  the  results  of 

ezperiaents  it  is  necessary  to  keep  in  Bind  following  facts. 
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Fig.  1«. 

Key:  (1).  ate. 
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If  in  the  particle  of  gas  it  occurs  an  abrupt  change  in  its 
thernody nanic  parameters,  for  example,  particle  intersects  shock 
wave,  then  for  the  establishment  of  the  thermodynamic  equilibrium, 
which  corresponds  to  new  state  of  the  gas,  is  required  finite  tine, 
called  relaxation  time.  When  internal  energy  of  gas  is  determined 
mainly  by  the  forward/progressive  and  rotational  degrees  of  freedom 
of  the  molecules  of  gas,  relaxation  tine  very  little  and  in 
aerodynamic  problems  it  can  be  disregarded.  When  internal  energy  of 
gas  depends  substantially  on  the  processes  of  the  excitation  of  the 
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vibrational  degreas  of  freedoa  of  atoas  within  eolecules, 
dissociation  and  the  ionization  of  aolecules,  relaxation  tiae  can 
becoae  coa parable  aith  characteristic  tiae  of  problea. 


Key:  (1).  s. 


k 


V 


I 
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If  we  instead  of  the  relaxation  tiae  r introduce  the  relaxation 
length  1 - Tr*  where  T is  a characteristic  particle  speed  of  the  gas 
after  bow  shock,  and  to  designate  the  length  of  the  cone  by  L,  then 
flow  caa  be  considered  finding  in  the  state  of  local  thernodynanic 

equilibria a only  la  the  case  shea  l/L  « 1.  (Bear  the  apex  of  the 
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cone  always  are  regions  the  "frozen"  and  nonequilibriua  flows  of 
gas).  For  exaaple,  for  vibrational  degrees  of  freedoa  relaxation  tiae 
for  the  aolecules  of  nitrogen  Nz  approxiaa tely  10  tines  ore  than  for 
the  aolecules  of  oxygen  0*#  and  since  alnost  80c/o  of  air  consists  of 
the  aolecules  of  nitrogen,  then  relaxation  effects  during  the 
excitation  of  the  vibrational  degrees  cf  rreedoa  of  the  aolecules  of 
air  are  deterained  aainly  by  the  relaxation  tiae  Tv  of  vibrational 
degrees  of  freedoa  N2  during  the  collisions  of  the  aolecules  of 
nitrogen  between  theaselves.  Froa  the  results  [40]  it  follows  that 
tn,  -y-  as  with  1000°K  (p  - pressure  in  the  ataosphere);  tn, 
as  with  3300°K.  For  the  relaxation  length  1,  deterained  taking 
into  account  these  foraulas,  for  a cone  froa  1 = 30°,  flying  of 
height/altitude  H above  sea  level  in  standard  ataosphere  with  Hach 
nuaber  are  obtained  the  values,  given  in  table  2;  see  on  this 
question  [ 22],  [23  ]. 

Relative  to  the  nonequilibriua  flow  about  the  cones  see  [41]. 

Further,  the  exaained  theories  are  valid  for  cones  with  ideally 
sharp  apex/vertexes.  In  actuality  always  it  is  necessary  to  deal  with 
the  bodies,  slightly  blunted  in  front  (both  due  to  the  liaitations, 
connected  with  technology  of  their  production,  and  because  the  very 
sharp  apex/vertex  rapidly  is  destroyed  on  the  strength  of  intense 
heat  fluxes  with  » 1). 
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Table  2. 


| as  •««' 

1 7‘ 

1 

Mi  = 7.0 

1 1.1 

| 5.0 

1 

2T» 

Mi  = 1(1,  C 

| ".HI 

1 

• » , 4 1* 

* 

Key:  (1).  feet. 


< 

1 

Page  52. 

If  the  half-angle  of  cone  f is  not  saall,  then  even  the 

considerable  blunting  of  cone  changes  the  distribution  of  pressure 

• » 

according  to  the  surface  of  cone  at  a distance  altogether  only  of 
several  diaaeters  of  blunting  dovnstreaa.  The  distributions  of  other 
paraneters  of  gas  (density,  speed,  etc.)  during  dovnstreaa  also 
rapidly  approach  distributions  for  the  pointed  cone  (vith  the  saae 
e)  everywhere  in  the  region  between  the  bow  shock  and  the  body 
surface,  with  the  exception  of  the  region,  which  adjoins  the  surface 
of  cone  and  called  entropy  layer.  In  this  region  aove  the  particles, 

* passed  through  the  subnoraal  shock  wave  and  therefore  which  have 

lower  density,  than  particle  in  reaaining  flow.  The  thickness  of 

4 * 

entropy  layer  decreases  approximately  inversely  proportional  to 
distance  froa  the  apex  of  the  cone,  and  at  certain  distance  it  is 
absorbed  by  usual  viscous  boundary  layer. 
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Figure  16,  undertaken  work  [42],  depicts  dependence  <V(rp)„. aii 
where  C p - pressure  coefficient  on  body  surface,  and  (0>) max  • its  value 
at  deceleration  point,  froa  distance  *,  counted  off  froa  the 
stagnation  point  along  body  surface  and  in  reference  to  a radius  of 
blunting  r. 

\ 

\ 

l 


4 
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Key:  (1).  inch.  (2).  expedient.  (3).  the  improved  theory  of  Newton. 
(4).  theory  for  sharp  cone. 


Page  53. 

The  geoaetry  of  body  and  its  size/diaension  are  given  in  figure 
The  Rach  nuaber  of  undisturbed  flow  varies  within  the  liuits  of 
5-6-5. 8,  Reynolds  nuaber  to#  designed  by  1 inch  froa  the  paraaeters 
of  undisturbed  flow  - within  liaits  0.  65*  10*- 2.  38*10*. 

In  figure  also  are  given  the  results  of  calculation  Cor  sharp 
cone  (see  [17])  and  the  results  of  calculation  according  to  the 
iaproved  theory  of  Newton  lc~r — where  » is  an  angle 
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l 

> 

l between  the  tangent  to  body  surface  at  the  point  in  question  and 

direction  of  undisturbed  flow. 

Work  [43]  gives  schlieren  photographs  for  17  bodies,  which  are 
cones  with  spherical  blunting,  in  the  flow  of  heliua  with  = 22  and 
Reynolds  nuaber  of  undisturbed  flow,  designed  to  one  inch*  Re  ~ 

0. 79«10*. 

Of  all  aodels  the  ratio  of  a radius  of  spherical  blunting  to  a 
radius  of  the  basis/base  of  cone  was  equal  to  three,  and  the 
half-angle  of  cone  e varied  consecutively  froa  90°  to  0°.  When 
is  located  of  30°  < f < 50°,  bow  shock  iaaediately  after  blunting 
is  conical  segaent,  which  indicates  the  nearness  of  flow  (downstrean 
froa  blunting)  to  conical  flow.  When  e > 50°  and  e <30°  the  bow 
shock  either  will  nove  away  uP  to  considerable  distance  froa  body  or 
at  a distance,  equal  to  the  length  of  acdel,  flew  does  not  aanage  to 
be  evened  and  still  noticeably  it  differs  froa  conical  flow. 
Quantitative  results  relative  to  paraaeter  distribution  in  airflow 
about  the  blunting  of  cones  can  be  found  in  works  [44],  [4  5],  [29], 
where  the  problea  was  solved  by  nuaerical  aethods. 


I 
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Key:  (1).  inches.  (2).  Theory  for  jail  cone. 

Page  54. 

For  slender  cones  with  t .V  -4- 10°  the  saall  blunting  of 
apex/vertex  can  have  defining  effect  both  on  the  total  resistance  of 
body  and  on  paraaeter  distribution  of  gas  in  the  region  between  the 
surface  of  bow  shock  and  the  body  surface  [46].  Pressure  balance  on 
body  surface  occurs  already  at  a distance  of  dozen  diaaetars  of 
blunting  do*nstreaa  froa  the  apex  of  the  coney  see,  for  exaapie, 
[29],  [44]. 
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Figure  17,  undertaken  work  [47],  gives  the  distribution  of 
pressure  coefficient  on  the  surface  of  cone  with  e 1<>°  and  by 

the  flat/plane  blunting  of  dianeter  d,  in  airflow  with  Mi  = 6.85  and 
Reynolds  nunber  R*,i  (for  reference  length  undertook  value  d)  , by 
changing  within  linits  0.16  x 10*-0.53  x 10s,  depending  on  distance 
x,  counted  off  along  the  axis  of  cone  fron  his  apex/vertex. 

According  to  the  law  of  sinilarity  for  the  fine/thin  blunt-nosed 
cones  (without  taking  into  account  of  the  fora  of  blunting)  [46,  48], 
the  distribution  of  pressure  on  the  surface  of  cone  is  described  by 
the  foraula 

M‘lSe-  Pi-  P«-  *««]  • 

where  <V>  there  is  a drag  coefficient  of  blunting,  d - its  dianeter, 

- the  concentration  of  the  coaponents  of  gas  in  undisturbed  flow. 

■ ith  the  large  Mi#  when  K = Mj  tg  the  essential  paraaeter  is  only 

]/ (for  one  the  sane  gas)  . For  K of  the  order  of  one, 
r c*>  B d 

the  pressure  balance  on  the  surface  of  cone  in  air  occurs  with  x, 
which  Satisfy  condition  — o(\)  (see  [47],  [46]).  For 

large  K the  given  estiaation  is  retained  (see  [29],  [44],  [49]).  For 
these  reasons  cone  can  be  considered  ideally  acute/sharp,  if  its 
length  L satisfies  condition  After 

reject/throwing  factor  i/ _L  =?0(1).  *•  *ill  finally  obtain  that 

i r c*» 

-7  >cl«*e. 


I 


i 


DOC  * 78026603  PAGE  ***  H H 


Page  55. 

The  representation  of  the  thickness  of  entropy  layer  can  be 
obtained  fro*  works  [ 45,  29  ],  and  also  fron  work  [50],  whsre  is  given 
bibliography  according  to  the  analytical  nethods,  which  consider 
entropy  layer. 

In  conclusion  let  us  note  one  additional  special 
feature/peculiarity  of  the  hypersonic  flows  of  gas.  Kith  » 1 
viscous  boundary  layer  occupies  the  large  part  of  the  region  between 
the  bow  shock  and  the  body  surface  how  this  occurs  at  the  noderate 
values  of  ^ (for  exaaple,  see  [5]).  Because  of  this  the  boundary 
layer  with  fA,  >>  1 has  noticeable  effect  on  external  (inviscid)  flow 
with  large  Reynolds  nuabers  of  undisturbed  flow,  than  this  occurs  in 
flows  with  the  noderate  values  of 


Especially  sharply  this  effect  is  expressed  for  thin  cones.  The 
basic  paraaeter,  which  characterizes  the  interaction  of  boundary 
layer  and  inviscid  external  flow,  it  is  [ 5] 


M?  |/- 


Here 


c=  (t)JvL 


there  is  a coefficient  of  chepaen  - Rubezin's 

ductility/toughness/viscosity,  by  nark  "v " are  noted  the  values. 
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taken  on  boundary  layer  edge,  by  the  nark  ot  "p"  - the  values, 
undertaken  on  body  surface;  and  Bach  number  and  Reynolds 

(that  which  was  designed  along  the  length  of  body  L)  . 

Flow  about  cone  (outside  boundary  layer)  can  be  calculated  from 
the  foraulas  of  the  theory  of  inviscid  flow  in  cases  when  Xjl<c1. 
Further  inforaation  relative  to  the  viscosity  effect  and  blunting  on 
the  flow  about  the  slender  cones  with  Mt  >>  1 can  be  founi,  for 
exaaple,  in  works  [51],  [52]. 

2.6.  Approxiaate  analytical  solutions.  The  problea  of  the 
deterainat ion  of  the  approxiaate  analytical  solutions  for  a round 
cone  was  exaained  in  aany  works.  Transonic  conditions  (Mi  ~ 1 « U 
of  the  flow  about  the  cone  he  was  studied  in  works  [11],  C53].  In 
work  [11]  equation  (2.4)  in  the  space  cf  hodograph  was  siaplified  in 
the  vicinity  of  the  axis  of  the  syaaetry  of  flow  and  the  solutions  to 
the  siaplified  equation  were  located  in  the  locked  fora. 

Paqe  56. 

In  aonograph  [53]  initial  is  the  equation  for  the  velocity  potential 
of  disturbance/perturbation  #'  in  the  transonic 
approach/a pproxiaat ion: 

«fv»  + —-(*]- = (r  + 
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The  location  of  the  axes  is  shown  in  Fig.  5.  The  velocity  vector  of 
the  particles  of  the  gas  is  determined  frcw  formula  of  V = V,grad  (z 
♦ ♦•).  The  condition  of  the  nonseparated  flow  of  cone  and  condition 
on  leading  shock  wave  they  are  record/written  in  the  fora 


Key:  ( 1)  . with. 


<p'  = 0, 


1 i ni  j«( ,,  — 

1/-3 


2 sin  '3  — • 

7+T  “7^ 


Pressure  coefficient  on  the  surface  of  cone  is  deterained  from  the 
formula 


C„  = 


During  the  deteraination  of  the  solution  of  problem,  is  utilized  the 
perturbation  method  of  coordinates  (Poincare-Lighthill-Ho  method) . 

y 

Expansions  for  ♦ ' and  an  independent  variables — ’l  are  accepted  in  the 
form 


4-  <p ' (z,  ii,  e)  --  e2/!  (if)  + e*/2  (»1 y)  + e*/s  (>f)  + • • • . 

V Mj  — 4 — Tiv  J- *>*!/»  (ny)  + f)  -f  ••• 

The  position  of  leading  shock  wave  is  determined  by  the  expansion 

KMf  - 1 lg 3 — 1 + A,e4  + A-4e«  + ... 

In  work  [53]  are  located  (in  the  locked  form)  the  extracted  terms  of 
expansions  and  thereby  with  good  approach/approxiaation  it  is 

deterained 
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Specifically,  for  pressure  coefficient  on  the  surface  of  cone  we 


obtain 


This  for  aula  is  asynptotic  expansion  for  ('p  at  the  larger  values  of 

M'2  — 1 

~('T  + 1) eT  • which  it  gives  the 


the  transonic  parameter  of  siailarity 


nuaerical  values,  close  to  the  results  of  job  estiaates  [33]  when 

M2  — 1 

(at  saaller  values  , ' .r?  the  error  in  deteraination 


M:  — t 

— > 2 

(T  + 1)  e-  * 

C 


1-e)  i*  <ioes  not  e*ce®d  25o/o) 


At  average  values  of  1#  there  are  two  types  of  approxiaate 
solutions.  To  the  first  type  let  us  relate  the  solutions  in  which  are 
aore  precisely  foraulated  the  results  of  linear  theory  (theory  of  the 
extended  bodies)  [54],  [55];  they  give  apptoach/approxiaat ion  to 
accurate  results  at  the  aoderate  values  of  the  half-angle  of  cone 
e (e  < 15°)  and  with  an  increase  of  their  accuracy  rapidly  falls. 
(See  on  this  question  also  [56]). 


To  the  second  type  let  us  relate  different  variations,  actually 


one  and  the  saae  solution,  based  on  following  siaple  idea.  If  we 
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utilize  the  spherical  coordinates,  depicted  on  Pig.  1,  then  on  the 
surface  of  cone  (with  tt  = e.  Pig.  5)  t*/a*  * 0.  This  sense  is  also 
saall  in  the  region  between  the  bow  shock  and  the  surface  of  cone 
(e<’8«-'P),  and  the  greater  theMt,  the  less  here  r2/a*.  Disregarding 
ratio  v*/a*  in  comparison  with  unity  in  equation  (2.29)  and 
eliminating  ▼ with  the  aid  of  the  equation  (2.30),  for  determining 
the  radial  component  of  speed  u we  obtain  the  equation 

+clg°^-  + 2«  = ‘).  (2.'*0) 

which  by  replacement  cos  fl  = ( it  is  reduced  to  the  equation  of 
Legendre  [13]  whose  solution  it  takes  the  form 

u - Al  4 n(-rrl\n  (2.51) 

where  i,  B are  arbitrary  constants  (determined  from  boundary 
conditions  on  body  and  the  shock  wave) • 


Page  58. 


Assumption  »*/a*  jt  0 when  ?<6<p  is  equivalent  to  the  assumption 
that  gas  density  is  constant  in  this  region.  Actually,  the  eguation 
of  continuity  (1.1),  taking  into  account  (2.30),  he  is  record/written 

in  the  fora 


d'-u 


^7T  + ft?  8 


dn 

rfH 


• 2u 


du  d^i  1 

W ' flie  ' 7 


from  which,  under  condition  ip/AO  - 0,  there  is  obtained  equation 
(2.50)  . 
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The  examined  solution  both  for  supersonic  and  for  hypersonic 
speeds  (ft*  >>  1)  was  found,  apparently,  by  the  independently 
different  authors  [ 5,  37,  57-60].  The  simplified  version  of  this 
solution  when  in  equation  (2.50)  they  disregard  another  tern  ctg  9 
du/d8  = ctg  8*v,  is  in  works  [36,  61].  As  show  the  curve/graphs, 

given  in  work  [58],  solution  (2.51)  fo*  an  ideal  gas  with  y = 1.4 

e > 10° 

gives  the  results,  close  to  precise  with— and  nt  > 2.  ( Por 
obtaining  concrete/specif ic /actual  results  with  the  formuLas  [58]  it 
is  necessary  to  assign  values  e and  0;  reaaining  values,  including 
Mj,  are  the  eleaentary  functions  of  these  parameters,  y and  0. 

Let  us  note  another  work  [62],  in  which  the  unknown  parameters 
of  gas  are  considered  functions  of  the  angle  of  rotation  of  velocity 
vector  relative  to  direction  of  undisturbed  flow,  and 
communication/connection  between  modulus  of  velocity  and  pressure  is 
approximated  by  linear  function  in  the  region  between  the  bow  wave 
and  the  body  surface.  Under  the  indicated  assumptions  also  it  is 
possible  to  obtain  solution  in  the  locked  fora.  Por  an  ideal  gas  (y  = 
1.4)  this  solution  approximates  well  exact  solution  both  at  the 
moderate  and  large  values  of|^t. 

At  hypersonic  speeds  (^  » 1),  the  problem  of  the  determination 
of  approximate  solutions  is  considerably  simplified  by  the  facts  that 
the  region  between  the  surfaces  of  the  bow  shock  and  body  becomes 
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fine/thin,  bat  the  parameters  of  gas  change  in  it  little. 

Page  59. 

Foe  these  reasons  it  is  logical  to  approximate  the  parameters  of 
gas  in  region  0 P by  the  polynomials  of  lorn  degrees  from  the 

difference  p - 0 whose  coefficients  are  selected  so  as  to  satisfy  in 
any  sense  equations  of  motion  and  boundary  conditions.  For  slender 
cones  (e<s.  1.  M,  ig  e > 1)  this  solution  in  the  locked  form  for  an 
ideal  gas  is  obtained  in  work  [63]  (see  also  [46]),  where  for 
approximation  v was  utilized  the  polynomial  of  the  first  degree  from 
9 - *•  while  for  u - by  the  second.  Similar  solutions  are  obtained 
in  [64],  [65]  without  limitation  r «*-.  1. 

Solution  of  the  type  described  above  for  the  inadequate  gas, 
virtually  which  does  not  differ  from  precise*  is  given  in  work  [25]. 
(The  discussion  concerns  the  examined/considered  in  work  [25]  range 
of  a change  in  the  parameters  of  the  gas:  Vt  - 2.5-10  km/s,  H = 0-70 
km*  where  h is  flight  altitude  in  standard  atmosphere). 

For  the  approximation  of  the  radial  component  of  speed  u (see 
Fig.  1),  is  utilized  the  polynomial  of  cube  relatively  p - 9: 

“ = A°  + TT  (p  ~ e>  + IT  (P  ~ e)*  + IT  (p  “ e):'1  (2-r>2) 

respectively* 

y = 5 - - - a, (p  - e)  - - 0)s- 


« 


r 


DOC  = 78026603 


PAGE 


i. 


*1 


Here  9 - the  semiangle  of  bow  wave  (see  Fig.  5). 

After  assigning  the  parameters  of  undisturbed  flow  and  the 
half-angle  of  bow  wave  0,  find  the  parameters  of  gas  immediately 
after  gallop  u2,  v2«  a2,  S2»  ...  (see  section  2.2).  Then  coefficients 
Ak  i>  formula  (2.52)  are  determined  from  the  conditions:  when  9=0 


“ **•  Sr  ’ S-  — «■—  -****+- 


1 


[boundary  conditions  on  the  surface  of  bow  shock  and  equation  (2.29), 
written  for  9 = 0]. 

Page  60. 


When  0 = e 


1 O'  = 


[condition  of  the  nonseparated  flow  of  cone  and  equation  (2.29), 
written  when  « ‘ *!• 

From  these  conditions  it  follows  that 

.4,,  = v.,  = T,  cos  0,  .4,  = — r4. 
i>.  cte  3 + «! 

-4.,  = — u., ; — , 

r2 

a* 

A,  4-  ^S(P  — e)  + 0.5-.43(p  — e)2  = 0, 

2.40 2.4! (P-e)  + ^,[1 +(?-«)*]  + 

+ -4,(P-e)[l 


I 
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Coefficients  A0,  At,  i2  are  determined  of  the  given  above 
formulas  from  the  parameters  of  gas  after  shock  wave.  Two  Last/latter 
equations  they  are  reduced  to  the  form 

-4*  = — f '4l  + •'MP  ~ e)l> 

1 1 i • 

2.4*  — A-.  1^1  — — (3  — e)*  | 

Solving  last/latter  equation  by  the  method  of  iterations,  we 
find  that  p — e.and,  consequently,  e.  Knowing  coefficients  we  we 

obtain  possibility  to  determine  field  of  flow  about  cone. 

[Value  of  enthalpy  i (0)  is  determined  from  the  equation  of 
energy  i ♦ V*/2  = it  ♦ V*t/2.  Through  the  kno*n  values  of  i and  S * 
S2,  are  located  the  remaining  thermodynamic  parameters  of  gas]. 

The  most  laborious  operation  in  the  examined  method  is  parameter 
determination  of  gas  after  oblique  shock  wave.  In  work  [25]  are 
produced  the  calculations  for  a series  of  values  Vt  and  H and  results 


DOC  = 78026603 


PAGE  7CT 


are  represented  in  the  for*  of  diagrams  and  tables,  convenient  for 
use. 

Page  61. 

For  slender  cones  'r  ' > J)  the  application/use  of  a aethod  of  the 
slight  disturbances  in  the  case  of  Mj  tg  k > 1 is  led  to  certain 
siaplif ication  in  the  problea  (see  [46,  66-68]),  but  in  the  final 
analysis  problea  is  reduced  to  the  nonlinear  ordinary  differential 
equation  of  the  second  order  for  conical  potential  (either  another 
function),  which  is  necessary  to  solve  numerically,  or  approximately, 
analytically,  in  the  sane  way  as  this  was  done,  for  exaaple,  in  work 
[63]. 

Let  us  note  another  aethod  of  shock  layer  (the  "aethod  of  the 
boundary  layer"),  proposed  in  work  [69]  (see  also  [ 234]),  which  nakes 
it  possible  to  obtain  in  the  locked  fora  several  teras  in  the 
expansion  of  solution  in  a series  according  to  the  degrees  of  saall 
paraneter  • = y-l/y+1  (y  - adiabatic  index)  on  the  condition  that 
H*i  > (y-1)  const  > 0,  when  y 1,M  » -.  (in  the  case  of  the 

inadequate  gas  the  role  * plays  the  relation  pt /p2,  where  pt,Pm  is 
gas  density  respectively  before  and  after  bow  shock). 

2.7.  Laws  of  siailarity.  For  slender  coaea(*'<:  l)tke  solution  of 


* ■ : T - • 

— JL 4 . - . . - ■ m-  L - I 
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the  problem  of  flow  can  be  simplified  by  deletion  in  the  equations  of 
motion  of  gas  of  the  secondary  terms,  which  have  the  higher  orders  of 
smallness  along  r.  than  those  ones  that  are  retained  in  equations. 

As  a result  of  such  action  are  obtained  simpler,  than  initial,  the 
equations  of  the  "theory  of  the  slight  disturbances",  which  for 
transonic  and  supersonic  regimes  of  the  flow  about  the  cones  remain 
still  fairly  complicated  and  cannot  be  solved  in  the  locked  form. 
However,  the  analysis  of  these  equations  makes  it  possible  to 
establish  that  the  relationship  between  the  which  interest  us  values 
they  take  the  fora  of  the  so-called  laws  of  the  similarity  in  which 
these  values  enter  not  separately,  but  in  the  form  of  some 
combinations.  Por  example,  for  transonic  speeds  (M»  - 1 « 1) 
pressure  coefficient  Cv  on  the  surface  of  cone  is  expressed  by 
formula  (see  [70]) 


1-tge)  =- / 


(T  + 1)  tv'_e 

M j -7 


(2.  •"..{) 


where  the  first  terms  of  the  expansion  of  function  f (€)  according  to 

(f  ■ 1 ( tir  e 


degrees 


Mj-l 


are  given  by  formula  (2.49). 
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For  the  aodecate  supersonic  speeds  (see  the  booh  [19]) 

- — i ft 1 1 — 11.  (-■■'*  ’ 

t"  t ■ ' ' ' 

F 

^Jor  hypersonic  speeds  (Hj  » 1,  Hj  tg  e>n  (see  [71],  [66]) 

-^-=/i(ieE-M,.r)  (2.r,r,i 

(in  the  range  of  the  accuracy  of  the  theory  of  slight  disturbances  tg  e 

= sin  e = e). 

Works  [72,  68  ] show,  that  instead  of  the  laws,  expressed  by 
formulas  (2.54),  (2.55),  it  is  possible  to  write  the  united  law  of 
siailarity  in  the  fora 

-Fl-  = q (ig  e ] — 1 ■ r) . (2.56) 

which  is  valid  with  super  and  hypersonic  speeds. 

If  we  convert  pressure  on  cones  with  t—  5®,  10®,  15®  in  the 
coordinates  of  foraula  (2.56),  then  we  will  ia  practice  obtain  one 
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curve  for  those  cases  when  flow  about  cone  the  everywhere  supersonic. 
Since  in  Mewton's  theory  pressure  coefficient  CF  is  proportional  to 
sin2  e,  fornula  (2.56)  to  nore  expedient  write  in  the  forn 

= q (tg  e M;  - 1.  r)  • (2..r>7) 

1 c . 

^f  we  construct  the  dependence  on  tge-FMj—  1,  (where  C,, 

undertaken  fron  exact  solution  with  y = 1.40),  for  cones  with  e * 
5°,  10°#  15°,  20°,  25°,  30°,  40°,  50°,  then  the  corresponding  points 
lie  down  to  one  "universal''  curve  with  the  spread,  which  does  not 
exceed  5-6o/o  with  tg  e-  Vm*  — 1 >0.5  (for  exaeple,  s e [73]). 

The  execution  of  the  law  of  sinilarity  in  the  forn  (2.57)  for 
cones  with  the  half-angles  cn  the  order  of  50°  cannot  be  explained  on 
the  basis  of  the  theory  of  the  slight  disturbances,  and  this  result 
one  should  consider  as  seai-eapirical. 

Page  63. 

2.8.  Seni-enp irical  formulas.  For  the  calculations,  conducted  on 
electronic  digital  coaputers  (ETsVH  [ (3I(HM)  - digital  conputer]),  it 
is  desirable  to  have  the  siaple  analytical  expressions,  chich 
approxinate  with  sufficient  accuracy  the  paraneters  of  gas  at  the 
flow  about  the  cones.  In  work  [74]  are  found  fay  selection  the 
approxinate  analytical  expressions  for  pressure  coefficient  on 


' f 

r 


I 


I 
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the  surface  of  cone  and  sin  P (0  - the  half-angle  of  bow  wave) 
depending  on  7 , (!» , sin  «\  which  can  be  utilized  for  all  and  *. 
when  the  flow  of  gas  about  cone  remains  supersonic.  This  saae  to 
guestion  are  dedicated  [75-78],  and  also  [38],  in  which  examined 
equilibrium  flow  of  dissociating  air  about  the  cone. 

2.9.  Establish/installed  flow  of  flow  about  cone  of  detonating 
gas.  In  connection  with  the  problea  of  the  combustion  of 
f uel/p rope  11a nt  in  supersonic  flow  of  gas,  is  of  interest  the  problea 
of  the  flow  of  flow  about  the  cone  of  gas*  capable  of  the  detonation 
which  solved  within  the  fraaework  of  conical  flow  theory  3.  Cherny y 
and  S.  Kvashina  [79,  80  ].  The  wave  of  detonation  during  the 
establish/installed  flow  about  the  cone  is  also  round  cone  with  the 
angle  of  half-aperture  P,;-  Chemical  reactions  in  detonation  wave  are 
considered  by  means  of  the  examination  of  the  relation  of 
temperatures  of  stagnation  behind  wave  and  before  it,  this  sense  let 
us  designate  through  X;  it  characterizes  fuel  heating  value.  The  flow 
of  the  gas  between  the  detonation  wave  (ff  = pd)  and  the  surface  of 
cone  (8  = e)  is  assumed  to  be  conical.  Equation  (2.4),  that  connects 
component  speeds  w (in  the  direction  of  the  axis  of  the  symmetry  of 
cone)  and  v (along  the  normal  to  it),  remains  without  changes,  but 
the  speed  of  sound  a will  be  determined  from  the  formula 

o-  - V * 4 «'•).  (2.‘*8) 
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where  7 is  specific  heat  ratio,  a,  - the  critical  speed  of  the  sound 
of  the  gas  before  the  wave  of  detonation. 


Page  64. 


The  equation  which  with  known  velocities  of  incident  flow  vt  and 
X connects  the  components  of  velocity  vector  after  detonation  wave 
(equation  of  the  detonation  polar)  , takes  the  fore 


v-  -=  ( l l tl')~ 


li«(l’i  «)  — (il'i  — «)  «• 


(2..VJ; 


w. 


, - l'iir  + a2 


(t  + 1)  v\ 

^hen  X = 1 equation  (2.59)  it  transfer/converts  to  the  equation 
of  usual  shock  polar  (2.20). 


In  Fig.  18  section  GI  of  the  detonation  polar  GA*  2BA2 IH 
corresponds  to  powerful  (or  sQ per coe pressed)  detonation  wives  whose 
norial  component  of  gas  velocity  behind  wave  is  less  than  the  local 
velocity  of  sound;  section  IH  corresponds  to  weak  (or 
underconpresden)  detonation  waves  whose  noreal  coaponent  of  gas 
velocity  behind  wave  is  greater  than  the  local  velocity  of  sound. 
Point  I,  which  divides  on  a polar  of  two  types  of  detonation,  answers 
the  detonation  of  Chapaan-Jouguet,  during  which  the  noraal  coaponent 
of  gas  velocity  behind  wave  is  equal  to  the  local  velocity  of  sound. 
(Point  I is  obtained  by  carrying  out  tangent  to  detonation  polar  froa 
point  Ht,  on  the  axis  Ow,  which  corresponds  to  speed  the  incident 


I 
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flow)  . Weak  detonation  Have;:  under  noraal  conditions  are  not 
encountered  and  therefore  section  IH  on  polar  Bust  be  excluded  from 
examination.  In  the  case  of  the  flow  about  the  wedge  with  half-angle 
6,  just  as  for  inart  gas,  there  are  two  node/conditions  of  flow, 
deterained  by  points  A2  and  A*2  in  Fig.  18.  For  points  A2,  the  gas 
velocity  behind  detonation  wave  is  supersonic  (with  the  exception  of 
snail  vicinity  of  point  B) , while  for  points  A*2  - subsonic.  The 
possible  node/coni itions  of  the  flow  about  the  cone  is  nost  siaple 
reveal/detect/exposed  by  the  construction  of  "a pple-likeH  curve  for 
the  detonating  gas. 

After  taking  any  point  A2  on  section  GI  of  detonation  polar  as 
initial  (Fig.  19),  we  carry  out  straight  line  through  it  and  point 
Hj)  (corresponding  to  the  incident  flow). 


/ 
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rig.  18. 


Pig.  19. 


Page  65. 

The  direction  of  this  straight  line  deteraines  the  direction  of 
tangent  to  the  hodograph  of  flow  at  point  &2.  (Generatrix  of 
detonation  wave  in  nornal  to  cut  A2H1#  since  the  tangential  to 
detonation  wave  velocity  coaponent  does  not  change  daring  transition 
through  wave  front) . The  further  constructions  of  the  hodograph  of 
flow  do  not  differ  froa  the  case  of  inert  gas.  Since  for  powerful 
detonation  the  noraal  to  wave  coaponent  of  speed  is  less  than  the 
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local  velocity  of  sound,  R in  equation  (2.7)  has  negative  sign  at 
point  A2,  which  corresponds  to  curve,  convex  to  the  side  of  decrease 
in  v.  The  saae  picture  is  retained  up  to  point  As,  which  corresponds 
to  the  surface  of  cone  (0  = e).  The  character  of  the  flow  about  the 
cone  in  this  case  is  analogous  to  the  case  of  the  inert  gas:  after 
detonation  wave  the  gas  continuously  is  coapressed  during  its  notion 
to  the  surface  of  cone.  After  constructing  "apple-like"  curve  on 
section  GA3K,  where  point  K corresponds  to  point  1 on  detonation 
polar,  is  obtained  possibility  to  describe  the  flows  of  gas  about 
cones  with  the  half-angles  e,  which  satisfy  inequality  e,  < e < p„p 
(see  Pig.  19).  Let  us  note  that  just  as  for  a wedge,  for  a cone  with 
assigned  e are  possible  two  aode/condit ions  of  the  flow:  from  wore 
powerful  and  weaker  by  the  detonation  waves. 

Page  66. 

For  the  construction  of  the  solution  of  problea  in  the  cases 
t < e,  It  is  not  possible  to  utilize  a section  of  polar  IH; 
therefore  in  these  cases  the  solution  of  problea  for  the  detonating 
gas  differs  significantly  froa  the  sane  for  inert  gas.  For  to  the 
solution  to  equation  (2.4)  would  corresponding  certain  flow  of  gas  in 
physical  space,  it  is  necessary,  in  order  to  standard  to  curve, 
depicting  in  hodograph  plane  vw  this  solution,  it  was  turned 
clockwise,  during  notion  along  curve  froa  the  point,  corresponding  to 
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detonation  (or  impact)  wave,  to  the  point,  corresponding  to  the 
surface  of  cone.  Point  I in  Pig.  19  is  point  of  inflection  for  the 
curve  KIL,  that  depicts  the  solution  to  equation  (2.4),  passing 
through  point  1 in  the  direction  of  cut  IHt.  During  notion  fron  one 
point  I to  next  L,  the  standard  on  curve  is  turned  clockwise,  just  as 
during  notion  to  point  K;  therefore  the  section  of  the  curve  IL 
corresponds  to  the  flow  of  expansion,  to  following  behind  detonation 
wave.  Since  in  this  flow  the  velocity  component,  nornal  to  ray/bean  8 

- const,  is  nore  the  local  velocity  of  sound,  each  such  ray/bean  can 
be  accepted  as  wave  front  of  shock.  After  taking  any  point  N for  the 
participation  of  curve  IL,  let  us  construct  the  shock  polar,  which 
corresponds  to  the  velocity  vector  of  this  point:  Pig.  19  depicts 
part  EH'  of  this  polar,  velocity  vector  behind  shock  wave  is 
determined  by  point  N*,  which  lies  on  the  intersection  of  shock  polar 
DM*  and  tangential  to  the  curve  INL  at  point  N,  so  kA  the  ray/bean  8 

- const,  which  corresponds  shock  wave,  fron  one  side  is  parpendicular 
to  tangent  to  the  curve  IL  at  point  H,  on  the  other  hand,  to  the  cut, 
which  connects  points  N and  H*.  The  velocity  component,  nornal  to 
shock  wave,  behind  its  front  is  less  than  the  local  velocity  of 
sound;  therefore  the  hodograph  of  the  flow  of  conpression  fron  point 
H*  to  point  N",  the  appropriate  surface  of  cone,  has  convexity  to  the 
side  of  decrease  v.  The  shock-wave  intensity  with  the  notion  of  point 
H fron  one  point  I to  next  L first  grow/rises  fron  zero  at  point  I, 
and  then  decreases  again  to  zero  at  point  L. 
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Thus,  during  the  flow  of  gas  about  the  cone,  capable  of 
detonation,  are  possible  such  aode/conditions  of  the  flow  about  the 
cone  when  in  flow  simultaneously  there  are  sowing  along  the  particles 
of  gas  to  one  and  the  sane  side  of  two  discontinuity/interruptions: 
the  wave  of  detonation  o(A  (Fig.  20),  that  is  spread  in  connection 
with  particles  of  gas  after  it  fron  the  norsal  component  velocity, 
egual  to  the  speed  of  sound,  and  the  following  behind  the  wave  of 
detonation  shock  wave  0aB,  which  propagateds  through  the  particles  of 
the  gas  before  it  at  supersonic  speed. 

Page  67. 

In  region  A0t B,  the  flow  is  expanded,  in  region  B0tC  - it  is 
compressed.  Let  us  note  that  during  a change  in  the  angle  e the 
wave  front  of  the  detonation  OtA  will  not  change  its  position  (there 
is  in  form  the  case  e < e;),  changes  only  the  position  of  shock  wave. 


r 


fo)  axisymnetric  conical  flows. 


2.10.  Preliminary  observations.  The  problem  of  the  axisymmetric 





i,i 


♦ 


f 


DOC  = 78026604 


PAGE  JHT 


flow  about  the  round  cone,  which  is  one  of  the  most  important 
problems  of  aerodynamics  of  bodies  of  revolution,  is  characteristic 
fact  that  for  the  fixed/recorded  fora  of  body,  i. e. , at  the 
fixed/recorded  half-angle  of  cone  e,  its  solution  always  is  obtained 
in  the  class  of  conical  flows,  if  only  > 1,  e < e,:p.  There  is 
another  series  of  the  axisyanetric  conical  flows  about  which  it  will 
be  said  further.  But  they  all  can  be  considered  as  flows  about  some 
bodies  (or  within  channels)  only  with  the  fixed/recorded  Mach  number 
of  the  incident  flow  Bt.  Briefly  stated,  one  of  the  flow  lines  of 
conical  flow  is  accepted  as  the  surface  of  the  streamlined  body  (or 
the  wall  of  channel),  which  changes  its  fora  with  change  Mt.  But  if 
the  fora  of  wall  is  fixed  that  then  flow  at  the  changing  value  8, 
will  be  no  longer  conical. 


y 
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Page  68. 

2.11.  Noszle  of  coapression.  Plow  about  the  throttle/ tapered 
cylindrical  pipe.  Flows  in  channels.  Let  us  exaaine  the  class  of  the 
conical  flows  which  adjoin  the  uniforn  flow  along  the  appropriate 
Hach  cone  or  shock  wave  in  the  fora  of  circular  cone.  Let  the  Hach 
nuaber  of  unifora  flow  will  be  Ht  = V,/aa,  where  Vt  and  at  - 
respectively  the  speed  of  this  flow  and  the  speed  of  sound  in  it; 
flow  direction  let  us  accept  for  the  direction  of  axis  0tz.  Research 
on  such  flows  is  convenient  to  conduct  on  hodograph  plane*  after 
using  foraulas  (2.  4)- (2.7). 

On  hodograph  plane  point  H (Pig.  21)  • which  corresponds  unifora 
flow  (v  * 0*  w = V i ) , he  is  person  for  equation  (2.4)  and  if  flow  is 
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continuous,  then  dependence  of  v on  w in  its  vicinity  is  given  by 
expansion  [11], 


v ---■  ± 


j j/mTTT (w - r.)  + *(T  + !)?L.  (W-  r,)1  -t 


K (Mj-i)’ 

- V 0*  In 


u-  — Vi 
Vi 


2 ]'  M*  — la] 

f 5)-m*(t- 

+ c(u;-Vi)*  + ...},  (2.00) 


+ I C2r  + 5)  — M|  (t  + 4)1  (w- 


where  s is  an  arbitrary  constant,  with  w * Vt  V*  * ±Kmi—  < and  *9  ® 


I ^ IS  SB  • n»S.'Cr«rj  CUHlifllll,  UMl  ■ » f| 

rj=  w/x  » — tt  = :F — , 1 »-  ■ i.e. « to  unifors  flow  tha  conical 

1 * y mJ  - 1 


flow  cas  adjoin  along  the  Mach  cone,  constructed  upstrean  froa  point 

y-1  — ^ and  along  the  Bach  cone,  constructed 

V v 

''  I *F* ) 


Oj  c v*  - ♦ y *]-  i • *i  = 


downstreaa  froa  point  Ot  — — 
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i’»  <t  -f  •)  m- 

Bespectively  with  v = VtT"  ■ — ■ has  the  sale  sign,  as  V*  and 

in  the  vicinity  of  point  H the  behavior  of  the  integral  curves  of 
equation  (2.4)  is  represented  in  Pig.  21. 

Along  each  direction,  deterained  V*  * 1.  point  H eaerges 

the  one-paraaeter  faaily  of  solutions  of  equation  (2.4),  having  at 
point  H identical  curvature  [see  equation  (2.60)]. 

Since  the  standard  to  the  hodograph  of  flow  at  point  (v,  w) 
deteraines  direction  of  be**  in  physical  sFace,  corresponl ing  to 
these  v *ad  «f  daring  notion  fro*  point  h along  the  integral  curve  of 
equation  (2.4)  standard  to  it  aust  be  turned  clockwise,  if  is 
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i examined  the  region  of  the  physical  space  y > 0 (and  vice  versa,  if  y 

< 0)  . Furthermore,  integral  curve  aust  not  have  point  of  inflection, 
since  otherwise  in  physical  space  flow  is  obtained  bipinnate,  which 
is  inadaissible.  Since  they  are  studied  axisyaaetric  flows,  it 
suffices  to  examine  the  part  of  space  y > 0.  During  this  liaitation 
physical  sense  sake  the  curves,  that  emerge  froa  point  H (see  Fig. 

21)  in  the  negative  direction  of  axis  Ov.  Let  us  exaaine  first 
certain  curve  HR*  froa  the  family,  determined  by  condition  V*  = V — 1 
at  point  H.  uniform  flow  is  separate/liberated  froa  conical  flow 
by  the  Hach  cone,  turned  upstreaa  (straight  line  0tA  in  Fig.  22). 


1 


I 
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Page  70. 

During  notion  along  the  hodograph  of  flow  froa  one  point  h to 
next  Ki,  the  speed  of  flow  decreases,  and  velocity  vector  is  turned 
to  the  side  of  the  axis  of  syaaetry,  i.e. , to  the  Mach  cone,  turned 
upstrean,  can  adjoin  only  flow  of  conpression.  This  flow  of 
coapression  theoretically  it  can  be  continued  until  on  its  hodograph 
appears  point  of  inflection.  A.  Buseaann*  s reasonings  [1']]  show  that 
there  are  flow  conditions  during  which  this  flow  can  be  locked  by 
juap  OtB,  which  again  converts  conical  flow  into  the  unifora, 
parallel  axes  Otz  and  having  speed  Vs  < As  a result  in  us,  is 
obtained  the  conical  flow  in  certain  nozzle  of  coapression. 

Let  us  exaaine  now  carved  IK*,  that  belongs  to  faaily  of 
solutions  with  V*  * - yf M*  — 1 at  point  H.  Onifora  flow  is 


r 


f 
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separate/liberated  froa  conical  flow  by  the  Bach  cone,  constructed 
downstreaa  froa  point  Ot  (straight  line  OjA  in  Fig.  23). 

During  notion  along  the  hodograph  of  flow  froa  one  point  H to 
next  K,,  the  speed  of  flow  grow/rises,  and  velocity  vector  is  turned 
to  the  side  of  the  axis  of  syaaetry,  i.e.,  to  the  Bach  cone, 
constructed  downstreaa*  they  can  adjoin  only  flews  of  expansion.  Each 
such  flow  can  be  considered  as  result  of  external  flow  of  the 
undisturbed  supersonic  flow  about  certain  body  of  revolution*  which 
is  the  seal- inf inite  cylinder  which  froa  certain  section  gradually 
becoaes  narrow,  [81]-  In  work  [81]  A.  Nikol'skiy  investigated  in 
detail  this  case  and  showed  that  with  the  aid  of  such  flows  it  is  not 
possible  to  construct  the  flow  about  the  locked  bodies  [i.e.  bodies 
whose  point  B (Fig.  23)  it  would  lie/rest  on  the  axis  0tz]  since 
always  there  exists  during  such  aaxiaua  ray/beaa  OB  further  which 
solution  does  not  exist. 
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Page  71. 

In  this  work  are  also  produced  the  numerical  calculations  of  flows 
and  is  constructed  a series  of  the  airf oil/prof iles  of  tha 
streaalined  bodies. 

Besides  the  exaained  cases  where  conical  flows  play  the 
significant  role  are  possible  the  cases  when  the  liwited  conical 
fields  "are  built  inM  into  conical  flows.  Figures  24  shows  examples 
of  such  cases  which  can  be  set  during  the  flow  of  gas  in  channels 
(see  ( 82  ],  Hefl- 
in Fig.  24a  the  unifora  flow  with  a speed  of  ¥t  intersects 
oblique  shock  AC,  after  which  follows  the  conical  flow.  Halted  by 
the  characteristic  of  flow  (reaowable  discontinuity)  BC;  in  Fig.  24b 
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picture  of  flow  reverse/inverse. 


c)  the  flow  about  the  pyramidal  bodies. 


2.12.  Preliminary  observations.  Let  us  examine  in  the  supersonic 
uniform  flow  of  gas,  which  has  speed  Vt#  density  p1#  the  Bach  number 
Ht  and  of  so  forth,  the  shock  wave  whose  plane  front  1 composes 
with  direction  Vj  angle  0 (Fig.  25). 

On  surface  2 let  us  select  any  curve  ABC  and  through  its 
points  let  us  conduct  the  rectilinear  flow  lines,  which  correspond  to 
the  direction  of  speed  V2  of  supersonic  uniform  flow  after  gallop  I. 

As  a result  we  will  obtain  stream  surface  A BCD,  which  can  be 
accepted  for  body  surface  during  flow  of  flow  about  which  with  a a 
velocity  of  of  Vt  at  an  angle  of  attack  6 is  formed  the  step  shock  of 
the  packing/seal  2,  after  which  follows  the  uniform  flow  with  a a 
velocity  of  of  T*. 

Page  72. 


If  cuts  AB  and  BC  are  rectilinear,  then  as  a result  will  be  obtained 
certain  T-shaped  wing.  Connecting  several  such  wings,  it  is  possible 
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to  obtain  the  exact  solution  of  gas-dynaaic  pcoblea  (with  that  which 
was  fix/recorded  a,)  for  certain  pyraaidal  body,  which  has 
star-shaped  transverse  cross  section.  The  described  bodies  were 
constructed  by  G.  Hakapar  [83];  7-  and  H-shaped  wings  were  proposed 
by  T.  Nonvayler  [84,  85]  for  supersonic  regiae  of  the  flow  when 
airfoil  lift  is  created  virtually  by  flow  after  step  shocks.  In  work 
[86]  are  investigated  in  detail  the  geoaetry  and  the  characteristics 
of  these  bodies  and  wings;  see  also  [87].  A.  Conor,  solving  the 
spatial  problea  of  bodies  of  ainiaua  drag  in  Hewton*s  theory  [88],  it 
reveal/detected  that  the  bodies  with  star-shaped  cross  section  can 
possess  substantially  saaller  resistance,  than  the  equivalent  to  then 
by  voluae  (or  aidship  section)  circular  of  cone,  (that  fact  that  the 
pyraaidal  bodies  have  sealer  wave  iapedance  than  equivalent  of  cone* 
was  noted  in  [83]).  Utilizing  systeas  of  the  regularly  intersecting 
juaps,  A.  Gonor  constructed  exact  solution  for  Fyraaidal  bodies  with 
the  star-shaped  section  of  aore  coaplex  fora,  on  surface  of  which  the 
pressure  is  constant,  but  differently  on  the  different  parts  of  the 
body.  (On  possibility  of  the  constructions  of  such  bodies  indicated 
G.  Haykapar,  see  [90]).  These  bodies  really/actually  have  the  wave 
iapedance  which  several  tines  is  less  than  resistance  of  equivalent 
cones.  On  the  results  of  experiaents  and  the  possible  aode/conditions 
of  the  flow  about  the  pyraaidal  bodies,  it  will  be  said  later.  In 
work  [91]  are  constructed  also  the  exact  solutions  for  pyraaidal 
bodies  with  the  aid  of  the  systes  of  shock  waves  with  Bach  interaction . 


I 


1 
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The  sore  coaplex  pyramidal  bodies  during  construction  of  which  are 
used,  besides  flows  after  the  step  shocks  of  packing/seal#  simple 
conical  waves  (see  the  following  section)#  are  obtained  in  work  [92]. 

2.13.  Plow  about  pyraaidal  body  with  cross  section  in  the  fora 
of  correct  concave  polyhedron.  According  to  G.  Ha  yk  a par  [83]#  let  us 
exaaine  flow  about  pyraaidal  body#  depicted  on  Pig.  26.  The  surface 
of  this  body  is  formed  by  triangles  BAD#  CDB  so  forth#  by  the  being 
parts  of  stream  surfaces  of  unifora  flows  after  the  shock  waves  ABCE 
and  of  so  forth  whose  intersection  deteraines  the  fi  /edges  of  body 
BA#  BC  and  of  so  forth,  on  the  strength  of  symmetry  let  us  exaaine 
the  flow  about  the  part  of  the  body  whose  cross  section  is  shaded  in 
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Fig.  26. 

The  velocity  components  after  oblique  shock  wave  ABCE  are 
determined  from  usual  formulas;  they  are  equal  to 


— 0, 

v.  — r,ctg3(<  — 3) (siir  j - smi-  xt). 
w j — r,  [ 1 — ( 1 - 3)  (sin\i  — sin-  a,)] , I 


(2.6D 


where  sin  ut  = 1/H»,  0 - (y  - * t/L 
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Pig.  26. 


Key:  (1).  Juap. 


Page  74. 


Proa  foraulas  (2.61)  we  obtain  the  slope  tangent  of  the  internal 


fin/edge  BD 


t-'i  ctg  3 (t  — i)  (sin"  g — sin’  3i)  „ 

® wt  1 — (I  — 3)  (sin*  p — sin  ij)  * ' J 

cf 

Dependence^  an  0 and  fl4  with  * = 1/6  is  depicted  on  pig.  27. 


The  area  of  the  botton  section  of  body  with  the  length,  equal  to 
unity,  is  deteraiaed  froa  the  foraula 


S = ntg  — •tgB-tg6  = wtg  — (8in  3 S1*' ^ 

8 * 8P  * “ n 1 — (1  — a)  (sin1  P — sin*  aj) 


.^aaaoH 

- - - • 


-*-r 


r 
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Air  pressure  after  shock  wave  ABCE  is  equal 


— (1  — oJpjFj^sin’P  — j-l-sin*  a,j  , 

and  pressure  coefficient  on  body  surface 

Cp  ~ ~1^V  r = 2 ( 1 — a)  (si»>*3  - sin*  ai).  (2. 


- 


64) 


i 
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For  the  half~angle  of  round  cone  e,  of  equivalent  by  area  bottom 
section  to  pyranidal  body,  according  to  (2.63)  we  will  obtain  the 
relat ionsh ip/ratio: 


tge 


0 s)  (smv  Q — sin-  ai) 

1 — (.1  — 3)  9 — sin*  3i)  ' 


(2.c.:.) 


Pros  fornulas  (2.64)  and  (2.65)  follows  the  sisple  dependence  between 
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Cp,  the  being  also  coefficient  of  wave  drogue  drag,  and 


which  can  be  written  in  the  fora 


on  Fig.  28,  undertaken  froa  work  [83],  it  is  depicted  dependence 
^ , where  Cpk  there  is  the  pressure  coefficient  of  equivalent  cone, 
froa  e and  n with  « = £•  (7  = 1.4)  and  Bt  = •. 


(Recall  that  during  change  H1  the  fora  of  pyraaidal  body 
changes).  As  can  be  seen  froa  Fig.  28,  resistance  of  pyraaidal  body 
is  lower  than  resistance  of  equivalent  cone  with  n = 3,  but  with 
increase  of  n,  the  difference  between  Cp  and  Cpk  rapidly  decreases. 


2.14.  Flow  about  pyraaidal  body  with  cross  section  in  the  fora 
of  correct  concave  polygon  of  coaplex  fora. 


Page  76. 

Following  A.  Gonoru  [89],  let  us  exaaine  two  planes  crossed 
shocks  ABC  and  ABC*  (Fig.  29)  in  the  unifora  flow  of  gas,  which  has 
speed  Vlt  the  Bach  nuaber  Ht  > 1 and  of  so  forth. 
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, The  shock-waves  junction,  the  straight  line  AB,  composes  angle  * 

with  direction  Vt  (by  axis  Bz)  ; the  traces  of  the  intersection  of 
jumps  with  plane  z = 1 (by  plane  AC,  AC*  cowpose  angle  if  with 
axis  Or],  on  the  strength  of  syawetry  let  us  examine  the  flow  of  gas 
with  x > 0.  If  we  introduce  auxiliary  angle  by  fornula  tg  = tg 
♦ sin  t,  then  the  components  of  velocity  vector  V2  after  shock  wave 

ABC  will  be  determined  from  the  expressions 

u2  — r,  (—  (1  — 3)ctg(f1(sin’c[,  — Sin*  a,)  cos  if], 
f > — 1 1 1(1  — o)clgq!  (sin- q 2 — siiraj)sin  if], 

«'i  =•  l’i  (1  — (1  — o) (sin2q  j - sin0- a,) J, 

where  • = (y  -tyftr  * V»  sin  ®t  = VH»- 

The  angle  6 of  the  rotation  of  velocity  vector  V2  with  respect 
to  V,  is  calculated  from  the  relationship/ratio 

,„6=r  C0S  * + ’’'2  S‘n  ^ cliru  (1  — a)  (sin-  <pi  — sin;  ai) 

k\i  ® " 1 1 — (1  —3)  (sin-  q>i—  sin'ii)  ‘ 


• 


(2.67) 
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Kooning  angle  6,  we  find  n2  through  known  for  aulas  for  an  oblique 
shock  wave.  Let  us  assuae  that  the  shovk  waves  ABC  and  ABC'  intersect 
regularly,  and  flows  after  the  juaps  ABD,  ABD*  BEFLECTED  are  parallel 
to  the  plane  of  syaaetry  yBz. 
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The  necessary  condition  of  the  regular  intersection  of  juaps  takes 
the  fora 

Ms„  M..siii(n  '•I.  (li.liit) 

Let  us  introduce  into  exaaination  the  plane  II,  perpendicular  to  the 
intersection  of  junps  AB.  The  angle  between  projections  on  this  plane 
of  cut  OA  and  of  vector  V,  let  us  designate  by  6t.  It  characterizes 
the  slope/inclination  of  the  conponent  of  speed  V*  in  plane  II  to 
the  plane  of  syaaetry  yBz.  After  passage  to  the  coordinate  systea  in  ‘ 
which  axis  Bz*  is  coabined  with  cut  AB,  and  axis  Bx*  coincides  with 
axis  Bz,  and  siaple  lining/calculations  we  obtain  the  foraula 

cos  6,  — (tg  q>  — tg  A sin  if)  Itg2^  (I  -f  cos2  if  tg^A) 

-Mg*  6 — 2 sin  if  *lg  qi-tg  6]*' *.  (2.70) 

Shock  wave  ABD  aust  turn  flow  so  that  it  would  becoae  parallel  to  the 
plane  of  syaaetry,  i.e.,  the  coaponent  of  speed  ¥*  1°  plane  n aust 
turn  itself  to  angle  6t.  The  location  of  the  shock  wave  ABD  can  be 
deterained  now  by  angle  0 between  traces  froa  the  intersection  of 
planes  ABD  and  ABo  by  plane  n froa  the  condition  that  the  rotation 
of  flow  in  this  plane  is  assigned  by  expression  (2.70). 


The  foraulas  of  oblique  shock  wave,  we  will  obtain 


lR*i 


- 2 cig  3 


Mt» 8in?  3 — i 
Mjn  (T  + cos  23)  + 2 


(2.71) 


Page  78. 


; 


DOC  * 78026604 


PAGE  //& 


If  the  initial  parameters  of  problea  are  such,  that  is 

satisfied  the  condition  (2.69),  then  a sufficient  condition  for 
existence  of  the  unknown  flew  is  the  possibility  of  the  rasolution  of 
expression  (2.71)  relative  to  angle  p.  In  work  [93]  produced  the 
study  of  the  existence  doaain  of  the  exaained  flow  for  the  assigned 
nunber  Ht.  For  = 4 results  of  calculation  are  depicted  on  Fig.  30; 

the  region  of  the  allowed  values  of  angles  # and  if  is  shaded. 

After  accepting  the  flat  surfaces  of  current  BCD,  BDE,  BCD', 
BD'E,  for  unifora  flows  after  shock  waves  ABC,  ABD»  ABC'*  ABD*  for 
solid  surface,  we  will  obtain  the  exact  solution  of  gas-dynaaic 
problea  for  one  side  of  certain  wing  with  the  cross  section, 
coaprised  of  the  line  segaents.  Connecting  several  such  wings,  we 
obtain  the  solution  of  gas-dynaaic  problea  for  the  pyraaidal  body 
whose  cross  section  is  represented  in  Fig.  29.  The  geoaetry  of  body 
is  deterained  by  the  position  of  points  £,  D,  C for  coordinates  of 
which  after  eleaentary  calculations  we  obtain  the  following 
expressions: 
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T]jj  = 

Xu 

nr;  - 

«gt  = 

n u - 

Xc 

nc  =- 


. r COS  tj)  COS  U ) 1 

g |^sin^  — sin  q>  cos  i|>  sin  6 — ctg  (3  — 6i)  cos  6 J ’ 


sin  (j>  — costp-T^ 


ctg  {{4  -6i)  + cosip.  ctg  W — t) 


tg  <p,  tg  6 cos 

(♦--r 

) 

sin  1 

-j 

' » 1 

1 tg  91  + sin  ( 

♦-t) 

cos  >|)  tg  6 

('  -Hr)  «(♦  -f)- 

rip-  ctg  (ft  — 6i)  + sin  9 ctg  W - t) 
~ ctg  (ft  — 6j)  + cos  ip  ctg  (i)1  ~ T) _ 

tg  <pi-sin  ( — J 


sin 

£cctg(-f). 


(2.72) 


Page  79. 

Pressure  coefficient  ry>  for  wall  BCD  (see  Fig.  29a)  is 
determined  froe  tke  foreula 


(v>  2 (1  — o)  (sin5  <p,  — sin2  a,), 

for  wall  BDE  - froe  the  formula 


(2.7.1) 


wj)  rd)  . 0/t',  '•»  sin;B  sin  a.)  (1  - 3)  Main's, 

p p ’ Fi  ) 1 + jA/J  (sin"  q>i  — sin'  Ji) 

(2.74) 

For  detereining  the  coefficient  of  the  wave  impedance  of  body  C 


the 
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area  of  its  cross  section  is  divide/aarked  off  into  triangles  OCD, 

ODE  and  so  forth  (see  Pig.  29b) whose  area.  St , S*  are  deterained  from 
the  foraulas 


then 


-•Vl  (£, lu)>  2St  ' t| /,!/,, 

^ cr>si  + tf's, 

! Si  + s. 


(2.?;.) 


Figures  31  depicts  the  cross  sections  of  soae  pyraaidal  bodies. 


Page  80. 

c" 

Figure  32a-c  depicts  dependence  where  C,  is  a coefficient  of  the 
wave  iapedance  of  pyraaidal  body,  C»  - the  equivalent  along  the 
length  and  area  aldsection  of  round  cone,  froa  M,,q\i|-  for  a series 
these  of  values  of  paraaeters  (these  aate rials  kindly  furnished  to 
the  author  k.  Sonor) . Curve/graphs  in  Fig.  32  show  that  the  wave 
iapedance  of  pyraaidal  bodies  with  star-shaped  cross  section  can  be 


\ 


I 
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ten  tines  less  than  the  nave  impedance  of  equivalent  along  the  length 
and  nidsection  round  cone.  Let  us  eaphasize  that  the  word  goes  only 
about  wave,  but  not  about  total  drag  of  body. 

2.15.  Possible  oode/conditions  of  flow  about  pyraaidal  bodies 
and  results  of  experiaents. 

Let  us  exanine  the  now  theoretically  possible  node/conditions  of 
the  flow  about  the  pyraaidal  bodies,  constructed  in  point/itens  2.13 
and  2.14.  During  the  flow  about  the  wedge  (cone)  by  the  supersonic 
uniforn  flow  of  gas  there  are  two  flow  conditions:  with  "weak"  and 
with  by  "powerful"  shock  waves,  and,  if  wedge  (cone)  is  located  in 
"infinite"  flow  or  in  the  free  jet,  then  is  realized  flow  with  "weak" 
shock  wave.  Por  the  body,  depicted  on  Fig.  26,  the  solution  of 
gas-dynaaic  problea  also  not  is  singular,  (it  is  assuaed  that  to  body 
attacks  the  flow  with  those  paraaeters  Ht  and  so  forth  for  which  it 
was  constructed).  Let  us  consider  that  for  the  construction  of 
pyraaidal  body  is  used  the  "weak"  shock  wave  ABCS  (see  Fig.  26), 
which  turns  unifora  flow  with  a a velocity  of  of  Vt  to  angle  6«  The 
nonuniqueness  of  the  solution  of  the  problea  because  of  eaergence 
about  the  body  of  flow  with  the  "powerful"  shock  wave,  connected  only 
to  the  apex/vertex  of  body  (point  B on  Fig.  26),  be  exaained  will  not 
further  be.  Thus,  we  assuae  that  juaps  ABCE  so  forth  rest  on  the 
fin/edges  of  body  BA,  BC  and  so  forth.  Onder  the  aade  assuaptions  are 


\ 

I 


I 
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- theoretically  possible  two  node/conditions  of  the  flow  about  the 

pyramidal  body. 

\ 

In  the  first  mode/conditions  jump  ABCE  flat/plane  and  flow  after 
it  uniform.  In  the  second  aode/conditions  the  shock  wave  ABCE  is  the 
conical  surface  after  which  flow  conical,  but  not  unifora. 

Page  81. 

The  existence  of  two  node/conditions  of  the  flow  about  the  body  is 
explained  as  follows.  Shock  wave  ABCE  can  be  examined,  on  one  hand, 
as  part  of  the  single  jump,  which  surrounded  body,  which  was 
decomposed  to  individual  sections  with  increase  Mj  ; on  the  other 
hand,  juap  ABCE  can  be  considered  as  arisen  during  the  flow  about  the 
V-shaped  wing  A BCD  with  the  supersonic  edges  BA,  BC.  During  the  flow 
about  this  wing  on  its  edges,  are  foraed  the  step  shocks  of  the 
packing/seals  after  which  follow  the  unifora  flows,  which  then 
interact,  forming  the  conical  flow  of  general  view  about  wing  center 
section.  In  the  particular  case  when  the  velocity  vectors  of  the 
flows  of  gas  after  shock  waves  on  leading  wing  edges  are  identical 
(are  parallel  to  the  plane  of  the  symmetry  of  wing  BODB) , flow  about 
wing  is  everywhere  uniform. 

During  the  solution  of  the  problem  of  T-shaped  wing  shock  waves 
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on  its  leading  edges  BA,  BC  can  be  taken  both  "weak"  and  "powerful". 
If  the  flows  of  gas  after  these  oblique  shock  waves  reaain 
supersonic,  then  this  will  lean  that  the  flow  about  the  V-shaped  wing 
of  finite  dimensions,  (and«  consequently,  pyrawidal  body)  is 
theoretically  possible  both  with  "weak"  and  with  "powerful"  shock 
waves  on  leading  *ing  edges  (on  the  fin/edges  of  body).  (See 
discussion  of  this  question  in  [94]). 


Page  82. 


Lot  us  explain  now,  being  oriented  toward  results  for  the  flat/plane 
and  axisyasetric  flows  of  gas,  which  types  of  flows  one  should  expect 
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■L,  actually*  during  the  flow  about  the  pyraaidal  bodies. 

If  the  angle  between  planes  ABD  and  CBD  of  V-shaped  wing  (see 
Fig.  26)  is  sufficiently  great*  so  that  the  step  shock  of 
packing/seal  ABCE  is  "weak"  for  leading  wing  edges  AB*  BC*  then  it  is 
possible  to  expect  that  is  realized  flow  with  the  step  shock  of 
packing/seal  ABCE.  If  wing  planes  closely  spaced  to  each  other*  so 
that  juwp  ABCE  is  "powerful"  for  leading  wing  edges*  then  one  should 
expect  in  actuality  of  flow  with  "weak"  shock  waves  on  leading  edges* 
i.e.,  the  eaergence  of  heterogeneous  flow  about  wing*  if*  of  course* 
viscous  boundary  layer  it  does  not  fill  the  significant  part  of  the 
clearance  between  wing  planes.  For  the  bodies*  exaained  in  point/itea 
2.14*  the  position  is  analogous.  Here  one  should  expect  flow  with 
"weak"  irregularly  ABC*  ABC**  ABD*  ABD'  (see  Fig.  29);  is 
theoretically  possible  also  flow  with  the  bent  "powerful"  junp  for 
edges  BC*  BC1*  which  rests  on  these  edges. 

In  L.  Skvayer's  experiaents  [95]*  who  carried  out  experiaents 
with  f-shaped  wing  with  H(  * 4*  by  *•=:  3.5«10*  (where  Reynolds 
> nuaber  Be  was  calculated  along  the  length  30  ca*  having  the  sane 

order*  as  the  length  of  aodels)  was  observed  the  aode/cond itions  of 
flow  with  the  step  shock  of  packing/seal*  resting  on  wing  edges. 
During  off-design  conditions  the  flow  was  conical  and  pressure  on  the 
surface  of  aodel  cenained  close  to  pressure  on  plate*  witn  an  angle 


: 
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of  attack,  equal  to  the  angle  of  the  slope  of  chord  BD  (see  Fig.  26) 
to  direction  of  undisturbed  flew. 

Fork  [87]  gives  the  results  of  D.  Tredgol,d*s  experiaents  with 
Hi  * 4.3  for  two  aodels  of  V-shaped  wing,  which  were  constructed  so 
that  for  one  aodel  the  step  shock,  resting  on  wing  edges,  was  for 
these  edges  "weak",  for  another  aodel  - "powerful."  Pressures  on  the 
surfaces  of  these  aodels,  aeasured  in  one  point,  proved  to  be  equal 
in  the  range  of  angles  of  attack  ♦ 10 °.  Although  pressure  aeasureaents 
at  one  point  of  aodel  is  clear  insufficiently  for,  drawing  the  of 
substantiated  conclusion  about  the  character  of  flow,  all  the  sane 
can  be  assuaed  that  there  is  this  paranetric  doaain,  which  define 
undisturbed  flow  and  the  geoaetry  of  wing  in  which  is  possible  the 
flow  about  the  body  both  with  "weak"  shock  waves  on  leading  edges  and 
with  the  step  shock,  which  are  "powerful"  for  wing  edges,  depending 
on  the  history  of  the  eaergence  of  concrete/specif ic/actua 1 flow. 

This  assuaption  they  confira  that  to  a certain  extent,  A.  Gonor's 
experiaents  with  the  V-shaped  wing,  described  in  point/itea  2.13, 
with  n ■ 10,  nt  - 3.9.  On  Fig.  33,  a,  b,  are  given  the  geoaetry  of 
aodel  and  the  results  of  the  aeasureaent  of  pressure  on  its  surface. 

Test  aodel  was  carried  out  was  concealed  by  fora,  that  the  step 
shock  of  packing/seal,  resting  on  wing  edges,  was  "powerful"  for 
thea.  Figures  33b  by  broken  line  shows  the  value  rr.  which 
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corresponds  to  unifors  flow  after  this  step  shock. 

Page  83. 

As  it  follows  froa  Fig.  33b,  pressure  not  is  constant  on  the 
wing  surface,  approaching  pressure  after  the  step  shock  of 
packing/seai  only  in  the  doaain  of  snail  r/fi.  This  type  of  flow  is 
explained,  apparently,  by  gas  overflow  through  leading  wing  edges.  If 
we  carry  out  experiments  with  pyramidal  body,  then,  in  all 
probability,  will  be  obtained  flow  with  the  step  shock  of 
packing/seal  or  close  to  it.  This  point  of  view  confirm  racent 
experiments  V.  Keldysh  [96]. 

In  the  works  of  A.  Gonor  and  A.  Shvets  [ 93,  97  ],  was  carried  out 
the  study  of  the  models  of  the  T-shaped  wings  froa  which  ace 
comprised  the  pyramidal  bodies,  described  in  point/item  2*14,  with  h, 
and  Reynolds  number  *•  - 6*10*,  calculated  along  the  length  of 
model  and  the  parameters  of  undisturbed  flow.  In  these  experiments 
was  realized  the  node/conditions  of  the  flow  about  the  bodies  with 
* "weak”  shock  waves  ABC,  ABC*  on  wing  edges  SC,  BC*  (see  Fig.  29)  and 

by  weak  reflected  irregularly  ABD,  ABD*.  According  to  observed 
pressure  distributions  on  the  surfaces  of  models,  were  designed  the 
coefficients  of  wave  impedance  of  pyramidal  bodies  for  cases  of  n 
* 6,  10,  15.  sxperieeatal  values  c,  proved  to  be  equal  to: 


0,029  (n  « 8);  0,030  (a  = 10);  0,042  (n  = 15); 
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corresponding  theoretical  values  ct  were  egual  to  0.026;  0.029  and 
0.032.  Certain  increase  in  coefficients  cz,  obtained  in  experiments, 
in  conparison  with  theoretical  values  c„  is  explained,  apparently, 
by  the  effect  of  viscous  boundary  layer  on  external  "inviscid"  flow. 

The  ratios  of  the  coefficients  of  wave  impedance  c°t  for  the 
cones,  equivalent  along  the  length  and  area  of  midsection  to 

r° 

pyramidal  bodies,  to  ct  the  tested  models,  are  given  below:  — * 

*■  : 

3.9;  2.2;  1.95  respectively  for  n = 6#  10*  15.  L®t  us  note  that  the 
theoretical  results  are  located  in  good  agreement  with  experimental, 
and  the  wave  impedance  of  pyramidal  bodies  in  the  cases,  forecasted 
by  theory  really  several  tines  is  less  than  in  equivalent  cones. 
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it)  Simple  Conical  Waves. 

2.16.  Lead-in  observations.  The  stationary  irrotational 
(isentropic)  flow  of  nonviscous  gas  is  called  simple  wave,  if  it  has 
one-dimensional  hodograph-  It  is  possible  tc  shew  that  if  we  conduct 
the  conical  surface  through  the  origin  of  coordinates  and  the  curve, 
which  corresponds  to  simple  wave  in  the  space  cf  hodograph  and  to 
expand/develop  this  surface  to  plane,  then  the  mentioned  curve  will 
be  converted  into  epicycloid;  velocity  vector  and  the  thermodynamic 
functions  of  gas  are  constant  on  the  planes  of  cer.tain  one-parameter 
family,  which  is  characteristic  for  this  flow  {projection  of  velocity 
vector  on  standard  tQ  plane  is  egual  tc  the  local  velocity  of  sound) 
[98,  99  ],  Thus,  simple  waves  are  a generalization  of  the  known  flows 
of  ^randtlya  - Hayer  in  the  three-dimensional/space  case,  simple 

I 

waves  were  opened  independently  against  each  other  by  S.  Vallender 
[100],  by  A.  Nikol'skiy  [98]  and  by  D.  Giz  [99]  in  connection  with 
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>■  research  on  the  flow  about  the  solid  walls,  which  are  (Sea  also 

[101]).  Simple  wave  is  conical,  if  all  the  characteristic  planes  on 
which  century  the  torus  cf  speed  and  the  t her  aiody  namic  functions  of 
gas  are  constant,  they  pass  through  one  point  - the  pole  of  conical 
flow.  In  works  [100,  99,  98],  was  considered  (as  special  case)  also 
the  task  of  flow  around  of  the  wing  in  the  form  of  conical  segment 
with  supersonic  edges,  during  solution  of  which  the  conical  flow 
pattern  did  not  have  vital  importance.  Research  on  the  properties  of 
simple  conical  waves  as  strictly  conical  flews  was  carried  out  by  B. 
Bulakh  [9]  in  connection  with  their  important  role  when  selecting  the 
correct  circuit  of  the  flow  about  the  triangular  plate  and  in  other 
questions,  simple  conical  waves  were  examined  also  in  *orks  ["*2, 
101-103]. 

Subsequently  simple  conical  waves  will  be  examined  on  plane  €, 

9'  (1  = 1).  where  they  have  a family  of  rectilinear  characteristics 

of  the  equations  (1.29),  during  which  the  velocity  vector,  pressure 
and  so  forth  retain  constant  values. 

Page  85. 

(These  rectilinear  characteristics  on  plane  '»)  are  traces  from 
the  intersection  of  characteristic  planes  in  space  xyz  by  plane  z = 1). 


Kv 
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2-17.  Properties  of  simple  conical  waves.  Let  us  examine 
consecutively  uniform  flow,  the  flow  of  (Jrandtlya  - Mayer  and  simple 
conical  wave  from  the  viewpoint  of  conical  flows.  Let  the  uniform 
flow  of  gas  have  a number  M 1 > 1 , a velocity  vector  of  V and  of  so 
forth-  It  is  oriented  axis  01z  of  certain  Cartesian  system  in 
direction  V,;  then  the  components  Vx  along  the  axes  of  coordinates 
°ix»  0,y,  OjZ  with  respect  are  equal  to  0,  to  0,  wx.  Uniform  flow  can 
be  considered  as  conical  flow  with  pole  at  point  Ox  and  the  conical 
potential  F = wx  [see  formulas  (1-28)  ].  Equation  (1.43)  for 
determining  the  characteristics  of  flow  on  plane  £,  tj  will  take  the 
form 

1 0.  (2.7b) 

we  search  for  its  solution  in  the  form  q dl  + c,  where  d,  c are 
constant.  Substitution  t|  = dl  -f-  r into  equation  (2.76)  gives  the 
dependence  between  d and  c in  the  form  (1-K2x)c*  ♦ d2  + 1 = 0,  and 
the  equation  of  characteristics  they  will  be  written  in  the  following 
manner; 

rj  = + l)c*-  1-5-Pc.  (2.77) 

Both  performance  characteristics  consist  of  straight  lines.  The 
envelope  of  each  family  is  the  circumference  5*  4.  rj*  =-  (M’  — 1)  which  is 
simultaneously  parabolic  line  (AC-B1  = 0)  for  equation  (1.29).  This 
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w circumference  is  trace  from  the  intersection  of  Mach  cone  with 

apex/vertex  at  point  Oj  by  plane  z = 1,  and  subsequently  it  for 
brevity  will  be  called  Mach  cone.  Figures  34  characteristics  of  one 
family  depicts  as  sclid  lines,  the  characteristics  of  another  - dash. 

If  “ 4-  V > (M?  — l)*1,  then  equation  (1.29)  for  a uniform  flow  is 
hyperbolic  equation,  but  if  + q2  < (M;  — l)->,  t hen  eliptic  equation; 
Hach  cone  £2  f r)1  — (M;  — I)'1  is  the  parabolic  line  AC-B*  = 0 exactly  as 
this  occurs  in  usual  linear  conical  flow  theory- 

Fage  86. 


Prom  the  picture  of  the  location  of  characteristics,  given  in  Fig. 

34,  it  follows  that  on  each  rectilinear  characteristic  of  uniform 
flow  is  a unique  parabolic  point,  where  AC-B2  = 0.  This  is  correct 
for  the  rectilinear  characteristics  of  arbitrary  conical  simple  wave, 
since  each  such  characteristic  can  be  considered  belonging  to  the 
uniform  flow,  which  has  the  speed,  equal  tc  the  speed  of  flow  cn  the 
characteristic  of  simple  wave  in  question.  From  the  geometric  picture 
of  the  location  of  the  characteristics  of  uniform  flow,  also  follows 
that  if  we  fix  any  rectilinear  characteristic  of  random  simple  wave 
(it  is  more  precise,  characteristic  plane  in  space  xyz)  , to  direct 
axis  0 i z along  velocity  vector  on  it,  and  axis  Oj y to  select  then,  so 
that  the  characteristic  would  be  depicted  on  plane  ?,«i 


r 
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v direct/straight  with  equation  ti  = %,  then  the  parabolic  point  of 

rectilinear  characteristic  will  lie/rest  on  the  axis  Or\,  and  its 
coordinates  will  be:  5 = 0,  t)  = tj,  = (M*  — 1) ■*/*,  where  Bj  is  a Mach  number 
cn  characteristic. 

Direct/straight  and  oblique  flows  of  Prandtl  - Mayer  have  on 
plane  f,r]  a family  of  rectilinear  characteristics,  passing  througn 
the  fixed  point  (£0#  ’!#)•  i-e. , they  are  here  centered  waves. 

The  conical  potential  F is  reccrd/written  for  them  in  the 

form 

f — & — io)  m + F0, 

1 

where  t = 3? t p0  are  are  constant;  the  components  of  velocity  along 

C — Co 

the  axes  0,x;  Ojy;  Oaz  they  are  located  through  tne  formulas 

u=  , 

w = F—lFf,  — TJ  Fr,  = F-liu—r\v  = F0-lau  — tj„i\ 


ri 

i 
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Fig.  34. 

Key:  (1).  Mach  cone. 

Page  87. 

Equation  for  d>  is  obtained  from  equation  (1.29)  by  the  substitution 
of  the  second  derivatives  of  F in  terms  of  £ and  17,  vhich  are 
located  with  the  aid  of  formulas  (2.78). 

After  reduction  on  <j>".  (£-£„)  ” 1 equation  be  is  record/written 
in  the  fora 

At*  - 2Bt  |-C  = 0,  (2.7ft) 

cr,  in  more  detail,  in  the  form 

a*  [1  + t*  + (£,  - /r)0)*J  - | it  (£,  t - tie)  - ut  + rj*  ~ 0. 

Froa  (2.79)  follows  equality  B*-AC  * 1/4(At-Ct"*)  *,  which  Bakes  it 
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possible  to  write  the  equations  of  both  pe rt or mance  characteristics 
in  the  form 


The  first  equation  easily  integrated:  its  solution  ijr  n — no 
= const  (E-E0)  I it  corresponds  to  pencil  of  straight  lines,  passing 
through  the  point  (C0;no)- 

Let  us  now  move  on  to  the  study  cf  arbitrary  conical  simple 
wave.  Let  us  assume  that  potential  F of  this  wave  has  continuous 
second  derivatives  in  terms  of  E and  n everywhere,  with  the 
exception  of  the  points  of  the  envelope  of  rectilinear 
characteristics*  Let  us  derive  the  formulas,  which  determine  the 
second  derivatives  of  F in  terms  of  € and  n (through  which  it  is 
expressed  the  particle  acceleration  of  the  gas)  on  the  rectilinear 
characteristics  of  simple  wave.  Let  us  fix  any  rectilinear 
characterist ic,  it  is  oriented  axis  0,z  in  the  sense  of  the  vector  of 
speed  V,  on  it,  we  select  axis  Ot  y so  that  on  the  plane  it) 
characteristic  would  have  equation  tj  - q,,  then 

th  - (M*  - !)-«•, 

where  Mj  is  a Mach  number  on  it,  &ruL coord i nates  of  parabolic  point  on 
characteristic  are  E = 0,  q = q,  (Fig.  35). 


l 
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Fig.  35. 


Page  88. 


Derivatives  Fti  and  F £li  when  v = Vi  are  egual  to 
selected  systei  of  coordi na tes)  , since  ¥\  = u,  F,,  = v are 
ze  ro. 


zero  (in  the 
here  egual  to 


[ 


. 

* 

I 


1 

J 

f 


Distribution  r in  the  vicinity  o£  characteristic  »1  =■  »h 

is  given  by  the  foreula 


v = /I»i-  k (1  - Wl.  (2.81)  • 

fj  ' \ fi  ~aC 

where  k - — " — - — , / (vjo)  is  the  continuously  differentiated  function 

of  its  argument,  which  gives  distribution  v on  the  straight  line  € * 
(.of  0 depending  on  tin-  Differentiating  equality  (2.81)  on  g and 
set/assumi ng  then  t)  — t),.  we  will  obtain  the  formula 


v* 


r 

i 


1 

r DOC  = 78026605  PAGE 

I l gas,  at  parabolic  point  they  depend  only  on  7,  Ht , Wj , but  not  from 

the  concrete/speci f ic/actual  form  of  simple  wave,  value  const  in 
formula  (2-82)  is  determined  by  the  assignment  cf  acceleration  at  one 
pcint  of  rectilinear  characteristic-  From  (2.82)  it  follows  that  if 
the  acceleration  on  characteristic  not  is  equal  to  zero,  then  the 
envelope  of  rectilinear  characteristics  is  not  passed  through  the 
parabolic  point.  Envelope  traverses  that  pcint  where  r,  T„  it 

goes  to  infinity;  this  point  will  be  determined  fron  the  condition  of 
the  equality  of  zero  expression  in  the  bracket  in  formula  (2.82). 

Let  us  compute  the  curvature  of  the  second  characteristic  of 
eguation  (1-29)  at  the  parabolic  point  E (Fig.  36),  on  the  assumption 
that  X ^ 0 when  rj  = ifo. 

Since  X ^ 0 when  *1  = there  is  certain  vicinity  of  point  E, 
where  there  are  no  points  of  the  envelope  or  the  rectilinear 
characteristics  of  simple  wave,  therefore,  end  position  of  the  point 
of  intersection  of  two  close  characteristics  is  located  outside  this 
vicinity.  Let  us  write  the  equations  of  characteristics  in  the  form 

(dn\  B±  VeT^ac 

[ rfT  A.- 3 • (2-b4> 

If  we  designate  the  angular  coefficient  of  the  rectilinear 

characteristics  by  k,  curvilinear  - by  ij\  i-e.#  *-(^)»  Tl'  = (-jr) 
then  of  (2.84)  it  follows  that 

r|'4*  = 24.  (2.85) 
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Fig.  36. 
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To  find  n'  ’ (Jfy.  by  diffe  rentiation  with  respect  to  € 

relationship/ratios  (2.84)  is  inconvenient,  since  be-AC  = o »t  point 
E;  therefore  we  will  use  formula  (2.85).  Let  us  write  equality  n' + 
k—2 for  the  points  of  curved  characterist  ics  ED,  passing  through 
point  E,  and  let  us  differentiate  it  lengthwise  ED  on  £: 


Let  us  take  any  point  D on  characteristic  ED  and  introduce  the  local 
coordinate  system;  axis  Dr  it  is  directed  along  rectilinear 
characteristic,  axis  D rv  - along  the  normal  in  it,  (see  Fig.  36);  let 
us  designate  by  ds  the  cell/element  of  the  arc  cf  characteristic  ED, 
then 

dk  dk  dr  dk  dn  dk  dn  dr  dt  dk  sin  0> 


■ 


► 

? 


V 


r 
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since 

dk  n dn  . a dx  „ a dt  n 

-^-=--0,  •3j-  = tge1,  -gj-  = cos8It  -gj-^secGj. 

at 

Derivative  is  limited,  when  point  D approaches  according  to 

characteristic  DE  point  E.  Actually,  in  the  vicinity  of  point  E, 
where  no  of  envelope  rectilinear  characteristics#  will  be  located 
point  N,  which  lies  on  the  rectilinear  characteristic,  passing 
through  point  D,  such,  that 


As  point  N,  it  is  possible  to  take  any  point  between  point  d and  the 
point  of  the  envelope  of  rectilinear  characteristics,  which  lies  on 
characteristic  Nd,  since  increases  n.  An,  which  correspond  to 
identical  increase  Ak,  fcr  such  points  are  less  than  for  point  D (see 
Fig.  36) . Hence  it  follows  that 


Here  N,  is  certain  point  on  characteristic  rj  = rj,  between  point  E 
and  the  point  of  the  envelope  of  rectilinear  characteristics. 

Page  91. 


_ « i -m 


I 

f 
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From  expression  (2.84)  it  follows  that  in  view  cf  the  made 
assumptions  relative  to  F,  which 

I dk  I I dk  | . 

I d*  l v,  I <*l  Lv,^  ’ 

hence  follows  that 

lim^v  — 1 i in  -sin  Bi-sec  02  = 0, 

• X . » . 1 I 

since  in  point  '■  j [ < °° ■ sin  * 0,  sec  e2  = 1.  On  the  strength  of 

the  fact  that  at  point  Ex\’-  B=0,  Eh.  -J-  A*, < <» , fron  (2.8  6)  we 

obtain#  that 

iim  x]'  = 2 (%)  = - 2(M?  - 1)".,  (2.87) 

since  with  5*0,  n = q, 

Bi  = _ a*  (M*  - 1)V»,  A = a\. 

The  radius  of  curvature  of  curved  characteristics  DE  at  parabolic 
point  half  the  radius  of  curvature  of  Mach  cone  for  a flow  on 
characteristic  t|  — tj,  and,  which  is  important,  characteristic  DE  is 
arrange/located  in  the  vicinity  of  the  parabolic  point  E along  the 
same  "side"  of  the  rectilinear  cha racteristic  according  to  which 
lie/rests  the  velocity  vector  on  it. 

Let  us  study  now  the  question  concerning  the  location  of  the 
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parabolic  points  of  simple  wave.  Let  us  introduce  on  plane  ;*)  the 
unit  vector  of  standard  n tc  rectilinear  characteristics.  Each  such 
characteristic  is  trace  from  the  intersection  of  characteristic  plane 
in  space  xyz  by  plane  z = 1.  If  we  place  velocity  vector  on 
characteristic  plane  into  the  pole  of  simple  wave,  then  it  will 
lie/rest  along  the  determined  side  from  this  plane.  This  side  of 
characteristic  plane  let  us  call/name  positive  (opposite  side  - 
negative);  to  it  will  correspond  the  positive  side  of  rectilinear 
characteristic  on  plane  Pi- 
page 92. 

It  is  directed  by  n to  positive  side.  Tc  this  will  be  unambiguously 
determined  the  field  of  standards  n to  rectilinear  characteristics. 
Let  us  demonstrate  first  a series  of  lemmas,  and  then  a theorem  about 
the  lccation  of  the  parabolic  points  in  simple  wave. 

Lemma  1.  If  simple  wave  has  continuous  first  derivatives  of  the 
conical  potential  F in  terms  of  C and  h.  then  the  field  of  standards 
n is  continuous. 

According  to  condition  the  velocity  field  cf  sinple  wave  is 
continuous,  since  the  components  of  the  velocity  expressed  through 
the  first  derivatives  of  F in  terms  of  { end  n;  consequently,  the 
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angular  coefficients  of  the  rectilinear  characteristics  of  simple 
wave  are  continuous.  Let  us  take  the  vectors  of  standards  n at  two 
points  and  fix  one  point  to  another;  within  limit  we  will  obtain  on 
the  strength  of  the  continuity  of  the  angular  coefficients  of 
rectilinear  characteristics,  that  the  vectors  of  standards  either 
will  coincide  or  they  will  be  oppositely  directed.  The  latter  can  be 
only  if  velocity  vector  on  characteristic  lie/rests  at  the 
appropriate  characteristic  plane,  which  is  impossible,  since  the 
projection  of  velocity  vector  on  standard  to  characteristic  plane  is 
equal  to  the  local  velocity  of  sound. 

Let  us  now  move  over  any  curve  GH,  of  the  intersecting  the 
tectilinear  characteristics  simple  wave,  from  one  point  G to  next  H 
(Pig.  37> . 

The  unit  vector  r,  tangential  to  the  curve  GH,  is  directed  to 
the  side  of  motion.  Let  us  call/name  motion  along  the  curve  GH  by 
"motion  to  the  side  of  velocity",  if  vectors  n and  r form  angle  less 
v/2,  i-e.#  scalar  product  (n*r>  > 0. 

Lemma  2.  If  motion  along  the  curved  characteristics  of  simple 
nave  is  initiated  "to  the  side  of  velocity",  then  it  remains  the  same 
to  parabolic  point.  Vectors  r,  n change  continuously  during  motion 
along  curved  characteristics.  Sign  change  (r»n)  can  occur  only  during 
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t inversion  (r«n)  into  zero;  this  means  that  here  the  characteristic 

directions  pour,  i.e.,  this  point  is  paratolic. 

Let  us  fix  any  rectilinear  characteristic  cf  simple  nave,  axis 
C) z it  is  directed  along  velocity  vector  on  it,  and  axis  0ty  so  that 
the  characteristic  on  plane  ir\  would  have  equation  n = »),.  Let  us 
call/name  this  coordinate  syste*  for  each  characteristic  of  special. 

Lemma  3.  if  on  each  rectilineal  characteristic  of  simple  wave  in 
the  special  coordinate  system  the  second  derivatives  of  P in  terms  of 
(and  *1  are  equal  to  zero,  then  flow  is  uniform. 


Fig. 


37. 


1 


Page  93. 


If  velocity  vector  is  designated  ty  V,  then  acceleration  it  is 
expressed  by  the  formula 


or 

r iV 

or 

or  . 

lil 

: u r~ 
til 

~ r *■ 

■ " • U 

du 

Ou 

On 

Ou 

~di 

14  ~dZ 

r * + 

" oT  Oftd  ?>o 

Derivatives  in  terms  of  x» 
in  terms  of  € and  »!•' 


y,  z uniform  are  expressed  as  derivatives 


9_ 

Ox 


d 0_  J 

o\  ’ Oy  ; 0r\  ' 


while  derivatives 


of 


t he 


components 
d 


of  speed  in  terms  of  f and  'i* 
derivatives  of  F in  terms  of  t 


uniform  are  expressed  as  the  secon 
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and  *i.  since  « t\.'r  hv  w, 

Equality  zero  of  second  derivatives  of  F in  terms  of  £ and  n 
on  characteristic  indicates  the  equality  of  zerc  acceleration  on  it. 
Consequently,  if  the  second  derivatives  of  F in  terms  of  5 and  i|  in 
the  special  coordinate  systems  are  equal  to  zerc  on  each 
characterist ic,  then  flow  is  uniform,  since  acceleration  is 
everywhere  equal  to  zero. 

Lemma  4.  If  motion  along  the  curved  characteristics  of  simple 
wave  from  one  point  G tc  next  H is  completed  "tc  the  side  of 
velocity",  then  also  during  the  rotation  of  the  axes  of  the  system  of 
coordinates  Oaxyz  it  will  be  completed  "to  the  side  of  velocity". 

Actually,  characteristic  lines  on  plane  £ti  are  traces  from  the 
intei  ction  of  characteristic  conical  surfaces  in  space  xyz  by  plane 
z = 1.  In  the  case  of  simple  wave,  there  is  a family  of 
characteristic  planes  and  a curvilinear  characteristic  surface,  which 
connects  the  ray/beams,  determined  in  space  xyz  by  points  G and  H 
with  plane  5n  In  order  to  hit  to  ray/team  with  point  H,  it  is 
necessary  to  more  f torn  ray/beam  with  point  g over  curved 
characteristics  so  as  to  be  moved  from  disadvantage  of  characteristic 
plane,  passing  through  G,  to  positive.  During  the  rotation  of  the 
axes  of  the  system  of  coordinates  Otxyz  of  characteristic  on  plane 
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tiT  they  will  change  their  form;  this  will  be  already  traces  from  the 

/*» 

intersection  of  characteristic  surfaces  with  the  new  plane  z = 1, 
turned  relative  to  plane  z = 1.  But*  as  before  in  order  to  achieve 
point  h on  new  plane  "Sn-  it  is  necessary  to  move  over  characteristic 

iv  v 

GH  so  as  to  be  aoved  fron  disadvantage  of  characteristic  plane, 
passing  through  point  G (and  point  G) , to  positive,  i.e.,  on  plane 
£>i  the  notion  must  be  begun  "to  the  side  of  velocity".  Along  lemma 
2,  notion  will  remain  the  same  up  to  the  parabolic  point  which 

A/  (V 

lie/rests  outside  the  cutting  off  of  characteristic  GH  (GH)  [or  it 
coincides  with  point  H (H)  ],  since  at  parabolic  point  (n«r)  = 0,  and 

"motion  to  the  side  of  velocity"  it  is  determined  by  condition  (n»r) 

> 0- 


page  94. 

Theorem  1.  If  the  conical  potential  of  the  simple  wave  F has 
continuous  second  derivatives  in  terms  of  £ and  »i  everywhere,  with 
the  exception  of  the  points  of  the  envelope  of  rectilinear 
characteristics,  and  simple  wave  does  net  contain  the  ranges  of 
uniform  flow,  then  during  motion  along  the  curved  characteristics  of 
simple  wave,  if  motion  is  beginning  "to  the  side  of  velocity",  the 
encountered  parabolic  point,  if  the  same  generally  exists,  it  is 


maximum  for  the  points  of  the  envelope  of  rectilinear 
characteristics.  Acceleration  on  the  rectilinear  characteristic. 
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passing  through  this  parabolic  point,  is  equal  to  zero  in  all  points, 
which  do  net  coincide  with  parabolic. 

Along  lemma  2,  motion  along  characteristic,  initiated  "to  the 
side  of  velocity",  will  remain  the  same  to  paratolic  point.  Let  point 
E is  a parabolic  point  on  the  curved  characteristics  along  which 
occurs  the  motion.  It  is  directed  axis  0,  z along  velocity  vector  V, 
on  the  rectilinear  characteristic  on  which  lie/rests  point  E,  axis 
02y  it  is  directed  so  that  the  rectilinear  characteristic  would  be 
depicted  on  the  plane  S’l  of  straight  line  n = n>  (Fig.  38);  then 
n,  = (Mj  — l)  and  point  E has  coordinates  € = 0,  v = rj,,  n2  - Hach 
number  on  rectilinear  characteristic. 

Along  lemma  4,  motion  along  curved  characteristics  to  point  E in 
rotated  coorinate  system  occurs  "tc  the  side  of  velocity".  Let  us 
distinguish  two  cases; 

1.  Let  us  assume  that  on  characteristic  n = ni  it  is  possible 
to  select  point  M,  different  from  E (see  Fig.  38),  such,  that  the 
lisit  with  approach  to  it  cn  the  points  of  simple  wave  is  zero. 

Let  us  exasine  the  sequence  of  the  rectilinear  characteristics,  which 
unlimitedly  approach  the  characteristic,  determined  by  equation  ti’*=  n/ 
on  which  the  acceleration  is  excellently  frem  zero.  This  sequence 
always  will  fce  located  that  otherwise,  according  to  lemma  3,  flow 
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would  be  uniform.  Let  us  find  on  such  characteristics.  We 

record/fix  the  rectilinear  characteristic  of  mentioned  sequence, 
is  directed  axis  Otz*on  velocity  vector  V*t  on  it,  and  axis  Ox y*- 

that  this  characteristic  on  plane  would  be  determined  by  equa 

rf  = v then  nj  (m’J  — irv»,  where  is  a flach  number  on  this 

characteristic. 

Communication/connection  between  the  systems  of  coordinates 
Otxyz  and  0,x*y*z1<is  established  by  the  re  laticnshi  p/ratio  s: 

i*=(i  +3;>z  f $\y  f T;;, 

/^3*r  :.((  4-3*)y  f t'z, 

- V + (1  +tJ)j.  . 


it 

SO 

t ion 


f 
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Fig.  38. 


| 

I 


Page  95. 

Here  t'-j.  Tr(  are  constant  which  vanish  (on  the  strength  of  the 
continuity  of  the  velocity  fields  of  the  simple  wave),  when 
characteristic  n*  >iT  unlimitedly  approaches  a characteristic  m iji. 

From  (2.88)  by  division  x*and  y*into  zrwe  cttain 
conn unicat ion/connection  between  £ = x/z#  n = -^  and  t*~  x*/x*;  if 

(1  |-  a‘,i£-|  ajn-f-Tj  . + (1  + P,)  11  + TU. 

5 3 ;vi  M -M”,  ’ ^ aj5  + Pa»1  + 1 + T j ('  Si* 

For  the  determination  cf  communication/connection  between  F and 
F*  {F*  - the  conical  potential  of  simple  wave  in  the  system  of 
coordinates  Ojx*y*z*)  we  will  use  by  the  facts  that  the  projection  of 
velocity  vector  on  the  radius- vector  of  point  in  space  xyz  is  an 
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invariant  duriny  the  rotation  of  the  axes  of  the  system.  This 


projection  is  equal  to  ■ Iff  +J»!f — f.  ■— 

^l+V  + n1  Vl  + t+n: 

equality: 

F f- 


whence  follows  the 


cr 


Ki+S’  + n5  V 1+5’*  + ^ 

/ 1 + 5s  + *f-  yi‘ 

"f’x’ x "(,+?** + *i*V 


(2.90) 


Prom  (2.90)  by  differentiation  with  respect  to  >i  we  obtain 

= (P*D f 2 ( A-'xh . X ■ < Hr 

+ (f'tk-i'C*  + 4-  (P’x>=.  C • <2  91 ) 

Since  on  characteristic  n*  = ’ll  the  acceleration  not  is  equally 
identical  to  zero,  F\.ir  is  expressed  by  formula  (2.82): 


(Mj  — 1) 

where  w*t  - speed  on  characteristic  or  f\.  - f\.-=  f'Vi.  = f\.x.  = o, 

f‘  = «*  + nV  + 5’“*  = when  V = v 


If  we  fulfill  differentiation  in  (2.91),  tc  substitute  there  the 
values  of  derivatives  of  P*and  x.  and  to  express  5*in  terms  of 
formula  (2.89),  then  as  a result  we  will  obtain 

T+t 

2w\  (m;*-d*  ' 

0 + V*  + P>i+iri 

■ const"  • — 7- ; r 

a3*>  + Ps1!  + 1 + T, 


-t 


X’),’  + “ ,X,,V  (2«2) 
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From  formulas  (2.90),  (2-89)  we  easily  find  that  X,.,  - x — n’ - when 

aj.  Sj.  Tj 


Let  us  examine  now  certain  sequence  of  points  (£ ; m on 
rectilinear  characteristics,  with  nonzero  acceleration,  convergent  to 
point  N on  characteristic  >i  »ii- 


Derivative  rif  for  such  points  is  detetained  from  formula 
(2.92),  moreover  p’, yj  — «.  when  point  n)  unlimitedly 


approaches  point  M.  At  point  N ¥=  hjv  " »h.  = 0 


according  to 


condition.  On  the  strength  of  continuity  ait)  for  the  points  of 
sequence  ((,  g)/,, -b,  when  ((;  n)  - <5.v;  %)•  from  formula  (2.92)  it 
follows  that  this  is  possible  only  in  such  a case,  when  const*  — 8 
when  (5;  h) -» Ua)  (is  «SSu*«d  that  i*j  + 1).  The  points  of  the 
envelope  of  rectilinear  characteristics  will  be  located  from  the 
condition  that  the  acceleration  (i.e.  turns  in  them  into 


, - -jr 
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infinity.  If  we  write  the  equation  of  characteristics  V i|*  in  the 
fore  n (i),  + 8*>  + where  6 , — o,  when  a’,  pj,  y\  o,  then,  solwing 


the  systee  of  linear  equations,  coeprised  at  equation  i(  n,  - 6*  + and 


the  equation  which  is  obtained  by  means  of  the  equating  of  zero 


expression  in  the  bracket  in  formula  (2.92),  let  us  find  coordinates 


C0,  ifc  the  points  of  the  envelope  of  rectilinear  characteristics. 


Poreula  for  Co  takes  this  form; 


_ »«  [P3(lfr-r6)  + <-t-T>l-(Pl(hi-i-6>  + Tll 
1 + *1  + — ci>*  (a*  + pj  t) 

I YJ.I  M‘* 


1 T + < 

const*  • 2«;  (M**  — 1 )* 


From  formulas  (2.9  3)  follows  that  when  the  characteristic  n-V 


unlimitedly  approaches  a characteristic  i.e.,  a\,  p*.  y]  — 0, 


const 


- and,  therefore,  «'*'  — ■>  0,  then  C( 


This  means  that  the  parabolic  point  E is  maximum  for  the  points 


of  the  envelope  of  the  rectilinear  characteristics  of  simple  conical 


wave. 


Since  const' 


-,  when  a),  r*  -*  then  of  formula  (2.9  2)  it 


follows  that  with  approach  to  any  point  of  the  characteristic 
i)  - ni .for  which  C * 0,  Ft ,i  — °- 


Let  us  note  still  that  from  (2.92)  follows  the  existence  of  such 


■ ■*  • Tr  • ■-  v 
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sequences  of  points  (£;  n),  convergent  to  pcint  E#  which  during 
■otion  along  the*  to  point  E,  approaches  any  preassigned  number 

(since  Fy, Ti  on  if  - are  taken  the  values  from  zero  to  infinity). 

Page  97. 


2.  Let  us  assume  that  on  characteristic  n ’ii  it  is  possible 
to  find  point  N,  which  does  not  coincide  with  pcint  E (see  Fig.  38) 
such,  that  lisit  with  approach  to  it  on  points  of  sample  wave  is 

not  equal  to  zero  and  it  is  final.  | it  cannot  go  to  infinity  on 
an  entire  characteristic  ’» “ ’!>•  as  it  follows  fron  formula  (2.92), 
since  unlimitedly  by  approaching  characteristic  if  »i| 
characterist ic  n ~ Hi.  not  at  which  values  cf  ccnst*  we  will  obtain  on 
an  entire  character ist ic  »i  n> F%rt  o.l 


In  this  case  when  — n,  it  is  located  through  formula 

(2.82)  : 

7 + 1 


T7  + 1 Mi  . J-' 


Since  the  derivative  f „„  with  ( - 0 is  final#  there  is  certain 
vicinity  of  point  E (see  Fig.  38) , where  there  are  no  points  of  the 
envelope  of  the  rectilinear  characteristics  of  simple  wave.  Under 
these  conditions  takes  place  formula  (2.87)#  and  on  the  strength  of 

continuity  if  for  point  E can  be  written 


f|'K -- 2 <Mj -1)V'. 


(2.9it 


DOC  = 78026605 


PAGE  kr  |$2- 


, f 

t; ' 

Vectors  n and  r form  in  point  E angle  »/2  and  are 
arrange/located  in  the  manner  that  it  is  represented  in  Fig.  38, 
since  axis  Otz  is  directed  along  velocity  vector  on  characteristic 
n = Hi.  and  notion  along  curved  characteristics  DE  is  realized  to  the 
parabolic  point  E ("  to  the  side  of  velocity”) . If  we  designate 
angular  coefficient  of  the  rectilinear  characteristic,  passing 
through  point  D,  by  k ( £)  » then  on  the  strength  of  the  made 
assumptions  relative  to  F the  derivative  dk/d£  = k*  (5)  exists  and  it 
is  continuous,  the  sim&  as  = rj- (5>  for  curved  characteristics.  At 

Point  d,  arrange/located  on  characteristic  DE  it  is  sufficiently 
close  to  point  E,  on  the  strength  of  continuity  n#  r#  V (5)  and 
negativity  ri* <u)  the  condition  of  aotion  "to  the  side  of  velocity"  (r*n 
> 0)  it  leans  that  l*(5)|>l»i>  (&)  I.  where  n'(^  = ;jjr. 


If  we  designate  lowing  coordinates  of  the  rectilinear 
characteristic  by  n".  then  the  equation  of  the  fairly  of 

rectilinear  characteristics  can  be  written  in  the  fori  tp  — n ft)  *= 

* (&)  <t"  - ti  whence  it  is  easy  to  obtain  by  differentiation  of  the 
equation  of  the  envelope  of  this  family  in  the  parametric  form: 


V l - 


* ft)  — 1’  (£) 
**(5) 


*’(5> 


•*($>.  (2.iir.) 
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Let  us  show  that  k'(d)  ^ 0.  This  will  indicate  according  to 

(2.95)  that  when  E » 0,  then  {j°  — * 0,  »i“— «|  (<>)  »ii.  i.e.  , the 

envelope  of  rectilinear  characteristics  is  passed  through  point  E- 
Actua 1 ly , 


I *'(")!-  hm 

v-t 


-Is 

n'<in>.i 


> lim 
n—n 


lim 

l)  -J. 

lim 


I 

r 


n'gpi-irtfe)  i 
~ f/s 


- 1 1*  (5f>  I ^ I *1’  (")  I -=  2 (M*  - 1 - ^ I 


(At  point  E,  i --  k - n'  °-J 

The  conclusion  that  the  envelope  of  rectilinear  characteristics 
is  passed  throuyh  point  E,  contradicts  the  initial 

conclusion/derivation  about  the  absence  of  the  envelope  in  certain 
vicinity  point  E,  therefore,  case  2 is  impossible,  and  proof  of 
theorem  is  completed. 

Consequence.  Under  conditions  of  theorem  1 during  the  motion, 
initiated  "to  the  side  of  velocity"  along  the  curved  characteristics 
of  simple  wave,  passing  through  the  fixed/recorded  rectilinear 
characteristic,  the  encountered  parabolic  points,  if  the  same 
generally  exist,  cannot  form  continuous  parabolic  line. 
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Not  dwelling  on  other  properties  of  the  simple  conica 
which  can  be  found  in  work  [9],  let  us  demonstrate  one  add 
important  theorem.  It  is  well  known  that  in  two-dimensiona 
of  gas  dynamics  to  Uniform  flow  can  adjoin  (without  shock 
simple  wave,  moreover  the  ranges,  occupied  with  these  flow 
divided  by  rectilinear  characteristic  (Mach  line).  In  the 
conical  flows,  the  uniform  flow  can  be  connected  with  anot 
plane  ^ along  rectilinear  characteristic  or  Mach  cone,  w 
here  simultaneously  parabolic  line  and  characteristic  (by 
the  rectilinear  characteristics  of  uniform  flow). 
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Theorem  2.  If  the  conical  potential 
the  range  of  uniform  flew  along  rectiline 
tn).  possesses  continuous  second  derivativ 

then  this  flow  is  simple  wave. 


F of  the  flow,  which  adjoins 
ar  characteristic  (on  plane 
es  in  terms  of  C and  n. 
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Fig.  39. 


Page  99. 

Let  to  uniform  flow  along  the  rectilinear  characteristic  NN, 
(Fig.  39)  it  adjoins  certain  conical  flow,  and  the  curve  SH  there  is 
its  curved  characteristics,  the  point  G not  coinciding  with  parabolic 
point  on  characteristic  N Nj . But  to  the  values  cf  the  components  of 
speed  u,  v,  w in  each  point  of  the  curve  GH  it  is  possible  to  find 
dn/dE  = k for  the  second  characteristic  direction  of  equation  (1.29) 
and  to  construct  simple  wave,  after  requiring.  So  that  Uj  v,  w would 
retain  their  values  on  the  appropriate  straight  lines  with  angular 
coefficients,  equal  k.  The  conical  potential  f cf  this  simple  wave 
possesses  continuous  second  derivatives  in  terms  of  E and  n and  is 
the  solution  of  the  characteristic  problem  of  Cauchy  (Gour sat's  task) 
for  equation  (1.29) in  which  on  characteristics  HG,  NG  (Fig.  39)  are 
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assigned  the  values  r = u5  + ®>i  --  w\  z '<•  which  satisfy  the 

condition  of  strip  dF  = u d£  ♦ v <yi)  and  relaticnship/rati o d„  + ( - ~T-  ^ j*  — j 


dv  = 0,  that  is  fulfilled  on  the  characteristics  of  equation 
(1-29).  The  conical  potential  of  the  examined  at  first  flow  is  also 
the  solution  of  the  formulated  problem  of  Gcursat,  and  on  the 
strength  of  the  uniqueness  of  the  solution  of  this  problem  it 
coincides  with  F of  simple  wave  (relative  to  Goursat's  task  see,  for 
example,  [ 13]). 


1 1 


I 


2.18.  Conical  flows,  which  adjoin  uniform  flow  along  Mach  cone. 

For  the  completion  of  the  question  concerning  the  conical  flows  which 

can  adjoin  the  uniform  flow,  let  us  examine  the  flows,  which  adjoin 

the  uniform  flow  along  Mach  cone  [ 104].  if  we  direct  axis  Ojz  along 

the  speed  of  uniform  flow  V,,  then  the  Mach  cone  of  this  flow  (with 

apex/vertex  at  point  Oj)  will  be  depicted  on  plane  in  as 

circumference  l*  + tj*  = (M*  — 1)'\  where  a,  ) 1 is  a Mach  number  of 

uniform  flow.  Subsequently  it  is  convenient  on  plane  in  to  introduce 

pclar  coordinates  by  the  formulas 

i --  r cos0,| 
t)  = rsinG.) 


Then  the  equation  of  M*ch  Cone  he  is  written  in  the  form  r = r,  = 

(H* j—  1)  — »/*•  and  the  components  of  speeds  u,  v,  w along  the  a*es  of 
the  Cartesian  system  will  be  determined  from  formulas  (1.32): 


u » cos  0 • F,  — F v - sin  OF, 


rof  0 


F„,  w — F — rFr 


('-  ‘i  - £)• 
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Page  100. 

The  conical  potential  F satisfies  equation  (1.31) 

L [F\  = (o*  (1  + r*)  - [rF  - (1  + r4)  Fr]5}  F „ + 

^2[F-(r+-L)F,]F,(-LFr.-±F,-l  + 

+ (a2  - Fij  (-Jr  F,*  + 4-  F')  ' 

where  the  square  of  the  speed  of  sound  a*  is  expressed  by  the  foruula 

fl2  - a;  - + ±-Fl  + (F  - rFr )*-«-*]  (2.9(1) 

(a,,  «,  are  speed  of  sound  and  the  speed  of  unitors  flow).  Since  axis 
Otz  is  directed  along  the  speed  of  unifors  flow,  for  it  u = v = 0,  w 
= w4#  and  fros  forsula  (1.32)  follows  that  for  the  unifora  flow 

Fr  = Ft  ~ 0,  F = Fj  = it,. 

Thus,  for  the  flows,  which  adjoin  the  unifora  flow  along  Each  cone, 

Fr  = Fe  = 0,  F = u;, wit  hr  = r^  (2.97) 

Nach  cone  is  the  analog  of  direct /st r aight  sonic  lina  in 
two-diaensional  problen  of  gas  dynaaics,  since  it  is  sisultaneously 
the  parabolic  and  characteristic  line  of  equation  (1.31).  Let  us 
assune  that  during,  which  adjoins  the  Nach  cone,  F has  continuous 
third  derivatives  in  terus  of  r and  0 with  r < rt.  Let  us 
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differentiate  equation  (1.31)  for  r and  fix  r to  rt;  within  limit  we 
will  obtain  equation  for  (Frr)r^r,: 

{IT  1)  ri  (1  -f  rl)  u'iF„  -f  2r , (a:  - «-;)}  F „ + ~ F„  0. 

Hence  it  follows  that 


(F,r),  ('Or  (Frr)r  r,  YTT^'^-  (2!,S' 


Page  101. 


The  first  value  (Frr)r_ri  corresponds  to  uniform  flow,  the  second  - to 
solution  of  the  elliptical  type  of  equation  (1.31),  since  with  an 
accuracy  to  the  positive  factor  of  discriminant  of  equation  (1.31)  it 
is  possible  to  present  in  the  form 


where  in  the  dots  mre  designated  the  terms  of  the  higher  order  of 
smallness  on  to  rt  - r,  than  given.  Hence,  taking  into  account 


formula  (2.98),  it  follows  that 


\C  — Bl  TTi  -M~7^ Vi  -0t->0  for  r 


1 + 1 m; 


Since  the  solution  to  equation  (1.31)  in  question  belongs  to 
elliptical  type,  it  is  analytical  in  the  vicinity  of  Nach  cone  (see 
on  this  question,  for  example,  [13]). 
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Repeated  differentiation  of  equation  (1.31)  for  r aii 

the  limit  r r,  give: 

lim | FrrrP  ~a ?(M;  - \)'iFrr„(r- r,))  + a,  0,  (2.99) 

r ♦T  i 


where 


passage  to 


./■,  (M*  — 1)* 


(r  + i)' 


M? 


Kr-4  1)(2-m*)-3(mj-i,)^o. 


P 3 P(r,9.F»  Fe,Fr,  Frr,  Frl],  Fq„)  there  is  a polynomial  from  its 

variables;  it  it  turns  into  zero,  when  r — ? r*. 


•elationship/ratio  (2.99)  will  be  satisfied,  if  *e  assume  that 
lim,  Frrrr  (t,  - r)  = const;  then  Frrr  therm  mill  be  order  In  (r,  — r),  and. 

r—r, 

P - order  (r,  - r)  In  (rx  - r)  , and  therefore  lim  Frrr  9=0.  on 

r -r  * 

the  basis  of  these  considerations,  the  solution  to  equation  (1.31)  we 
search  for  in  the  form 


F + P,  ( r , — rf  -f  r,  (r,  — r)»  In  (r,  — r ) Ht, 

(2.1<hi) 

where  letter  Rt  designated  the  terns  of  the  higher  order  of  smallness 
relative  to  rt  - c,  than  preceding/previous. 

Page  102. 


Substituting  expression  (2.100)  in  equation  (1.31),  we  find  and 


\ 


0 
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„ «•,  „ r. 

Pl  " 2(t  + «)  mJ  ' Tl  _0(t  + 1)*  m* 

X|3(M*-l)-(r+l)(2— Mj)].  (2.1 Dl) 

Let  us  now  search  for  the  dominant  tera  of  fuactioa  a,  ia  the  fora 

B,  = c (0)  (r,  - r)3  + ...  (2. 1027 

with  the  substitution  of  expression  (2.100),  taking  into  Account 
formula  (2.101)  and  (2.102),  into  equation  (1.31),  we  will  obtain 
that  by  the  first  neabers  of  the  lowest  order  on  the  left  side  of  the 
equation  ( 1 . 3 1)  will  be  the  neabers 

°(ri  ~ r).  0 l(r i — r)*ln  (r,  — r) ],  OI(r,  — r)*l, 

appearing  becanss  of  aeabers,  ertracted  clearly  in  formulas  (2.100) 
and  (2.102).  By  cunbersoae  elementary  calculation  it  is  passible  to 
show  that  terns  0(rt  - r)  are  reduced  as  a result  of  the  selection  of 
coefficient  terns  0 [ (r , - r) 2 In  x (rt  - r)  ] they  are  reduced  at 

any  values  yI#  c(0);  terms  0 [ (rt  - r)*],  not  containing  c (0) , are 
reduced  as  a result  of  the  selection  of  coefficient  p, ; the  remaining 
terns  o [ (r,  - r)  * ] they  are  reduced  during  any  selection  of  function 
c(0)#  which  indicates  its  arbitrariness.  Finally  we  obtain,  which  in 
the  vicinity  of  Nich  cone  r = r,  p is  represented  by  asynptotic 
expansion 

F “ wi  + Pi  - '■)*  + Vi  (ri  - r)3  In  (r,  — r)  + 

+ c (0)(r,  - r)»  + ....  (2.103) 

where  the  coefficients  , 7,  are  deternined  from  formulas  (2.101), 
c(0)  - arbitrary  analytic  function  e.  If  we  c by  aid  (2.103) 


■ A 
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calculate  with  r = r,  derivative  in  tens  of  r of  the  squire  of 
speed,  then  we  will  obtain  the  fornula 

(u3  + V*  + w')r  = - 2 — 1 ~ti]-  < 0 with  r = r t , 

from  which  it  follows  that  the  flow  in  the  vicinity  of  Hach  cone  r = 
r,  is  a flow  of  evacuation/rarefaction. 

Page  103. 

Since  the  solutions  described  by  expansion  (2.  103),  have  functional 
arbitrariness,  it  is  possible  with  large  confidence  to  assaie  that 
other  types  of  flows,  which  adjoin  the  uniforn  flow  along  Hach  cone, 
do  not  exist.  Let  us  note  in  conclusion  that  in  the  exaained  case  the 
Hach  cone  with  apex/vertex  at  point  o,  is  constructed  "daw nstrean" ; 
the  case  with  the  Hach  cone,  constructed  "upstreaa",  is  analogous 
that  Hhich  was  exaained,  only  flow  in  the  vicinity  of  Hach  cone  will 
be  the  flow  of  coipression,  a^d  this  flo*  *ill  be  hyperbolic  type 
flow  for  equation  (1.31). 

§3.  Singular  points  of  the  solutions  to  the  equations  of  conical 


flows 
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3.1.  Preliminary  Remarks.  The  solutions  to  the  equations  of 
conical  flows  possess  a series  of  the  singular  points  whose  existence 
it  is  necessary  to  consider  both  upon  the  foraulation  of  the 
corresponding  problems  of  flow  and  during  the  development  of  the 
methods  of  their  solution  (analytical  and  numerical).  In  present 
paragraph  are  examined  the  singular  points  of  the  exact  solutions  of 
the  problems  of  flow;  the  special  feature/peculiarities,  which  appear 
because  of  the  use  of  appro  imation  methods*  will  be  examined  with 
the  presentation  of  these  methods. 

3.2.  Perry's  special  feature/peculiarity.  Greatest  tie  important 
special  feature/peculiarity  of  conical  flows  is  the  special 
feature/peculiarity  of  Perri  which  was  reveal/detected  in  connection 
with  the  solution  of  the  problem  of  the  flow  about  the  roind  cone  at 
an  angle  of  attack  [6].  As  showed  A.  Perri*  on  the  lee  side  of  cone, 
there  is  a point  into  which  converge  all  lines  constantly  of  entropy 
- flow  line  on  single  sphere  or  on  plane  z = 1 (plane  £ii)- 

Let  us  show  that  one  or  several  Perry's  special 
feature/Pecuiiacit ies  are  in  the  solution  of  the  problem  of  the 
nonseparated  flow  of  almost  any  conical  body.  Let  us  assume  that  the 
streamlined  body  is  such,  that  during  the  adequate/approaching 


a 
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selection  of  the  direction  of  axis  0,z  in  conical  flow  about  body  are 
satisfied  the  conditions 

p (*.  n)  >p«  > 0,  w (i, »])  > we  > 0, 

where  p*  w are  density  and  the  projection  of  velocity  vest  or  on  axis 
Otz;  (>,.  wt  — sone  constants. 

Page  10«. 


Conditions  p,  =£  0,u-,  =*-  0 nean  that  in  flow  there  is  no  point  where 

is  reached  naxinua  speed*  and  that  the  velocity  vector  not  very 
strongly  does  change  its  direction,  let  us  select  now  on  plane  z = 1 
(plane  lt\)  arbitrary  locked  duct*  which  partially  lies  on  body 
surfaoe.  Through  the  points  of  this  duct,  let  us  conduct  flow  lines 
in  space  xyz.  As  a result  we  will  obtain  the  tube  of  flow*  United  by 
certain  streaa  surface  and  by  the  surface  of  the  streanlin ed  body. 
Through  each  section  of  this  tube  with  planes  z = const  per  unit 
tine*  occur/flow/lasts  one  and  the  sane  nass  of  the  gas 


to  - *\\  p irdnly, 
i(l) 

where  j (z)  _ a sectional  area  of  the  tube  of  flow  with  plane  z = 

const.  Let  us  present  n in  the  fore  m = (pw)cp  1(2)  the  nark  "sr" 
indicates  average  value  in  the  section  of  the  tube  of  flow  with  plane 
z * const.  Hence  it  follows  that 

*(*) 


^ "S, 
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On  plan*  In  the  section  of  the  tnbe  of  flow  with  plane  z = const  is 
depicted  as  domain  with  the  area  s(z)  which  becomes  how 

conveniently  small  with  unliaitedly  growing  z.  Let  us  designate  the 
pact  of  the  boundary  higher  than  named  domain  on  plane  that 
consists  of  the  points*  which  do  not  belong  body  surfaces*  by 
curves  A<>-  begin  and  are  terminated  on  body  surface  and  the  area* 
limited  by  these  curves  and  body  surface*  «(z)  * it  vanishes*  when 
Z — » -.  on  the  other  hal'd,  *he  Partj.de  of  gas  in  space  xyz  they  move 
over  conical  straaa  surfaces,  by  sections  of  which  plane  z = 1 are 
flow  lines  on  plume  from  preceding/previous  it  follows  that  the 
flow  lines  on  plane  tn  intersect  by  the  totality  of  the  curves  /(l„ 
for  which  « (z)  — } 0,  z — * This  is  possible  only  on  the 

condition  that  the  curves  /(.->  are  confined  with  z ^ • to  point* 

either  to  curvilinear  cut/section  or  to  body  surface.  In  the  first 
case  of  flow  line*  they  pass  through  this  point*  and  hera* 
consequently*  is  Perry's  special  feature/peculiarity. 

Page  105. 

In  the  second  casa  curvilinear  cut/section  consists  of  tha  points* 
which  are  traces  from  the  intersection  with  plane  z * 1 ray/beaas* 
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which  unliaitedly  approach  the  flow  lines  in  space  xyz  with  z — » 

For  such  points  x/u  = y/v  = z/w,  i.e.,  w— |m-  — * ijit  <».  As  it 

follows  fro*  point/itea  1.3,  on  curvilinear  cnt/Bection  °J‘  n 

<>ii 

and  it  is  isobar,  if  the  components  of  velocity  of  the  hare 
continuously  diff arentiated  function,  i.e.,  acceleration  it  is 
lieited;  the  unliaitedness  of  acceleration  on  cut/section  is  not 
allow/assuaed,  since  otherwise  in  flow  aust  arise  shock  wive  and  flow 
it  will  be  changed. 

The  conical  flow  in  which  there  is  a surface  of  constant 
pressure,  which  does  not  coincide  with  body  surface,  it  is,  if  it 
generally  exists,  a very  special  case. 

In  the  third  case  the  flow  aust  possess  the  piece-wi3e  constant 
entropy  S,  since  conical  body  surface  is  flow  line  and  the  line  of 
constant  entropy  on  plane  In:  here  s,  piecewise  constant  function,. 
Since  S is  continuous  in  field  of  flow  and  the  points  of  curves  /„, 
unliaitedly  approach  a body  surface,  S is  piecewise  constmt  function 
on  flow  lines,  i.e.,  in  field  of  flow* 

Thus,  Ferry's  special  feature/peculiarities  are  organically 
inherent  in  the  solutions  of  the  problems  of  the  flow  about  the 
conical  bodies  when  in  flow  fora  shock  waves,  i.e.,  entropy  is 
different  on  different  conical  streaa  surfaces.  In  the  icrotational 
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flows  where  S = const,  there  are  points  on  the  planes  E»i,  which  are 
junction/unit  for  flow  lines,  but  they  are  not  special  for  the 
solutions  to  equation  (1.29). 

Since  the  point  where  there  is  Ferry's  special 
feature/peculiarity,  is  junction/enit  for  flow  lines  on  plane  ;>i  (to 
single  sphere)  and  the  equation  of  th«se  lines  is  /~l— , at  this 

point  eust  be  fulfilled  condition  w — lw  - < -- i|u»  n,  which  can  be 
written  in  the  forn  x/u  = y/w  * z/w. 

Page  106. 

Thus,  the  necessary  (but  not  sufficient)  condition  of  the 
energence  of  Ferry's  special  feature/peculiarity  at  point  (*„;•»)„)  is 
the  condition  that  the  velocity  vector  on  ray/bean  in  space  xyz 
deterained  by  values  is  directed  along  this  ray/bean. 

Let  us  study  now  the  question  concerning  the  structure  of 
solution  in  the  vicinity  of  the  point  where  there  is  Ferry's  special 
feature/peculiarity.  Research  let  us  conduct  in  spherical  coordinates 
R , 9.  d>  (see  point/iten  1.2)  with  the  aid  of  equations  (1.  1)  - (1.5), 
(1.8)#  (1.  15)  • Let  us  assume  that  on  single  sphere  Perry's  special 
feature/peculiarity  is  deterained  by  coordinates  0 * 0I#  d>  — 0 
[coefficients  of  aquations  (1.1)- (1.5)  do  not  depend  on  <t>,  therefore 
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the  position  of  reference  point  ® does  not  have  a value].  According 
to  equation  (1.5)  the  differential  equation  of  the  lines  of  constant 
entropy  takes  the  forn 

rfO  _ »in  8 rl<t>  ^ 

V w * ' * 

Point  (0„,  0)  nust  be  junction/unit  for  the  integral  c«rves  of 
equation  (3.1);  therefore  here  v = w = 0 (u  = u0  + 0)  . In  order  to 
nove  it  is  further,  it  is  necessary  to  sake  supplementary  assumptions 
about  behavior  v and  v in  the  vicinity  of  point  ( 90 , 9). 

In  work  [105]  the  coordinate  system  is  selected  so  taat  90  = 0, 
and  it  is  assumed  that  the  parameters  of  gas  in  the  vicinity  of  the 
point  (0;  0)  are  represented  by  the  pover  series  of  the  form 

/ (6,0))  = MO)  + 0 /,(<D)  + e*/.(0>)  + ... 

The  lines  of  constant  entropy  in  this  case  enter  in  point  (0;  0), 
where  there  is  Parry’s  special  feature/peculiarity,  in  different 
directions. 


In  book  [29]  it  is  assumed  that  9 = 90  ^ 0 and  in  th»  vicinity 
of  point  (a0;  0)  v and  w/sin  9 it  is  possible  to  present  in  the  form 


„ («x<>  + pKQ>)  g (G,  <D)  + gl  (G,  d»), 

.151  " + ***)  * (♦•  O)  + g,  (6,  <t>). 


(3.2) 


where  a*,  p*,  yy,  6*  are  sone  constants,  • » • - »O0  g - 

function  derivatives  by  which  satisfy  conditions  g*  = O (|G|-1 


the  bounded 

),  g<t>  — 0 (J0r,)> 


-*  y- 
* / 


.VTM 


M 
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K 


and  functions 


”,  0(0-  -i-  «1>S) 

4'.(i  = 1,  2)  such*  that 

° \ ~ wr) ' 
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According  to  eguat  ion  (3.1)  the  lines  of  constant  entropy  in  vicinity 
of  point  ( 90;  0)  are  in  this  case  the  integral  curves  of  the 

eguation 

- _*L_  = *"  - . (3.3) 

i*0  4-3x(j>  •rxo+6x,1) 

Although  the  assuaptions  of  the  authors  [29]  bear  sore  general 
character*  than  the  assuaptions*  made  in  work  [105]*  results  for  the 
doainant  ter  is  of  solution  in  both  works  are  actually  identical. 

For  this  reason*  and  also  because  the  assuaptions  aaie  in  [29]* 
all  the  saae  do  not  cover  all  possible  cases*  let  us  accept  further 
precisely  those  assuaptions  which  aake  it  possible  to  obtain 
interesting  us  the  type  of  solution  for  ferry's  special 
feature/peculiarity*  Let  ns  as  suae  la  for  aulas  (3.2) 

a*  = 6X  = 1,  P*  - yx  “ 0, 

then 

v = o-g  + gv  = Q*g  + e *•  t3-4) 

Pros  the  equation  of  coatiauity  (1*1)*  writtea  la  the  fori  (1.15)f 
follows  the  relationship/ratio 


*>•  + w®  + 2w  = 0 (s),  (3.S) 


V 


r 


j 

s 
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where  x>  = d>'  + O',  or  oa  the  basis  (3.4) 

tig*  + <bga>  + 2g  + 2u  = 0 (x). 

Equation  (1.2)  will  draw  the  equality 


£»ge  108. 


q (d//»  + Qu<t>)  0 (x5). 


(3.6) 


Therefore  „ - f j o (x),  *her#  f > 0,  satisfies  the  equation 

f>/«  | o, 

general  solution  of  which  it  is  gives  by  the  foraula 

/ - / (t).  c » -J- . (3.D 

where  f (()  - the  arbitrary  function  of  its  arguBent. 

Since  function  g is  deterained  with  an  accuracy  to  value 
O (x). equation  (3.6)  will  be  satisfied,  if  we  g subordinate  to  the 

condition 

-f  <JV„,  4 2 g J-  2/  - 0.  (3.8) 

Equation  (3.8)  has  the  particular  solution: 

g-  -/•  (3.9) 

The  solutions  to  the  hosogeaeous  ega atlas 

o -f  + 2g  - 0 

are  not  United  with  #*  ♦ 


1 


< 


* 
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Actually,  along  the  characteristics  of  this  equation,  are 
fulfilled  the  relatio  ship/ratios 

<•/()  d'\<  __  dg 

~ ~Jg  ' . 

whence  follows  A > const*  <i>,  g * const*  <4»-2  and  g — > »,  when 

<1»  — 0. 

1 

Since  according  to  condition  g - bounded  function, 

g - - /.  C-IW)  ; 

Proa  equations  (1.3),  (1.4)  and  foraulas  (3.4)  it  follows  that 

% = °W’ 

i. e.  the  first  derivatives  of  p are  continuous  at  point  (0O;  0).  Let 
P«  * Po  (•*•  0);  then  p — p0  -+■  0 (x2).  Froa  (1.8)  we  obtain 
i(p.p)~io—  Irr-i ■ 0(x2),and  if  one  assuaos  that  i(p,  p)  sufficiently  saooth 

function  p and  a, 

p-l  >«('«- -)  0(x5),  (3.11) 

where  p0  is  a sufficiently  saooth  function  of  its  arguaent. 


Page  109 
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Utilizing  (3.4),  (3.10)#  we  hate 

JETe'e*  gW-f-Oix"). 

v (thtoJo  j THu,  (thtuU  - j-  °l*y- 

therefore  from  equations  (1.3),  (1.4)  taking  into  account  (3.11)  we 
will  obtain 


7<r  rff  - °(*!y 


since  all  tens  o (xt  in  (1.3),  (1.4)  average  out.  This  fact 
indicates  that  function  f(5)  - is  arbitrary.  Furthermore,  from  the 
■ore  precise  estimation  of  derivatives  of  p w«  obtain 


l>  !>u  f O (x*).  (•>•1-) 

Thus,  in  the  vicinity  of  the  point  where  there  is  Ferry's  special 
feat^re/peculiarit y,  the  components  of  velocity#  pressure  and  density 
can  be  represented  in  the  form 


u = /(CH-o(x), 
v ■ • — (0  — 0o)  / (0  + O (x*\ 
v -fninflo/lt) + «(*•). 
p =-  p„  -f  O (xs), 

P=  Pof«o  — -y-)  +0(x'-). 


where 

C - "5~h7  ■ x*  - + (0  — 0O)*,  p0  --  const . 

prom  f orauias (3. 13)  wm  find  that  ia  the  vicinity  of  the  point  where 
there  is  Ferry's  special  featmre/pecmliarity, 

-|^-  = sin0o/*C)  + (;(x). 

whence  it  follows  that  independent  of  the  >«th<>d  of 


¥ • 


■ - - - ■ - - - 
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approach/a pproxination  to  this  point  all  the  limiting  values  of 
Jacobian  are  posit ive,  i.e.* 

Page  110. 


This  condition*  along  with  condition  u = w = 0,  0 = e0,  d>  = 0,  is 
necessary  and  sufficient  for  the  existence  of  Perry's  special 
feature/peculiarities  (if*  cf  course*  in  the  vicinity  of  point  0 = 

8S*  0 = 0 is  realized  type  exaained  earlier  of  solution}*  since  it  is 
easy  to  show  that  at  the  point*  which  is  saddle  for  a flow  line  on 
single  sphere*  is  fulfilled  the  inequality 


lim 


d (>'■  i< ) 

o (0,  a>) 


0 — * 0„.  O — »0, 


if  v*  w are  continuously  differentiable. 


3.3.  special  feature/peculiarity  at  point  of  attenuation  of 
shock  wave  on  Hack  cone.  If  the  streaalined  body  (for  exaiple* 
triangular  plate  at  an  angle  of  attack)  is  such*  that  froi  its  one 
side  the  flow  is  expanded*  and  on  the  other  hand  - it  is  coapressed* 
aoreover  the  edge  of  body  subsonic*  then  leading  shock  wave  either 
wholly  covers  body  or  the  doaain*  agitated  by  the  streaalined  body* 
is  liaited  by  partially  shock  wave  and  the  Mach  cone  of  undisturbed 
flow.  The  last/latter  case  is  represented  by  aore 
adequate/approaching  froa  physical  considerations*  but  for  the 
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substantiation  of  the  possibility  of  its  realization,  it  is  necessary 
to  construct  the  solution  in  the  vicinity  of  the  ray/beaa  where  are 
connected  Hach  cone  and  shock  wave.  Here  nust  be  forned  singular 
point  on  plane  Sn  (special  ray/beam  in  space  xyz)  . Hill  be  further 
constructed  the  solution  of  system  of  equations  ( 1 . 17) - ( 1. 20)  in  the 
vicinity  of  this  singular  point.  Hith  the  presentation  of  question, 
we  will  follow  [106],  after  correcting  the  available  thera 
inaccuracies. 

It  is  oriented  the  axis  of  the  system  of  coordinates  0,xyz  so 
that  the  axis  0,z  would  be  directed  along  speed  V,  of  undisturbed 
flow,  and  plane  0, yz  would  contain  the  ray/beam  along  whi^h  are 
connected  the  Hach  cone  and  shock  wave.  /Then  Hach  cone  on  plane 
is  depicted  as  tha  circumference  whose  equation  in  polar  plane 
coordinates  is  r *=  r,  = (m*  — where  Hj  is  a Hach  number  of 

unifora  flow,  but  raj/beaa  mentioned  above  - by  point  with 
coordinates  f * 0,  ■*>«=•»>,=  r,.  in  Fig.  40  circular  arc  2 - 1-2* 
depicts  Hach  cone,  curved  1 - 3 - shock  wave;  at  point  1,  occurs 
their  connection. 


For  the  determination  of  solution  in  the  vicinity  of  point  1,  we 
will  use  asymptotic  expansion  (2-103)  for  the  conical  potantial  F in 
the  vicinity  of  (inch  cone  1-2: 
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Fig.  «0. 

Pa  ge  111. 

Since  searches  foe  the  solution  with  special  feature/pec j1 iarity  at 
point  1,  let  us  assume  that  c(0)  has  when  0 = 0t  = »/2  a pole  of 
■ultiplicity  p,  i.  e.  , 

where  9=0-  0t,  p > k > 0,  v.n  - constant.  In  the  vicinity  of 

point  1,  let  us  introduce  new  coordinates  p and  9 by  the  fornulas 

r>  (r,  — r)  0 *,  <*«<)-  ft,.  (:i.!5) 

Pros  (2.103),  taking  into  account  (3.1h)#  it  follows  that 

F = H>t  + (V.J*  + . . .)  ft'"''*''  f (3tp“  + nr'*  + ...)•**  + • • •.  (3.10) 

i.e.  the  expansion  for  P in  the  vicinity  of  point  1 takes  the  fora 


r -=•«>  + n (p)9**-*  + f (p)ftM  + . . .. 


(3.17) 
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r 

{_  moreover  with  p — > 0 fl(p)  ~ vp*.  F (p)  - 0jp2  ♦ pp3.  Substituting 

expansion  (3.17)  in  equation  (1.31),  equalizing  the  coefficients  with 
the  ssallest  degree  9,  we  will  obtain  that  the  only  possible  value 
for  p with  p > k is  p = 2,  and  then  1 < k < 2.  If  we  instead  of  R (p) 
introduce  the  new  unknown 

12  (p)  - (1  + r ri(V  + 1)u’iar*/2  (p), 

frcn  Q (p)  satisfies  the  equation 

U-p=  - 12')  12'  - 5 A (A  - 1)  p!2'+  3 (A  - 1)  (3A  — 2)  12-0  (3.18) 

(Q  • = dQ/dp,  Q*  * * d*  Q/dp*)  , moreover  with  p — ^ 0 D - p* . The 

unknown  solutions  to  equation  (3.18)  with  snail  p ate  represented  by 
the  expansion 

1 S+  r-!— 

0(P)  = '3"P*  + const-p  * 1 +...  (3.19) 

These  solutions  correspond  to  the  flow  about  the  bent  walls,  which 
intersect  Mach  cone.  For  exanple,  with  k = 3/2  is  obtains!  solution 
for  a wall  with  final  curvature  at  point  1;  it  takes  the  forn 

Q (p)  = c~*v  (0.  t — rp, 

*•  (') = - -jTr  K vn^ + *)'!•-  ( yr+r  _ *)•/•  j»  + 

+ |r • i< vr+t* + o7, - 1 yr+v- i)  •] . 

where  c is  an  arbitrary  constant. 

Page  112. 

solution  of  the  type  p > k for  the  construction  of  singular 
i»»  1 is  not  approached  therefore  let  us  assume  that  v - o.  i.e. 
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r (p)  = 0.  Substituting  (3.17)  in  (1.31)  we  will  obtain  under  this 
condition  that  k 2.  Let  us  examine  case  of  k > 2,  which  will  be 
used  further,  since  c(8)  - arbitrary  function,  let  us  select 
expansion  for  c (0)  in  the  forn 

U ), 

r (®)  = + "^7  + e In  ♦ -(-  vi  + • ■ •>  ('1-0) 


M#  X,  F.v,. ...  - arbitrary  constants.  After  passage  to  variables  p and 

9 fro*  (2.103),  taking  into  account  (3.20),  we  will  obtain 

/•  = «•,  + /•  (p)  #M  + a>  (p)  o'"  ~"-  + t (P)  «**  in  o + n , <p)  o3lr  + . . 


moreover  with  snail  p 


(3.21 


F(9)  ~ .Sip*  + pp»  + . . .,  ®(p)  = ip*  + . . 

T’(P)  = (Ti*  + e)P*  + • • •.  fli(p)  = Tip*  In  P + Vi?*  + . . . (3.22) 

After  substitute*  (3.21)  in  (1-31)  and  the  equating  of  the 

coefficients  with  identical  degrees  • and  lnt,  we  obtain  eguations 

for  Ftp)  SO  forth:  F*|2rj(irJ-«J)p-(l  + r;)r1r|(T  + 1)A”l  (3.211 

*h'|3rj(«*  — «’)p  — (1  + rj)  « (t + 1)F'| — 

— (I  + (T  + 1)  F'tt*'  — «J0>'  = 

o* 

— — |2k  (k  - 1)  F — k (3k  — 1)  pf  + *>***),  (3-2'.\ 

so  forth. 


All  these  equations  can  be  integrated  in  the  locked  forn,  and 
their  solutions  satisfy  conditions  (3.22),  for  exaaple, 

F(p)  = -§-[d +2«P),/*— 3cp— t],  (3.23) 

where  c is  an  arbitrary  constant. 


* ? 
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For  future  reference  will  be  required  only  asynptoti;  fornulas 
for  these  functions  with  large  p.  They,  as  it  is  easy  to 
establish/install  from  equations  (3.23)  and  so  forth,  taO  the  form 


*8,  ./  , > 

*' (?)  r»'T  P " + ^ ™ “ JTyW  P r,  ■■■•■  i 

r <[>)  ii,  — (or  p*  with  k * 4,  and  so  forth). 


23, 


. * (k  - 2) 


(3.2*0 


Page  113. 

Let  as  nssune  now  that  the  values  ,,  (r,  _ r)  <>  * are  great,  but 
values  ; <r,  r)r~'-o--  are  final,  and  let  as  pass  fros  variables  p,  l to 
variables  C,  Onder  the  indicated  conditions  subsequent  nenbers  of 
expansion  (3.21)  stop  the  sane  order,  as  preceding/previoj s; 
therefore  it  is  necessary  to  re-group  the  terns  of  this  saries, 
utilizing  fornulas  (3.26).  As  a resalt  we  will  obtain 


_ , ,.[*•.  M*  - 2) 


F = K’l  1 * — 


2d 


, T — +s 


<3  27) 


X3'V 


where  g ^ >"•  Peon  (3.27)  it  follows  that  with  p 

C t is  represented  by  the  expansion 


• and  final 


noreover  with  snail  £ 


A 


(3  28) 


(.12!') 
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Substituting  (3.28)  ia  (1.31),  we  will  obtain  for  x (?)  the  equation 

('  + 2;)  x'  + 1 1 + 2;  [k  + :<)]  X'+  (y  + 2)  (4  + 3)  X = "•  < l O) 

(This  equation  is  reduced  to  hypergeoaetric  by  replacenent  2£  = -t) . 

Substituting  (3.29)  ia  (3.30),  we  are  convinced  that  (3.29)  the 

solution  of  (3.30)  with  small  t,  where  for  k * 0,  2,  4,  6 
series  (3-29)  breaks  itself  and  solution  is  obtained  in  the 

locked  form:  t 

x(i)  = ? [;■'■  - - ^r2) ’] • 0. 3t > 

For  other  k,  on  the  basis  of  (3.30),  is  easy  to  find  asyaptotic 
expression  for  7 at  lar9*  C: 

JL  j * 

x(;)~;T  T aw 

Let  us  exaaine  case  of  k = 6,  which  we  utilize  for  the  construction 
of  solution  in  the  vicinity  of  point  1.  For  k = 6,  expansion  (3.28) 
takes  the  fora 

r it,  4 x <;>••  + • • • (3.33) 

Substituting  (3.33)  in  (1.31),  it  is  easy  to  perceive,  that  the 
further  teras  of  a series  (3.33)  they  sust  be  record/written  as 
follows: 


F - u-,  + x U'  «*  4 I’  <?>  A*  + V (f)  A"'  . 


(3..U) 
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Functions  r (C)  # y (C)  • ...  satisfy  the  equations 

2;  (2;  + 1)  r -(!+  20;)  r'  + 56r  = 5”*-  - Ex'  + -=2—  x'x',  <3..t 
2;(2;  + 1)  v — (i  + 3'.£)  r'  + w = 

= *'(  27[r;+(1+^-^-(T+')]x-^L(T+l)r^X'  + 

+ (t  + r-)  (T  + 1)  (T  - Ex')}  + r'  [V  + (T  + 1)  (1  + r?)^r  X']  - 
- 2;  (5er  - 26;r  + set')  + [(t  - i)  -^x'  - K:]  W - 2Ex')  + 

ai  J 

+ ;r'  + EY - ~T"  <*X  - Ex')  (Ex'  - 2x').  (3.3B 

“l 

so  forth. 


Since  secies  (3.34)  represents  P with  final  q and  a,  but  series 
(3-21)  - with  final  p and  9,  after  the  regrouping  of  the  tens  of 
series  (3.21)  for  p — ■)  9 < - froa  it  aust  be  obtained  a series 

(3.34) .  siaple  coaputations  show  that  the  first  teras  of  series 

(3.34)  are  written  correctly  and  that  with  saall  9 


x(E) 


HP,  r*'« 


(E)  = - 


23ir, 


C + -. 


*(£) 


P.  /Sr;- 

1 17. — 


r'l. 


+ ... 


(3TJ 


Equation  (3.35)  after  substitution  x ail l take  this  fori 


2E  <2E  + 1)  r — (1  + 2«E)  r + mt  - 

— re  + ,2e’)  + t'<3c,/'  +26e,/!>-  (**) 

One  Solution  to  hoaoqeaeous  equation  for  r easily  i>  located  in 


the  locked  fora 


I 
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r<i)K>  = '(-T--5'-T'-2;)^ 

= 1 + 56;  - WOf  + 1 1 20 J*  — 112;*,  (3  3" 

where  syabol  F (a,  b,  c,  x)  indicates  hyper-geoaet  ric  series;  another 

solution  can  be  written  in  the  fora 

c 

rc>=  r(1)5  (2£)V>(1  +2;)* r(-* rf;.  (tv  , 

Page  115. 

Froa  (3.40)  it  follows  that  r(2)  ~ with  5 — > 0 and  r(:i  ~ ;f/  when 

£. — 9 **.  It  is  easy  to  also  find  the  particular  solution  to 
nonhoaogeneous  equation  (3.38)  . It  takes  the  fora 

r»~W“^('-28C  + + T ~ t3?'-  >•  <»■*•> 

Since  r with  C — > 0 aust  satisfy  condition  (3.37)  # combining  (3.41) 
with  (3.39)  and  adding  (3.40)*  we  obtain  necessary  type  Solution  in 
the  fora 

r - -^4--  (ii2;*  - 1 i2op  + 92'.;-  - + 

rI- 1 

+ T - 1 ) + const  • r(1)  (;).  (t  '.2 

AS  it  win  be  shown  further#  for  the  dete ruination  of  tiig  dominant 
tern  F when  £ — > - it  is  not  required  to  know  all  the  solution 


v (C);  therefore  in  equation  (3.36)  in  right  side  let  us  leave  only 

greatest  aeaber:  this  will  be: 

;t*  - 2;  <56r  - 2c;r  + n + ;r  - (:ix  - 5x7  Cx*-  2x')  - 
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Transfer/converting  when  C — » • in  expansion  (3.34)  to 
alternating/variable  r and  »,  taking  into  account  formulas  (3.31), 
(3.45),  (3.46),  after  the  regrouping  of  terms  we  will  obtain 
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F — ">  i- [ry^ (ri ~ r>4  + <ri — r)s+  •••]  + 

+ * [-  <ri  - '•)*'•  -f  /,  (n  - r)v«  + 73  (n  - r)*/!  + ...]  + 

„ r 15  h - h - ( IHir,  21  \ 1 

+n-^,r‘-r) 

+ <V*[/»(r1_r),/*+...|  + ...t 

where  ><  ~ er’--,  ij  are  constant.  Froa  formula  (3. *7)  it  is  evident 
that  the  terns  with  h do  not  enter  in  doninant  teras  for  f, 
^•^Subsequently  let  us  be  interested  only  by  dominant  teras  of 
solution;  therefore  let  us  extract  only  those  teras  which  deteraine 
the  dominant  teras  of  potential  F and  of  its  first  and  second 

derivatives  in  terns  of  r and  0 in  the  vicinity  of  point  1: 

„ 3 h*  6 h , 

F = Vl  + T fa  <r>  ~ r>4  — TFT  - 1 " ♦ + 

. r 15  1 1 / 18un  21  \ 1 

+ * [-  T V - * + n ( - * + • • r + ■ 

(3.48) 

Expression  (3.48)  is  determined  F with  » > 0,  r,  - r > 0 and  the 
condition  that  with  d - — » 0 $2^4  - r)“*  — > 0. 


Let  us  check  final  the  correctness  of  formulas  (3.47)  , (3.48). 
According  to  (3.47)  F in  the  vicinity  of  the  straight  line  S = 0, 

it  is  represented  by  the  expansion 

F = F0(r)  + Fi(r)  ♦ + Ft(r ) (3.49) 

moreover  with  snail  rt  - r 

3 ft* 

4 Piri 


3 ft*  6 A „ 

= + ^i(r)  = -Tr(n-i) 


15  A*  . A*  / 18i p,  21  \ 


(3.50) 


(3.51) 


. V 


'-•Cr  - _ MS.  — ‘ - - •-<  JZ.  i.  ••?Sn-!*gr-lBW-.il  r ~B— fc— -,  - - II 
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Since  the  straight  line  A = 0 is  not  the  characteristic  of  j 

i 

equation  (1.31),  solution  in  its  vicinity  will  te  determined,  if  with 
» = 0 they  will  be  assigned  F and  /„.  i.e.  » F0  (r)  , Ft  (r)  ; 

specifically,  unambiguously  will  be  determined  j 

| 

' 1 

/■■(n  Frt  J . 

Substituting  expansion  (3.49)  in  equation  (1.31)  and  equalizing 
to  zero  nembers,  who  do  not  contain  a,  we  will  obtain  foriula  for  1 

F2  (r) , fron  which  it  follows  that  if  with  snail  ct  - r F„(r),  Ft  (r) 
they  are  assigned  by  fornulas  (3.50),  then  F2  (r)  really/ac tually  it 
is  deternined  fron  fornula  (3.51).  Now  it  is  necessary  to  construct 
the  solution  in  the  vicinity  of  point  1 with  a < 0,  and  then  to 
produce  the  coupling  of  solutions,  valid  with  a > 0 and  with  a < 0 in 
the  vicinity  of  the  straight  line  a = 0. 


f 


Let  us  assume  that  the  equation  of  shock  wave  1-3  (see  Fig. 
39)  in  tha  vicinity  of  point  i,  it  is  possible  to  write  in  the  forn 

r \ (<>)  r,  — (•,<»“ 

where  p,  < 0 is  unknown  constant.  If  condition  on  shock  wave  (1.47), 
(1.48)  to  convert  to  polar  coordinates,  then  of  (1.48)  it  follows: 


*_  — *i  dift1"  -J-  . . 


di  - — 


Hi 


I',  (M~  1) 


M, 


:«2) 


i.e.  entropy  in  the  vicinity  of  point  1 is  cbaafed  little.  For  this 
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reason  let  us  search  for  the  irrotational  solution,  which  satisfies 
conditions  on  Hach  cone  and  conditions  (1.47)  on  shock  wave.  The 
dominant  tern  of  this  solution,  as  it  will  be  shown  furthar,  is  the 
dominant  term  of  solution  for  the  speeds  of  vortex/eddy  problem, 
conditions  on  shock  wave  (1.47)  in  vicinity  9 = 0 can  be  represented 
in  the  form  (see  point/item  1.9) 

4 IT1  (Mj—  1)" 

= • Jf, (:».«) 

1 \ 

(wt  - the  speed  of  uniform  flow,  Fr  = AL.'j.  fe  search  for  the 

conical  potential  P in  the  vicinity  of  shock  wave  1 - 3 (see  Fig.  40) 
as  expansion 

F = ui  + Ft  (p)  #**  + a>,  (p)  •**"*  + <n.v.) 


where  k = 6,  p = (r,  _ r) /»-*,  i.e. , the  form  of  expansion  with  » < 0 
the  same,  as  in  the  vicinity  of  Hach  cone.  Functions  Ft  (p)  , <i»,  (p)  , 
...  satisfy  equations  (3. 23) , (3.24),  but  initial  conditions  for 
Ft  (p)  one  should  obtain  from  relationship/ratios  (3.53).  On  shock 


wave  1-3 


P = I r,  — r,  (#))  # • = Pi  + . . . , 
Ft  ~ « i + Ft  (pi)  + . . . = w i. 


(^rh-  — Pi  (pi)  <**  + •• 


4*i  (Mj  — \)‘- 

7+7  m|~ 


whence  it  follows 


Fi(P>)  = 0. 


F'M) 


4i a 

7+7 


m; 


Pi- 


(3-M) 
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The  solution  to  equation  (3.23),  that  satisfies  conditions 
(3.55)  , is 


*'i(f0 


_ _ 23,  ( 

<■»  . 


fl  +2f,o)V:-(1  + 2flP,)^ 


- p — pij  . (3.f 


56) 


“here  o =■-  ~~r-  ><».  With  large  /> 


*1  f>i 

p ,r,,  *3i  > , 23i  *(*  — 2) 

i |/.rr  p + • • • . a ®i(PJ  - ~ l/7= x 

3 V in  y ici  n 

x f>* » + . . . 

Transfer/coaverting  with  large  p to  { in  (3.54),  we  will  obtain 


T+3 


(3.57) 


where 


*=o.  x>(t)=fi[s,/‘--V?)  fA].  ?l=v;/'<o, 


Ai  = - 


«3i 


3 V'2c, 


— <n. 


Further  terns  of  expansion  (3.57)  are  record/wr ittea  in  the  fora 

f = »i  + Xi  (I)  «*  + T,  (0  ««  + V,  (t)  #*<*+...  (3.58) 

Functions  r,  (C)  • y,(C)  satisfy  equations  (3.35),  (3.3S),  where 

instead  of  x (0.  r (t)  it  is  necessary  to  write  xi(C).  r,(t).  with  snail  5 


»,(»—  + r,(0  — 3i.t  + -. 

3 Vicy  fl 


V.  (t)  = ‘ 


Vibr'I- 


+ . . 


(3.59) 


Since  the  equations  and  boundary  conditions  for  r,  (C)  coincide  with 
the  saae  for  r(C)*  r,  (C)  is  deternined  by  foraula  (3.42)  » with  the 
only  difference,  that  instead  of  9 it  is  necessary  to  substitute  gt. 
It  is  easy  to  see  that  renains  valid  the  formula  (3.44)  aid, 
consequently,  also  (3.45),  then  (3.46).  During  passage  in  expansion 


I VWWL-if1* 
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,* 

W 


► 


ij 

t 


(3.58)  to  to  tj  * t and  9 for  £ — > ~ it  is  necessary  to  consider 

that  for  the  vicinity  of  shock  wave  1 - 3 9 < 0;  therefor*  |d|  = _# 
and,  for  example,  (<-i  — = — (r,  — r/V^d. 

Page  119. 


The  formula,  analogous  (3.48)  will  take  the  fora 

F = Ml 


A-  6h\  f 

■ — _!_  ( r,  — r)« -f  (rt  — r)  /:0  + 

i 3iri 


..r. 


r l is  1 1 / 1 Hu-,  21  \ 

+ *![■'—■ hsT*-*)1''  "+ 

+ (X6u) 

Comparing  formulas  (3.48)  and  (3.60),  we  coae  to  tne  conclusion 
that  expansion  for  F (3.60)  it  is  the  analytical  continuation  of 
expansion  (3.48)  for  4 < 0,  if  c = c,,  since 


and 


S3, 

3 )'> 


/<i  = 


*3, 

3 V??i  ' 


Thereby  is  constructed  the  dominant  tern  of  irrotational  solution, 
who  satisfies  conditions  on  Mach  cone  and  shock  wave,  and  the 
containing  parameter  pt,  which  characterizes  the  curvature  of  jump  in 
the  vicinity  of  point  1.  Let  us  show  that  the  dominant  teem  for  the 
speeds  of  irrotational  problem  is  the  same,  also,  for  vortex  problem. 
System  of  equations  ( 1.  17)  - ( 1.  20)  , that  describes  vortex  flows, 
contains  equations  (1.19),  (1.20),  where  enters  S;  equation  (1.17), 


I 
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(1.18)  S do  not  contain.  Let  us  assume  that  the  obtained  dominant 
terms  for  speeds  are  dominant  terms  for  a vortex/eddy  problem;  then 
from  (1.20)  it  is  possible  to  determine  dominant  term  for  S.  Then  we 
are  convinced  that  the  members  with  S in  equation  (1.19)  are  small  in 
comparison  with  members,  who  appear  because  of  the  solution  of 
irrotational  problem.  This  means  that  the  dominant  terms  f or  speeds 
coincide  in  vortex/eddy  and  irrotational  problems.  Omitting  the 
details  of  calculations,  let  us  give  only  formulas  for  the  dominant 
term  s; 


in  variables  p,  a 

i -=  rf.d"  -f  O («*), 

in  variables  C#  • (when  p — * -,  £ < -) 

* = djd1*  + O («'-*), 

in  alter satin g/variable  rt  - r and  •,  on  the  condition  that 

^('i  — r)~‘  -.0,  0 — 0, 

, f.  32  Bi 

'-T+Tr-^Tsr|,'-'>  J +•••• 

where  d4  is  determined  by  formula  (3.52). 


E: 
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Checking  formula  (3.61)  can  be  produced  thus.  The  equation  of 


flow  line  s = 0 is  obtained  ft om  equation  (3.61) 


du=_- 


3> 


35  r’wi  V'ln 


=^(<■1-  . . . 


(303) 


But  this  equation  can  be  found  directly  by  the  integration  of 
eguation  for  flow  lines;  in  its  polar  coordinates  it  is  possible  to 

write  after  siapli f ication  in  the  forn 

1 

dr  ~~  rjrr,  F*  + ' ‘ * * 

where  the  dominant  tern  for  /■*,  as  can  be  seen  fron  (3.60)  , there  is 

/’»=-Sr(ri_  r>v’+---: 

after  the  integration  of  this  equation  actually  is  obtained  formula 


(3.62)  . 


Let  us  note  in  conclusion  that  point  1 in  Fig.  40  in  certain 
measure  is  analogous  to  the  point  of  the  ternination  of  shock  wave  in 
the  local  supersonic  zone,  which  appears  during  the  flow  of  nearsonic 
flow  about  the  airfoil/profile  of  gas,  in  vicinity  of  which,  however, 
construct  the  corr esponding  solution  could  not. 


3.4.  Special  feature/peculiarity  at  junction  of  simple  wave  and 
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flow  after  Mach  cone.  During  the  solution  of  the  probleas  of  the  flow 
about  the  triangular  plate  with  supersonic  edges*  the  edge  of  the 
rectangular  plate  and  other  probleas  appears  the  need  far  the  study 
of  the  possibility  of  the  joining  of  flows  after  the  Hach  cone  and 
flow  of  frandtlya  - Hayer  (Pig-  41). 

Onifora  flow  at  the  Hach  nuaber  Ht,  speed  w(  , the  spaed  of  sound 
a1#  is  expanded  partially  during  after  Nach  cone  1-2*  partially  - 
during  Prandtlya  - Hayer*  who  begins  on  rectilinear  char* z teristic 
2-3.  Curve  2-4  there  is  curvilinear  characteristic  of  the  flow  of 
Prandtiya'flayer*  passing  through  parabolic  point  2.  curve  2-5  there  is 
the  shock  wave,  which  daaps  at  point  2.  The  picture*  depicted  on  Pig. 
as  41,  corresponds  to  the  systea  of  coordinates  °txyx  with  axis  otz, 
directed  along  tha  speed  of  flow  on  Hach  cone  1-2,  and  plane  yOtz» 
which  contains  ;h»  ray/beaa  along  which  are  connected  cone  of  Nach 
1-2  and  characteristic  plane  2-3.  At  point  2*  is  a special 
feature/peculiarit  y. 


i 
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Pig.  41. 


Page  121. 

To  construct  the  appropriate  solution  in  the  vicinity  of  point  2 at 
present  to  end/lead  did  not  aanage.  Following  [ 106],  let  us  exanine 
the  possible  way  of  this  construction. 

He  will  return  to  expansion  (3.21)*  representing  the  conical 
potential  p in  the  vicinity  of  Each  cone#  after  placing  k - 2 and 
after  designating 

pr7*  - (r,  - r)  « = 0 - -y.  VO  '»<->'.)  '• 

Then  Y (()  satisfies  the  equation 

(2Z  + 4?  - V')  V"  - (1»;  + 1)  V'  + 12V  - 0.  (3  «:»> 

aoreover  with  snail  C 

v<:>- 4-;1 +«*+••  •• 

where  X is  an  arbitrary  con at a at.  ilthouqk  equation  (3.63)  in  the 


■■■Mm 
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locked  fore  it  is  impossible  to  integrate,  nature  of  asymptotic 


behavior  T (£)  when  £ 


- to  establish  /install  is  not  lifficult, 


Are  possible  two  types  of  asymptotic  representations  when  £ 


Y( + V(C)~  4r+‘T  + e,t 


<C(,  Cgf  C,  are  constant).  Furthermore,  there  are  such  X,  that  with 
certain  IY'  I < | Y'l  - when  X - 0 equation  (3.63)  has 

exact  eolation  I (C)  *(^/2)  t*  . It  is  logical  to  assuie  that  with 


saall  X the  aeyeptotic  representation  7 (£)  when  £ — • is  I (£)  - 
’ctC^b*  Traasfer/c  on  verting  when  £ ■ — ^ - in  expansion  (3.2  1)  then  r, 


- r and  »,  we  will  obtain 


F = ^ + 23,f;[—  (n-r)  + —■  (*_,)'/«]+  .... 


whence  it  follows  that  in  vicinity  * * 


w stcoBfl.Fj.  — nine  — • ft 


= -2P«r7,/’e,(rl-r),/'4...., 


* = tin  0- Ff  -f  cot  0 — • F%  i 

*• » «T|  — V + • • • 

Let  us  exaniae  flo*  *ith  t > 0. 


Page  122. 


Since  point  2 (sea  Fig*  41)  is  the  parabolic  point  of  siaple  wave,  in 


it  (see  (2.83)) 


F _ _2*p»  (*?-!)• 

” T + > M*  * ( l » Fu  - ft). 


- ...  • -ryf'/"  - ^ 
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and  potential  F it  is  known  here  with  an  accuracy  to  a snail  second 
order;  therefore  in  the  vicinity  of  point  2 in  Pig.  0 conponents  of 
velocity  vector  in  staple  wave  they  will  be  written  in  the  form 


u = o|(n  — n»)  !• 

(M*  - !)• 


T + » 


Mf 


10  = IT|  - 


2 «n  (Mj  - !)'/• 


T + < 


Mf 


(«1  - »b)  + • • 


(nt  «=  H). 


(3  65) 


The  equation  of  ch  erne  ter  istic  2-4  according  to  (2.87)  is 

n.  - n - (m*  - !)•/•  {*+... 

For  generality  let  ne  exanine  the  case  vkea  through  the  point  of  2 
figures  40  passes  shock  wave  2-5;  its  equation  we  will  write  in  the 
forn 


where  1,  is  constant,. 


If  — i)\  then  shock  wave  degenerates  into  the  wave  of  nach 

FT  on  (3.65)  it  follows  that  the  speeds  to  2-5  before  the  transition 
of  the  particles  of  the  g«s  through  wav*  front  Of  shock  are 

•*  - 0 &«), 


r 


» 


= »i  + i 


2wi 

T + l 

2»i 

Th 


* 

(M»-l  )'>' 

m* 


• c+o«*). 

-1+OK5. 


and  innediately  after  shock  waws  according  to  (1.47)  they  are 
deterained  fron  the  fornulas 


SWI 
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W 

9 a 

ITs 


T+1  5j — 

_ I 2u'1  (M1  — 1)%  

T + l Mj  («-3yrM*_f)(r»+., 


(1.6C) 


Let  us  search  for  eolation  after  shock  wave  2-5  la  the  fora 

“ = »«*(«)*»  + ...,  \ 

u>  —irj+ie (0)  {«  H » = *(J)5*4 , I (3.67) 

« = n>  (m  — »i)  r*.  ) 
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Substituting  (3.67)  into  system  of  equations  (1. 17) - ( 1.20) , we 
will  obtain  that  the  doainant  tern  of  solution  for  speeds  will  be 
irrotational  and  function  u (•) , v(«),  w(«)  they  are  expressed  as  one 
function  X (*)  by  the  foranl** 


“(«)  = 
*(J)  = 
■>(»)  = 


2«-,  (M*  — 1 )* 

1 (2.t-3jr'), 

T + l Mf 


(M*-1)V| 


T + l M} 

-v(»)(x'=4f) 


r. 


) 


(3.69) 


Function  X («)  it  satisfies  the  equation 

(X'  + 2o  - 4o»)  X"  + (lOo  - 4)  X'  - 12X  = 0 (3.6») 

and  the  initial  conditions 

X(9,)-a*.  r (91)  -2s,  (49,  -3).  | 

9l=r/»|l.  0<9«O.  J 


which  follow  fron  formulas  (3.  66)  -( 3. 68) 


I 
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For  the  solutions  to  equation  (3.69)  when  0 
two  types  of  the  asymptotic  expressions: 


■ ace  possible 


I ~ + hP*1'  *®d  i(a) — I-  + ^ 


(ba,  b2,  bj  - constant). 


For  the  problea  in  question  they  are  of  interest  of  first  type 
solution.  Specifically , equation  (&69)  has  a faaily  of  ths  exact 


solutions: 


x(9)«3*+k.(9,/,+  irbi)- 


which  with  b2  = - (32/27)V'"3#*»  • 1/3  satisfiss  conditions  (3.70). 


Apparently,  there  are  solutions  with  b4  # 1.  *hen  0- — > - these 


solutions  qive: 


•pi  <M»-1)* 

'St<  «;  <*-«*+•- 


2«i  (M?  — 1)*  > O’l) 

«;  »-»+•- 
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Coaparing  foraulas  (3.64)  and  (3.71),  it  is  possible  to  draw  a 
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conclusion  that  for  the  joining  of  flows  it  is  necessary  that 
constant  Ct,  C2,  the  depending  on  X*  and  constants  bt,  b2,  that 
depend  on  would  give  the  equal  coefficients  with  the  appropriate 

degrees  of  rt  - r and  ~yj  - (Difference  r and  rj  in  the  vicinity 
of  point  2 is  unessential).  This  is  reduced  to  the  system  of  two 
equations 

a = bt,  <2  = — b, 

for  deteraining  X and  which,  apparently,  can  be  coaposed  and 

solved  by  nuaerical  aethods. 

If  shock  wave  2-5  (see  Fig.  41),  it  degenerates  into 
characteristic  2-4,  then  = 1,  1(1)  * 1,  I*  (1)  =2  and  equation 
(3.69) has  singular  point  when  • * 1.  In  this  case  there  is  exact 
solution  X (»)  = -2  ♦ 4#  - •*.  Another  family  of  solutions  with  «, 

close  to  one,  is  the  expansion 

X (a)  = l + 2 (s  - 1)  + (s  - •)'  + Ms  - if  + 

b (3b  — 1)  . 

‘2 

where  b is  an  arbitrary  constant*  The  question  concerning  the  joining 
of  flows  in  this  case  is  analogous  to  the  case  with  juap  2-5,  only 
role  #t  here  plays  constant  b. 

3.5.  Other  types  of  singular  points.  The  singular  points, 
examined  in  point/items  3.2-3. 4,  do  not  exhaust  all  types  of  the 
singular  points  of  the  solutions  to  the  equations  of  conical  flows 
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(for  example,  is  not  examined  the  special  feature/peculiarity,  which 
appears  at  the  parabolic  point  through  which  passes  the 
characteristic,  carrying  the  discontinuity/interruption  of 
acceleration).  But  already  the  results,  presented  in  point /items 
3. 2-3. 4,  show  that  the  equations  of  conical  flows  possess  the  supply 
of  the  solutions,  which  describe  fairly  complicated  physical 
phenomena. 

This  conclusion  is  related  in  essence  to  the  problems  of  the 
nonseparated  flow  of  conical  bodies.  But  if  flow  does  blow  away  from 
the  surface  of  the  streamlined  body,  then  scarcely  on  possible  the 
basis  precise  equations  of  nonviscous  gas  with  the  aid  of  singular 
points  to  describe  the  flow  of  gas.  For  this  reason  the  singular 
points,  which  can  refer  to  detached  flows,  here  are  not  examined.  Let 
us  note  also  that  most  recently  appeared  R.  Melnik's  work  [233],  from 
whom  it  follows  that,  apparently,  there  exist  also  such  solutions  to 
the  equations  of  the  conical  flows  of  gas,  in  which  the  lines  of 
constant  entropy  enter  in  the  point  where  there  is  Ferry' 3 special 
f««tur*/peculiarit y,  concerning  one  direction.  ' 
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Chapter  2. 

SUPERSONIC  CONICAL  FLOWS  OF  GAS. 

A.  flow  conical  of  bodies,  completely  included  within  the  Hach  cones 
of  undisturbed  flow. 

§4.  Classi fication  and  the  diagrams  of  the  flow  about  the  conical 
bodies. 


4.1.  Preliminary  observations.  The  different  cases  of  the  flow 
of  supersonic  uniform  flows  about  the  conical  bodies  of  gas  with  the 
moderate  values  of  the  Hach  numbers  Ht  of  the  incident  for  bodies 
flows  it  is  logical  to  divide  into  three  groups.  First  group.  A,  will 
compose  those  car>as  in  which  the  streamlined  bodies  wholly  lying 
vithin  the  Hach  cones  of  the  undisturbed  flows*  constructed  for  the 
apex/verte  xes  of  bodies*  To  second  group*  B*  let  us  relate  the  cases 
■hen  the  streamlined  bodies  are  completely  arrange/located  outside 
Hach  cones  mentioned  above;  to  third  group,  B,  let  us  relate  the 
cases  in  which  the  streamlined  bodies  partially  are  located  outside 
the  appropriate  Hach  cones,  i.e. , group  C they  compose  the  cases, 
which  are  intermediates  between  the  cases  of  groups  A and  B.  For 
conical  bodies  it  is  convenient  to  preserve  classification  to 
fine/thin  and  extended. 
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Slender  body  is  called  such  body  at  whose  significant  dimension 
in  one  direction  is  luch  less  than  significant  dinensions  in  other 
directions  (for  example,  the  triangular  plate) . The  extended  body  is 
called  the  body  at  whose  significant  dimension  in  one  direction  is 
■uch  be  greater  than  significant  dimensions  in  other  directions  (for 
example,  round  cone  with  the  small  angle  of  half-aperture)  . Strictly 
speaking,  the  classification  of  bodies  into  fine/thin  and  extended  is 
valid  only  within  the  framework  of  the  theory  of  small  disturbance. 

®e  will  it  utilize  not  in  literal  sense,  but  only  for  characteristics 
of  the  type  of  the  streamlined  body  (wing-shaped  or  shell” like). 

Page  126. 


4.2.  Extended  bodies.  Por  the  extended  bodies  with  the  rounded 
cross  sections  of  flow  pattern,  are  completely  clear,  if  angle  of 
attack  is  small.  Body  is  completely  surrounded  by  the  bow  shock, 
connected  only  to  its  apex/vertex,  flow  n onseparable.  Figures  44. 
depicts  the  flow  pattern  of  cone  with  cross  section  in  tha  form  of 
ellipse  at  small  angle  of  attack  6. 

Mere  the  cross  section  of  body  is  shaded,  bow  shock  is  depicted 
as  solid  line,  Each  cone  is  dash,  flow  lines  on  pleae  - dash-lime 


r 


< 
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L (they  are  passed  through  two  points  where  there  are  Perry*  s special 

feature/peculiarities) . If  the  curvature  of  the  duct  of  the  cross 
section  of  body  with  plane  z = 1 changes  smoothly  from  one  point  to 
the  next,  then  flow  everywhere  conically  subsonic  (see  §1,  point/iten 
1.8).  With  an  increase  of  angle  of  attack,  the  picture  becomes 
complicated,  since  in  flow  appear  the  regions,  where  the  flow  becomes 
conical-supersonic.  Is  most  well  studied  the  flow  pattern  of  round 
cone.  For  it  according  to  work  [ conical-supersonic  regions 

appear  first  about  shock  wave,  from  the  lee  side,  then,  increasing 
with  an  increase  6,  they  reach  body  surface.  Kith  large  6 is  realized 
the  node/conditions  with  "closing",  when  flow  from  the  lee  side  of 
cone  does  not  affect  flow  from  windward  face,  since  here,  the 
analogous  *ith  the  flow  about  circular  cylinder  in  two-dii ensional 
problem,  appear  the  maximum  characteristics,  after  which  the  flow  is 
conical-su personic • 
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Mith  6,  close  to  the  half-angle  of  cone  € the  flow  blows  away  from 
the  surface  of  cone  and  is  foraed  complex  vortex  flow  (see  [108]). 
However,  when  S>€  the  flow  about  the  cone  occurs  with  "closing",  ai 
conical  flow  about  the  windward  face  of  cone  is  retained  with  l^rge 
(see  [ 109}  3. 

If  the  curvature  of  the  duct  of  the  cross  section  of  body  with 
plane  z = 1 changes  substantially  from  one  point  to  the  next,  for 
example,  the  mentioned  section  is  the  elongated  ellipse,  then 
conical-supersonic  regions  appear  at  body  surface,  and  there  are 
formed  shock  waves.  Flow  breakaway  and  its  "closing"  they  occur  at 
smaller  angles  of  attack  how  this  occurs  for  bodies  with  the  smooth 
duct  of  cross  section* 

If  the  duct  of  the  cross  section  of  body  has  points  of 
inflection,  for  example,  it  is  rhomb,  then  flow  blows  away  from  bod; 
surface  already  at  low  angles  of  attack  6,  and  flow  parameters 
substantially  are  changed  with  change  6 (see  [110]). 


4.3.  Slender  bodies.  The  most  important  representative  of 
slender  bodies  is  the  triangular  plate  in  example  of  which  further 
are  examined  the  characteristic  features  of  the  flow  about  such 
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bodies.  If  apex  angle  of  plate  is  not  snll<  then  the  flow  pattern  of 
the  sharp  leading  edges  of  plate  has  auch  in  conon  with  flow  pattern 
of  sharp  edge  in  t wo- dimensional  problea.  With  aoderate  angles  of 
attack  6 near  edges  are  saall  separation  zones  above  which  appear  the 
regions  where  the  flows  conical-supersonic;  in  these  regions  is  a 
systea  of  weak  shack  waves.  With  an  increase  6#  the  effect  of 
separation  zones  grow/rises*  and  they  becoae  deter aining  In  the 
foraation  of  flow  about  plate  up  to  such  value  6,  at  which  occurs  the 
"closing**  of  flow  about  the  *indMard  face  of  plate*  With  large  6 by 
this  flow  does  not  affect  the  flow  about  the  lee  side  of  plate. 
Figures  43  scheaat  ical ly  depicts*  according  to  [111-113],  the  flow 
pattern  of  triangular  plate  with  such  6,  when  the  deteraining 
phenoaenon  becoaes  flow  breakaway  froa  the  leading  edges  of  plate,  on 
the  strength  of  syaaetry  here  is  depicted  the  half  of  the  region 
where  the  flow  is  agitated. 

Page  128. 


In  Fig.  43b  is  given  the  picture  of  flow  iB  plane  fci).  Section  1-2' 
depicts  plate,  curved  3-4.4-12-13-5  respectively  leading  shock  waves 
and  the  Each  cone  of  undisturbed  flow;  carves  1-J,  1-11,  6-7,  8-9, 
1-12,  1-13,  1-5  depict  flow  lines  on  pleas  At  points  2,  Iflflow 
blows  away,  foraing  coaplex  vortex/eddy  aysteas.  Points  7,  9,  10  are 

the  tracks  for  flow  lines;  in  point  1 is  focaed  Perry's  special 

feature/peculiarity. 
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4.4.  Methods  of  solution  of  problems  of  section  A.  In  recent 
years  considerable  development  received  the  numerical  methods  of  tho 
solution  of  problems  with  application/use  of  ETsfH  [ 31JBM.  ~ digital 
computer].  These  methods  possess  those  by  the  irrefutable  advantage 
in  comparison  with  analytical  methods,  that  they  make  it  possible  to 
obtain  the  solution  of  problem  with  the  assigned  accuracy.  However, 
not  all  problems  of  group  A can  be  solved  by  the  existing  at  present 
torgue/noment  numerical  methods.  The  numerical  methods*  aaong  which 
the  most  important  are  finite-difference  nethod  of  establishment  (see 
[ 2*Q)  , method  of  integral  relationship/ratios  (see  [107]),  the  method 
of  straight  lines  (see  [ 101])  the  methods  of  the  solution  of  the 
reverse  problem  (see  [114*  115])*  successfully  are  applied  when  flow 
nonseparable  and  in  flow  there  are  no  swallowed  shocks  (i.  e.  there  is 
only  leading  shock  wave),  or  the  flow  about  the  body  occurs  with  the 
"closing"  of  flow. 
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numerical  solution  of  problem,  [1*>]  which  is  wore  accurately  than  the 
solution  of  Stone.  However*  precisely  the  improvement  of  the  solution 
of  Stone  made  it  possible  to  reveal  the  special  feature/peculiarity 
of  the  Ferry*  to  reveal/detect  the  vorticity  layer  where  solution  by 
finite-difference  methods  without  special  precautions  not  always  does 
give  good  results  (for  example,  when  * 7*  £ - &r^moreover 

these  cases  they  can  be  revealed  on  the  basis  of  the  analytical 
first-order  solution  in  the  entropy  case;  see  [118]. 

Hhen  flow  blows  away  from  the  surface  of  the  streamlined  body  or 
about  body  are  formed  local  conica 1- supersonic  zones  with  shock 
waves*  a precise  setting  of  the  corresponding  boundary-value  problems 
is  represented  difficult  (or  by  simply  impossible  on  the  basis  of  the 
equations  of  nonviscous  gas. 

Here  the  dominant  role  play  the  approximate  analytical  methods* 
since  they  make  it  possible  to  obtain  the  missing  conditions,  for 
example*  in  breakaway  zone*  with  the  aid  of  the  adequate/i pproaching 
scheaatization  of  phenomena  or  with  the  aid  of  the  supplementary 
assumptions  which  can  be  checked  experimentally  (see  for  example* 
[111)).  One  of  the  main  methods  of  the  solution  of  these  problems  is 
small  parameter  method  (perturbation  method). 

Subsequently  first  is  set  forth  the  small  parameter  method*  then 

- numerical  methods. 


. k-  - 

' ">  / 
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§ 5.  Conditions  on  head  inpact  wave  and  Each  cone  in  snail  paraneter 
nethod. 


¥ 


5.1.  Prelininary  observations,  is  is  known,  snail  paraneter 
nethod  is  appliod  when  the  unknown  function  F of  independant 
variables  S.  n.  ...  and  the  paraneter  p can  be  easily  defined  with  p = 0, 
for  exaaple,  as  solution  to  quasi-linear  differential  equation;  then 
with  p 4 0 F it  searches  for  as  expansioef  in  the  siaplest  case 
according  to  degrees  p. 


F ({,  P) 


F . (I,  % ...)  -I-  ¥F,  ({,  tj.  •••)  + 

+ »*F,  (l,  vi,  ...)  + ....  (5-1) 


where  a Ft  (A— 1,  2,  ...)  • - the  "disturbance/perturbations", 

to  be  detereiaed  already  froa  linear  equations. 


If  we  as  F take  conical  p*  tential,  after  F«  - the  conical 
potential  of  the  azisynnetric  flow  about  the  round  cone,  after  p - 


f 


Jt 
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the  geonetric  parameter,  which  characterizes  the  difference  between 
the  streaalined  bcdy  and  the  round  cone,  then  with  the  ail  of 
expansion  (S.1)  it  is  possible  to  find  the  solution  of  the  problea  of 
the  flow  about  the  conical  bodies?  not  which  very  strongly  differ 
fron  round  cone  (see  on  this  question  work  [120],  where  i3  taken  into 
account  also  the  eddying  of  flow). 

However  there  is  the  greatest  interest  in  the  case  when  there  is 
a faaily  of  bodies,  which  depend  on  geonetric  parameter  p (where  p, 
for  exanple,  the  thickness  ratio  of  body  or  angle  of  attack) , thus, 
that  when  p - 0 body  does  not  agitate  the  incident  to  it  flow. 

In  this  case  p0,  there  is  sinply  conical  potential  of  uniforn 
flow,  and  deternia at  ion  F,  is  the  problea  of  the  linear  ccnical  flow 
theory?  which  detailed  (see  (3,  H]). 

As  it  will  be  shown  further,  a change  of  the  entropy  in  the 
flo**s  of  section  A is  0 (6*)  for  the  slender  bodies  where  6 is  an 
angle  of  attack  either  another  analogous  parameter  or  where  t 

is  the  thickness  ratio  of  extended  body;  therefore  these  flows  with 
an  accuracy  to  the  indicated  values  can  be  considered  as 
irrotational. 

Page  131. 
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The  problem  of  determination  Fz  in  expansion  (5.1)  is  a problem 
of  the  determination  of  the  second  approach/approximation  for  slender 
bodies.  In  the  case  of  the  extended  bodies,  expansion  (5.1)  is 
replaced  by  expansion  according  to  degrees  p and  In  p;  see , for 
example,  [121]. 

Expansions  of  type  (5.1)  are  valid  only  within  thm  Inch  come  of 
the  undisturbed  flow  whose  equation  in  polar  plane  coordinates  5*1  is 
r * rt  =(ll2i-1)~  where  is  a Mach  number  of  undisturbed  flow.  Tbs 

flow  of  gas  in  the  vicinity  of  the  Each  cone  of  undisturbed  fl°w  and 
vicinity  of  leading  shock  wave  is  not  described  by  expansion  of  the 
type  (,5. 1)  , since  line  r = ra  is  person  for  the  equations,  which 
define  K in  (5.1)  (for  example,  see  [10],  which  used  that  developed 
by  it  the  method  of  the  "strain  of  independent  variables"  (Puankaret 
- Layytkhilla  - Go’s  method,  briefly,  method  PLG)  to  considered  and 
it  showed,  as  it  is  necessary  to  modify  expansion  of  the  type  (5.}) so 
that  it  w<>uid  be  valid  in  the  region  tfhere  the  flow  was  agitated. 
Specifically,  you  obtained  formula  for  determining  position  of 
leading  shock  wave  (and  of  its  force)  according  to  the  results  of 
linear  theory. 

Another  path,  proposed  by  b.  Bulakh  [122]  lies  in  tae  fact  that. 
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besides  expansion  of  the  type  (5.1),  is  examined  one  additional 
expansion  for  p Mh ich  it  is  correct  in  the  vicinity  of  the  Hach  cone 
°f  undisturbed  flow  or  boH  shock;  the  solution  cf  problem  is  obtained 
by  leans  of  the  coupling  of  these  expansions  in  the  vicinity  of  line 
r 3 rt.  Although  expansion  (5.1)  is  correct  with  r < r„  < rt#  its 
coefficients  can  be  formally  determined  within  circle  r ^ r*»  so 
that  the  operation  of  coupling  of  above  asynptotic  expansions  for  P 
is  reduced  to  the  determination  of  boundary  conditions  for  with 
r-^rt.  Since  there  is  the  basic  interest  in  the  determination  of 
expansion  (5.1),  the  described  method  is*  apparently,  mora  natural  in 
the  problem  in  question,  than  the  method  of  the  "strain  of 
independent  variables". 

5.2.  Expansion  in  series  in  low  parameter  of  conical  potential  F 
in  vicinity  of  bow  shock  or  Hach  cone  of  undisturbed  flow. 


where  r,  9 are  polar  plane  coordinates  (i)  (r«»e=^,  1»; 

+ «i,  Wi,  Mi  > 1 


f 
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l - respectively  tha  speed  of  sound,  the  velocity  aodulus  and  the  Mach 

nunber  of  undisturbed  flow.  The  projections  of  velocity  vector  on  the 
axis  of  the  Cartesian  systen  of  coordinates  u,  v,  v are  expressed  by 
foraulas  (1.32).  The  Mach  cone  of  undisturbed  flow  in  the  coordinate 

j 

systen,  in  which  axis  Otx  is  oriented  in  the  direction  of  the  speed 
of  andistarbed  flow*  on  plane  It  is  depicted  as  circunfera nee 
r=:r,=  m, «=  y m*  — i _ in  uaifora  floe  aocordiag  to  (1.32) 

(/■,-/„  = 0).  (5.2)  \ 

Equation  of  leading  shock  wave  let  as  write  in  the  fora 

*■-%<•)«  r,  + Xf  (6,  X),  (5.3) 

where  x > 0 is  certain  loa  paraneter,  e (•,  X)  > 0,  # (0,  0)  = #0  (d) 

< •. 


I 


Conditions  on  shock  wave  for  F according  to  foraulas  (1.47) 
after  transition  to  polar  coordinates  can  be  written  in  the  forn 


(T  + 1)M[  r,K(l  + tf  + 


(5.4) 


where  Fron  (5.*)  it  follows  that  when  r=rs=r1+X<j> ( 0 , X) 

■=  Vf  +0(x»).  while  fron  (1.31)  by  differentiation 

we  fi*d 

21Vi  mj 

Frr  * - -^Tp  • -£T  + 0 ft),  'rrr  - 0 <*'*>  ■*>  X.  (5.5) 


\ 
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Expressions  (5.5)  clearly  show  that  expansion  (5.1)  not  is  useful  in 
the  vicinity  of  shock  wave.  If  flow  is  expanded  in  the  vicinity  of 
Each  cone,  then  p is  here  represented  by  expansion  (2»103)  fron  which 
it  follows  that 

F„  = + 0[(r,  - r)  lu  (r,  - r)\ 

in  vicinity  r = rt , i.e.,  expansion  (f.  1)  also  sot  is  aseful  near 
Each  cone,  since  the  acceleration  with  r = rt  remains  final,  as  snail 
not  were  disturbance/perturbations. 

Let  us  search  for  P in  the  vicinity  of  shock  wave  in  the  forn  of 
the  series 

F « Wi  + I’Pi  (e,  t,  1)  + (8.  t,  X)  + . . (5  «) 

where  t * (r  - rt)  [X#{0,  X)  ]"».  Value  t « 1 corresponds  to  shock 
wave,  value  t = 0 - to  the  Each  cone  of  undisturbed  flo*. 


Substituting  (5.6)  in  (1.31),  equalising  the  coefficients  *ith 
identical  degrees  X,  we  will  obtain  equations  for  Pi,  Pa,  ....  If  we 
introduce  function  y (t)  with  the  aid  of  the  relations hip/ ratio 
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by  y (t)  satisfies  the  equation 

y'(2/-y’)-y'  = o (y'  = Trj. 


(5.7) 


Equations  foe  jp„  (e, «,  A),  * > i »re  reduced  to  the  fore 


(5.8) 


where  Pk  depend  on  ft#  Pt#  • Conditions  on  shock  wave  (5.4) 

l r»  ~ r i 4-  Ay  / 

after  substitntion  there^an d the  deconpos ition  of  result  in  terms  of 
exponents  x can  bo  presented  in  tbe  fore 

4Wi  m* 


2W\  m*  f M*+4 

t+t  • r (0<  X) + ~^r  r Hv+0  (X,)> 


whence  taking  into  account  the  fact  that 

r'~Tjkn  •-THLi+^r-5fLW+---* 

we  obtain,  that  on  shock  nave,  i.e.#  with  t * 1, 


/•,  = <).  Ft  = 0,  ... 


fifi  41Vi  BFt  2Wi  m*  f 

— -r+r- ur’19-”-  — - rw-M+ 

»’+i  1 I * \ 
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Solving  equation  (5.7)  under  the  conditions  (5.9)  we  will  find 


/ 3 \%  8 1 

-xj- 


(5.10) 
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Functions  ^ are  suns  the  product  of  functions  only  of  t and 
only  of  0;  therefore  the  solution  to  equations  (5.8)  is  reduced  to 
the  integration  of  ordinary  linear  differential  first-order 
equations,  specif ically,  for  F*  »«  obtain 


Ft  “ (T  + i)M«  l<f* (6' X)  *' (0  + * *>  v’  <«•  i)  (0  + 

+ »!  (6.  Mf'(e.i)  *.«)].  (5.ii) 

where  function*  xt  (t)  , x*  (t) , x,(t)  satisfy  the  equations 


2 2 + (t  — 1)  Mj  1 T-  1 «! 

-"sr*’ + — + D*r  'J nr*  (5-,2> 

<✓  - 20  + *;  (y'  + 1)  - — <v  + W - 2„. 

(y'  - 2#)  + *;  (y'  + 1)  = ty‘  - 2». 

and,  according  to  (5.9),  to  th«  initial  condition* 

«i(»)  =x,(l)  = *,(l)=0. 

. Mj  + 4 , (5.13) 

,,(l).-2  1M,-.  *,  (1)=  — 2,  *,<1)  = 0. 

Froa  equations  (5.  12)  and  foraulas  (5.10),  (5.11)  it  is  aisy  to 

obtain  asynptotic  expression  for  F*  with  t — * - *: 

W,m\  2/3 

(T+„m‘  ■+•••  <5“> 

and  to  find  subset  sent  Mahers  of  this  expression 

Ft  - i.  (-  0V’  + *!  (-  <)>  + i,  (-  l)V*  In  (-  0 + . . ..  (5.15) 

where  are  soae  functions  9 and  X whose  explicit  fora  subsequently 
will  not  be  required. 


Sf  '*•>*  •• 
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Let  us  find  now  expansion  for  P in  the  vicinity  of  tie  Hach  cone 
of  undisturbed  flow  r = r»  = 1/n».  Let  us  as  before  search  for  F in 
vicinity  r = rj  in  the  form  (5-6),  only  here  0(0,  X)  there  will  be 
the  indefinite  thus  far  function;  X is  the  parameter,  which 
characterizes  the  order  of  speeds  at  t — ^ - -.  Equations (5. 7 ) , 
(5.8),  (5»11),  (5.12)  retain  their  form,  are  changed  only  initial 
conditions.  On  the  Hach  cone  of  perturbation  rate  equal  to  zero, 
therefore,  f “ >v  *=  o,  i.e. 

P*  = -^L=0  *ith  t=  0; 


hence 

V (0)  -=  *'  (0)  = 0.  *i  (0)  = *»  (0)  = i,  (0)  = <>,  \ 

*i  <")  = *>)  -=*>)  = o.  | (5-,6) 

The  solution  to  equation  (5.7)  eith  initial  conditions  (5.  16)  it  is 

*w=41‘+4-i<‘-2rt>,',-‘1)*  (517) 

where  c is  arbitrary  positive  constant. 

■ith  snail  t,  as  can  be  seen  fron  (5.  17) 

p 

and  the  solution  to  the  honogeneoas  equation 


(/  - 21)  + (v"  + *>  “ 0 
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takes  the  fora 


From  (5.12)  we  will  obtain  that  with  snail  t 

„ -h)K -JL 

*.  (r)  = 0(<*);  xa  (0  = O (<*)• 

Proa  these  expressions  it  follows  that  if  we  with  snail  t in 
expansion  (5.6)  pass  to  alternating/variable  rt  - r an!  0,  then  as 
a result  we  will  obtain  in  accuracy  expansion  (2.103)#  which  confirms 
correctness  (5.6). 

Page  136. 

With  large  negative  t the  solution  behaves  in  perfect  analogy  with 

the  case  with  shock  wave,  in  particular,  is  retained  the  fornula 

(5.15) . If  we  now  with  large  negative  t#  but  snail  rt  - r pass  in 

expansion  (5.6)  to  r and  0,  then  it  appears  that  all  terns  i*/**  (6,  t,  A) 

will  be  0 ( A ),  and  a series  (5*6)  must  be  transformed 

putting  together  terms  Q(A1/2),  0(A)  etc.;  such  a trans- 
formation of  a series  let  us  call  regrouping.  Decompose/ 
expanding  in  (5-6)  function  Fk(0,  t,  X)  according  to  the 

decreasing  degrees  of  t [and  In  (— t ) ] , transfer/converting 
from  t to  r^-r , after  the  regrouping  of  a series  we  will 
obtain 

- if  <•.  X)  ^r((ri  - *1  + Si  (^  - r)‘  + ...}  + o (XV.  In  X). 

(5.1K) 


* r 
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where  b2  is  certain  function  0 a ad  X,  aid 

(*irf  + 

Dots  in  the  early  braces  replace  the  terns,  which  have  the 

higher  order  of  saallness  on  to  r,  - r,  than  given. 


Expressions  (5.18),  (5.1f)are  related  to  the  case  whan  there  is 

a bow  shock.  Por  solution  in  the  vicinity  of  the  Rach  cons  of  the 
undisturbed  flow  about  which  the  flow  is  expended,  we  will  obtain 

'="'>  + t-TT  ■ ^ T {(6  - ^ + 

L (0. 1)  J <ri  — r)  ’+•••]  — 

Wi  "»/  K 

(6,  X)  f+7  ' M«  ' T Kr‘-  *)  + b‘  (O  - o’  +•  • •)  + 0 (A%  In  X).  p,.*1) 


, 5<|>*  + - 2W  [r,  - r \V.  . 1 

+ f*F l-F- j +•'•)- 


Wi 


"»?  8 


-Itf+VjJTT  I*  +—1+0(1  *1111).  (5.21) 


sore  over  *’(0,x,  = jrp^r 
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Expressions  (5.18)  and  (5.20)  differ  oaly  la  teres  of  the  sign 
with  X y*  and  in  the  facts  that  # is  replaced  by  A«  - by  b*.  Let  us 
show  now  that  the  regions,  de  are  valid  expansion  (5.6)  and  (5.1), 
that  represent  conical  potential  within  nach  cone,  i.e.,  with  r < rt, 
they  overlap,  if  this  overlap  occurs,  then  teres  froe  xW*  in 
expansions  (5.  18)  - (5. 2 1)  eust  be  the  solution,  given  by  usual  linear 
theory,  eoreover  on  Nach  cone  r * rt  potential  and  perturbation  rates 
are  east  in  the  linear  solution  to  be  equal  to  zero,  as  this  follows 
froe  (5. 18)- (5.21)  . 


Expansions  (5  - 18)  - (5.  2 1)  do  not  represent  solution  in  direct 
vicinity  of  shock  wave  or  nach  cone,  but  each  tern  of  these 
expansions  it  is  possible  analytically  to  continue  to  r - r,  and  to 
obtain  for  it  the  corresponding  boundary  condition  with  r — > rj ]. 
Pros  linear  conical  flow  theory,  it  follows  that  w • Ht  the  harsonic 
function  of  polar  coordinates  1 ~^x  ~m?r‘  ud  6 (for  eraaple,  see 

mr 

[3]).  But  any  harsonic  functioa,  which  tars a into  zero  wh*s  « = 1 (r 
= rt),  can  be  represented  is  the  fore 

00 

«’  — Wi  =5=  c,  la  a + 2 (\  — «")  (*„,*«•  «•+«,»  •*■»*).  (522) 

n-l  V • / 


whore  <fc.efti.cnt  ere  coesteet.  is  the  vicinity  of  Bach  cose  r ■ r t w - 
Mg,  it  is  decoa pose/ex paaded  ia  a series  according  to  degrees (^t— ) 


4 
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w — Wi  = 


= [—  e»  + 2 2 V5  » (rnl  < 08  <»0  + eBt»in  *«)J  \{^~  f’  + 

n-«l  ^ r‘  ' 

oo 

— 5r0  + 2 2n  (5  -f  'I'*')  (c„i  cos  *6  + CnJ  8in  *0) 

/fi  — r ,*/. 

[00  -1  ■'  r J • 

— < o + y 2<i  (/!„<  cos  oft  -f-  rn‘  »'•>  "°) 

M**,  | J 


Page  138. 

( ri  r (ri  — r 

Equalizing  coefficients  with  identical  degrees  \ r,  I \— yt — ) 
(5.23)  and  the  expression,  which  contains  in  (5.f)]b  we  will 


ob tain 


•/*  - °° 

_ V’9'1’  W'_"hLA  2V2«(<-b,  COS  O0+Cn 

T + 'M!  3 ± 


sinn(l), 


- 5c0  + y 2n  (5  + in’)  (cni  ton  n0  + cB.  sin  *0) 

n~*  is — ' 

^ 12  [—  e,  + y 2 n (eBi  cot  *6  + e„.  air  o6) 

(V25) 

so  forth.  Analogous  egnalities  east  be  fulfilled,  when  there  is  flow 
of  expansion  in  the  vicinity  of  Mach  cone  r = rt.  Relation  ship/ratio 
(5.24)  is  determined  ♦;  (5.25)  so  forth  they  are  consequences  (5.24), 

if  tern  fron  XV*  in  (5.  If)  it  is  the  solution  of  linear  problea.  After 
writing  expression  -V  + y- ^ " is  the  fora  5 < it  is 

possible  to  easily  ascertain  that  (S.2S)  really/actually  there  is  a 
consequence  (5.24).  (Furthermore,  for  a check,  this  fact  was  checked 


* , 


w 


I 

\ 
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in  special  cases  of  the  triangular  plate  and  round  cone  for  which  w 

| Hi  are  determined  in  the  locked  form) . 

[ 

1 All  this  gives  grounds  to  consider  that  the  regions  where  are 

valid  expansions  (5.1)  and  (5.6),  overlap,  moreover  in  the  region  of 
overlap  are  valid  formulas  (5.  18)  - (5. 2 1)  # that  make  it  possible  to 
determine  the  behavior  of  the  coefficients  of  expansion  (5.1)  with 

r — *>  r ,. 


With  large  negative  t and  small  rt  - r expansion  of  (5.6)  taking 
into  account  (5.10),  (5.17),  (5.15)  can  b®  written  in  the  f°r* 

F - wt  + A*/,  4-  A*/,  + . . .- 

=JT,  + A*  [«t  (-  + •.(-  0 + «.  (~  0V*  +«,  + «»(-  0 _V’  + •■•]  + 

+ A*  Ifci  (-  «)V*  + *.  (-  O'  + Si  (“  In  (-  0 + • • •)  + ;••• 

(d.M) 

where  (e,  a)  i*  coefficient*  of  expansion  P according  to  the 

decreasing  degree*  (-t) . After  transition  in  (5*26)  to  to  rt  - r and 
the  regrouping  of  a series,  ve  obtain 

F=*Wt  + Av'  ('i  - 0*'*  + Sf  (n  - r),/f+. . . J + 

+■  1 fa  — 0 +•  ”1  + Av,Ib  A |Sf  fa  — I)*1'  +•••)  + 

+ Av* (%f 'v* fa  - 0"’  +•  • •)  + A» !•*+•••!  + 

+ A*'1 fa  - •)'''•  +•••)+•••  (5.27) 

Page  139. 

Series  in  the  brackets  are  constructed  according  to  the  increasing 
degrees  (r  t - r)  *A ; beginning  with  tern  O(x^A)  in  then  they  appear 
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additionally  the  product  of  fora  (#,  — r)k  • |iu  (r,  — r)|«;  *,  * > o.  Coefficients 
«*  (0,  X).  tk  (6,  X)  turn#  can  be  represented  ia  the  fora  of  saries 
according  to  the  degrees  X1!*  and  In  "X  • 

Formula  (5*27)  gives  the  detailed  representation  of  expansion 
(5*t)  with  snail#  but  final  rt  - r.  Hence  it  follows  that  the 
coefficients  of  the  expansion  of  the  velocity  potential  of 
disturbance/perturbation  P -Wt  in  a series  in  the  low  parameter 
within  Hach  cone#  i.e.#  at  c < rt#  during  analytical  continuation 
then  to  value  of  r = rt,  they  turn  there  into  zero  up  to  teras  o 
(X*).  (Coefficient  with  X2  is  final  with  r * rt,  the  coefficient  when 
X^  and  the  subsequent  coefficients  Unlimitedly  grow/rise  with  r^r(). 

The  parameter  x is  determined  by  the  order  of 
disturbance/perturbations  in  linear  solution,  por  slender  bodies  xV2 
* 6#  where  6 is  am  eagle  of  attack  (or  another  analogous  parameter)  # 
for  extended  bodies  h1'  “ e’’  where  £ - the  thickness  ratio  of  body 
(for  example#  see  (3J). 

$ 

Thus#  if  we  search  for  the  conical  velocity  potential  of 
perturbance#  P - « t within  the  Nach  cone  of  undisturbed  flow  in  the 
fora  of  a series  in  the  low  geometric  parameter#  first  tern  of  which 
is  the  solution  of  usual  linear  problem#  the  coefficients  of  this 
expansion  turn  into  zero  on  the  Hach  cone  of  undisturbed  flow  up  to 
teras  0 (6*)  for  slender  bodies  and^£0Jfor  the  extended  bodies. 
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5.3.  Position  of  leading  shock  wave,  with  the  aid  of  the  results 
of  point/itea  5.2,  it  is  not  difficult  to  obtain  the  formula*  which 
determines  the  position  of  the  leading  shock  wave*  produced  by  the 
streaalined  body.  Within  the  Hach  cone  of  undisturbed  flow,  i.e., 
with  r < r,,  the  projection  of  velocity  vector  on  axis  0tz  , w can  be 
represented  by  expansion  w = Wa  (1  ♦ X*Awa  ♦ Xw2  ♦ ...)*  where  wa 
there  is  solution  of  linear  problem*  i.e.*  w,  is  an  harmonic  function 
of  the  polar  coordinates 


i _ y i _ m*r=  and  e f 


m\r= 


2a 


mir 


1 + a 


in  the  vicinity  of  Hach  cone  « = 1 (r  = ra  = V*i)  “ i it  is  possible 
to  pr«sent  in  the  fora 

/#•* i\ 

(*-•)  + © 10  - «>’]  (5.2S) 

On  the  other  hand*  accordingly  formulas  (3.1?}  > (5.21) 


Wl 


_ "i  4J2  |(a=i)' + * [ ■ 


in  vicinity  r = ra  (a  * 1) 
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The  position  of  leading  shock  wave  is  deteraiaed  fron  the  foraula 

• * •>  •** 

■»»  r,  (•)  = [ r*  + Xf  (6,  X)  J =-  *n  1 n + if*  (0)  + • (X)  ] =• 

= ! + X *•*»> 

which  was  obtained , several  in  another  fora,  by  I.  Ligktkill  [10]. 
Knowing  the  position  of  leading  shock  save,  it  is  not  difficult  to 
obtain  estiaation  for  the  gallop  of  entropy  on  shock  wave,  0 (X3), 
whence  follows  estiaation  indicated  earlier  for  the  vortex/eddy  terns 
of  solution. 
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Tor  those  9,  where  ^<0,  eethod  PLg  makes  it  possible  to 

only  establish  that  the  shock  save  of  the  saae  force,  as  in  the  case 
(£r).-i >0,it  *iH  ®»t  be. 


The  nethod  of  the  "union  of  asynptotic  expansions",  as  this 
follows  froa  foraula  (5.31),  gives  that  for  those  9,  with  which 
(^Ja  !<•'.  shock  wave  not  at  all  appears  and  flow  in  the  vicinity  of 
the  Bach  coae  of  undisturbed  flow  is  a flow  of  the 
evacuation  /rarefaction  whose  speed  is  characterized  by  function 
where 


* (8)  = 


(t  -pi)* 
I 


m; 


(5.34) 

✓ 


An  exaaple  of  such  situation  when  derivative  (jr)*  t on  the  half  of 
circumference  « * 1 is  positive,  on  another  half  it  is  negative, 
gives  the  case  of  triangular  plate  froa  subsonic  edges,  streamlined 
at  an  angle  of  attack  6.  According  to  the  obtained  in  poiat/iten  5.3 
results  the  region  where  the  flow  is  agitated,  linited  froa  the 
windward  face  of  plate  by  leading  shock  wave,  froa  leevarl  - by  the 
Hach  cone  of  undisturbed  flow;  in  the  junction  of  shock  wave  and  Bach 
cone,  is  formed  singular  point  described  in  p.  3.3. 
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fi 

p 

t 


The  details  of  relatively  triangular 
with  arbitrary  cross  section  can  be  found 


plate  and  extenled  body 
in  work  [ 10  ]. 


§6.  Methods  of  the  determination  of  the  second  approach/ap proxiaation 
for  slender  bodies. 


6.1.  Prelininary  observations.  In  work  [123]  F.  Moore  gave  the 
formulation  of  the  problem  of  the  determination  of  the  second 
approach/approxiaation  for  slender  bodies.  Potential  and  perturbation 
rates  were  decompose/expanded  in  a series  according  to  the  degrees  of 
geometric  parameter;  boundary  conditions  on  the  Mach  cone  of 
undisturbed  flow  were  located  with  the  aid  of  H.  Lighthill's  method 
[10];  the  perturbation  rates  of  the  first  and  second  order  satisfied 
with  respect  to  the  two-dimensional  equations  of  Laplace  and  Poisson. 

Further  the  formulation  of  the  problem  of  second  approximation 
for  slender  bodies  will  be  carried  out  more  simply  with  the  aid  of 
canonical  variables  [+4],  and  results  of  $5.  It  is  directed  axis  otz 
of  the  Cartesian  system  along  speed  V t of  aadistarbed  flow.  The 
surface  of  the  streamlined  body  on  plaae  6.  *)  let  as  assign  by  the 


L 
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equation 


n = ws),  u<i<  t. 


where  6 are  the  low  parameter,  a ■ 1#  2 (Pig.  44|  . 


Page  141. 


Conical  potential  within  the  Hach  cone  of  undisturbed  flow  (i.e. 
with  r < rt,  where  r = 1/a1#  nt  = (H*t  - Bi  “ the  Hach  nuaber 

of  undisturbed  floe)  we  search  for  ia  the  fora 

F — wi  (1  + + 67*  + ...)  (fi.l) 

(8 , is  nod  ulus  of  velocity  of  uaifora  floe).  The  deteraloa tion  of 
tera  0 (6)  in  expansion  (6.1)  composes  the  problea  of  linaar  theory; 
the  deteraination  of  tera  o (6*)  - a proble*  of  second-order  theory. 


Recall  that  the  flow  can  be  considered  as  irrotatioaal  with  an 
accuracy  to  values  0 (6*). 


6.2.  Equations  of  theories  of  first  and  second 
approach/a pproxiaa tions  for  slender  bodies.  Conical  potential  F 
satisfies  equation  (1.24) 

L l^l->4Fu  + 2BFk,.+CFt,^ 0; 

here 


tf  *»•**.*•  V 


V 


( 

f . 


t 
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A = o’  (1  -f  l*)  — (u  — 

B = a*gti  — (u  — | it)  (v  — T)ir), 

C - a*  (1  -f  tj*)  — (v  — rju?)2, 
a2  = a\  - 

- («’  + y‘  + w*  - W\), 

u-  Fv  v — Ff,, 
w = F — \b\  — r\F,,. 

Since  P searches  for  (6.1),  the  Telocity  components  along  the  ares  of 
the  Cartesian  nyaten  of  coordinates  Oaxyz  are  represented  in  the 
following  fora: 

u =--  Wx  (fi/u  4-  V/ti  + ...)•=  Wx  (»u,  -f  6%  4-  . . ' 

=--  Wx  (6/|t.  4-  **/„  + ...)  = W7,  (6»1  4-  Vv , 4- . . .)• 

«■-  +6 (A-  6/u-ri/u)  4-  »(«-2) 

-l  **(/«-{/«  — ti/2t.)  + ...]- 

— W',  ( 1 4-  t>wx  4-  b'Wj  4-  . . .)• 
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Substituting  (6.1)  in  L [F]  * 0 and  equating  terns  with  identical 
degrees  6,  we  obtain  aquations  for  f,»  f#, 

(i  - »I6*)/IU  - 2*«&n/u,  4-  (i  - i»y)/u,  - o,  (6.3) 

(1  — wifs*)  ftii  - 2mr5n/,=T,  + (1  — mill8)  = 

= - Mi  {(21  (u,  - lwt)  - (y  - 1)  <*,  (1  + I*)]  /lU  -1- 
+ 2 (u,T)  4-  F,|  — (v  +1)  W>,|r))/It,,  + 

+ I2g  (f,  - - (y  - 1)  u>t  (1  4-  t)l)l  fltr),  (6.4) 

where  Bt  is  a Bach  nuaber  of  undisturbed  flow,  a,  = V -1.  Let  us 

write  equations  (6.1),  (6.0)  in  the  fora 

40  fax  + 4-  CJ  ki.T.  — (6*,e*) 

where  A0=\  - m‘£‘,  Bt  = - m^r,,  C0  = 1 - m*n*;  * = i,  2;  0:  Z>.  is  equal  to 

the  right  side  of  the  aquation  (6.4).  Tn*ide  tha  Hack  con  a of  the 
undisturbed  floa  (r  = ^ mTj 

Let  us  now  aove  on  in  equations  (6.5)  to  canonical  variables  p,  # 
point/itaa  1.7.  Equation  (6.5)  is  equivalent  to  canonical  systea  of 

equations:  , 

& = AtUn(,  + B0vi,p  4-  V A0Ce  — B0i'i,c  — T ' 0* 

Q rrr  AfUka  4-  B0l’k o — Y A0c0 — Bpl'itc  — to  - 

N = >40rj„  — B0%,g  4"  Y AtCt  — B\- J,  = 0, 

R ^ 4.H,  - Bole  - Y‘AbCb  - Bll0  =-  0,  ' (('-0) 

S — Aw*  -f  tiAf*  4-  £Au*  4- 

4-  -r  °k  (S,»w  - £»n»)  o. 

Y\cb-b\ 


\y-+  y- 


> Jglg  1 


'■Hr 


■•’WKF' 
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Hece 

u*  - /«.  «’*  - A,. . n - /*  - 6Ai  - V*,.  A«  -Jr  1 -£r  - 

the  operator  of  Laplace.  Furtheraore,  on  boundary  of  tka  cegion  on 

the  plane  pw  in  which  searches  for  the  solution  of  systea  (6.6)  nust 
be  fulfilled  the  condition 

dwk  + rtdr*  + | du„  = 0.  (6.7) 

page  144. 


After  transition  to  polar  plane  coordinate*  Vi  and  p#  by  the  fornulas 

rcos8,  1 p-acosP,  \ 
m,r]  — r sin 0,  f <J  = asinP,  J 


the  solution  of  equations  I ■ I * 0 in  systea  of  equations  (6.6)  are 


record/written  in  the  fora 


2 1 4>i  (r)  | 

* + 1 •»  W P ’ 


e-arg<D,  (r), 


r — 


(6.9) 
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*^*r*  (▼)  - arbitrary  analytic  function  t = aeu';  sign  "arg" 

designates  functions*1.  Por  the  solution  to  the  reaainiag  equations  of 
(^e  6)  let  us  co 8pos8  the  coabiaations: 

~4~  ^3  ~ -4-  B$\v fc  -f  AtyUhp  -I-  "f  BbfiVk0  -f 

+ B^Vy,  + ( Y A^Cf,  - B\)t  v*  - (Va0Co  - Bl)g  vke  - 

- (0*Wp  - (I>klo)'  = o,  (6.10) 

^0  Qo  — V A 0Ct — BlA v\  + A03ukp  — A0,uka  -f- 
"1"  ®oo^lr»  BoiPko  "4~  — $ nYo  l>tg  -f- 

+ (/ AtC0  - B\),  vk,  - (Dk\,)a  + (£.£,),  = 0.  (6.11) 

Let  us  show  that  the  terns  with  first-order  derivatives,  which  do  not 
contain  DH  in  (6.10),  (6.11)  are  the  linear  coabinations  of  the  sane 
in  ^ = 0,  Q^o.  Por  •*»■?!•#  for  equation  (6.10)the  following  eouation 
should  be  satisfied 

Agtukp  -f  Aoauka  -f  B0evkc  -f-  B^uua  -f-  (Y^Cg-B\),vka  - 
— (V A UC0—  Bi)a  vkp  =- 
- hi  A oUk,i  Buoke  ) / A,C0  - Bjvka]  + 

+ M^«“n  -f  Buvka  — Ya0C,  — B\ vtp]  (6.12) 

ror  any  solution  “*•»*.  w„  o f system  (6.6),  whe-e  l,and  1 x a^e 
certain  functions  p.  o>  Eouat«np:  the  coef'i dents  for  the  corr- 
esponding: derivatives  o'  u,  v,  to  P-  a In  '6.12),  we  will  obtain 
four  conditions  for  X and  X.  : 

I ^ 

A0»  = liA„,  A"  = lkAt, 

Bg,  - ( V aTCq-BI),  - l,Ba  - /,  Y AgCt-B\, 

Bgo  4-  (Y A0C0  — B\)p  — l%Bn  1\  Y A0ct  — B\. 


(6.i:i) 
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For  the  compatibility  of  system  (6.13),  the  equations  obtained 
by  the  substitution  of  *i  = -£■  • 1*  =.  in  the  last  two  Equation 

of  the  system  should  be  satisfied.  After  multiplying  then  hv  A-* 
thev  can  be  reduced  to 


fB.\  _(VA,Ct-Bl\  tBo\  _ (VW'-Bl) 
\A,J,  \ At  /o’  \AtU~  V A,  K‘ 

(6.14) 


”he  sane  conditions  (6.14)  are  obtained  from  eouations  (6.11). 


Conditions  (6.14)  are  satisfied,  if 

B t i V\C,-B\ 


-SPi(t). 


where  (r)  is  osrtain  analytic  fssction  r = ae». 


S^-nc*  At  * 1 — m*£*  = 1 — f*co**  6,  Bt  = — mJln  *= 
= — r*  cos  0 sin  0,  C,  = 1 — m{  T)*  *=  1 — f*  sin  *8,  A,Ct  — 
- = 1 - #*, 

B t . . Y Atco  - Bi  — f*  coo  0 lilt  0 + 1 |6l  — 1: 

aT  +■  1 At “ i-r*co*»e  a 

.i +♦{<*> 

--  t r *«  <Pi  (t). 


if  ons  takes  into  account,  that 


+ *-w 


sin0  - 


e"  - » *• 
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Replacing  ter«s  with  first-order  derivatives.  not  containing  Dk,  by 
terns  with  Dk  froa  equat ions  9 = <?  = 0,  let  as  give  equations  (6. 10)  f 
(6.11)  to  the  forn 

A0Auk  + B0 Avk  4-  (-1o»Sp  + ^oo5«)  - (Dklp),  - (Z>*Wo  = 0.  (6.1T.) 

V A0C„  — B'0\vk  -f  — (40<J£P  — 40e£a)  + 

4 (/>/r5o)p  - (Dkl„)0  =p  0.  (6.16) 

Purtheraore, 

Aw*  4-  nAy»  + 6Au*  4-  - (IpUo  - Eot|.)  = 0.  (6.17) 

V AtC0  — B0 

Pron  equations  (6.  15)  - (6.  17)  it  follows  that  for  k = when  Da  s 0, 
AUj  = A vt  * Aw  * = 0,  i.e.,  ot,  vi(  wt  there  are  haraonic  functions 
of  Variables  p and  #•  In  this  case 

Wl  + ***  ~ (*)«  (6.18) 

where  .f,  (t)  there  is  arbitrary  aaalytical  function  r • ae*  = p + ia. 
Conponents  u t , t,  are  deter ained  froa  the  for aula 

^ (“l  4 ivl)~  — y[o»,  (t)rf^i(T)  4-^=-rf?T(v)]'  (6.19) 

In  fact,  ault iplying  (6.19)  by  e *•  and  separate/liberating  the 

real  part  of  the  predict,  we  elll  obtain 

dw,  4-  4-  \du , = 0. 


* hr*. 


4a 

v.  ’ 





I 


I 


I 

> 
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Hence  follow  the  equalities 

^ip  + H^»p  4-  |u,„  = 0,  it, a + tiris+  5uio  = 0, 

from  which  by  differentiation  with  respect  to  p and  «,  taking  into 
account  equations  N = B = 0#  AUj  = Avt  = AWg  = 0,  we  obtain  .9  = 0.  Q = 
0. 


Thus,  solution  of  systen  of  equations  (6.6)  with  It  1 1 is  given 
by  the  fornulas  of  linear  theory  [2]. 

Page  147. 

If  we  place  q>,(r)  = r,  then  r = 2at/1  ♦ a*,  8 * 0 and  plane  r is  the 
plane,  introduced  by  A.  Busenann  [2]* 


Subsequently  will  be  required  only  the  equation  for  w It  is 
obtained  fron  relationship/ratios  (6.  15)-  (6.  1 7)  by  neans  of 
exception/elinination  Aux,  Avx  and  has  the  forn 


Air,  ■- 


X\c»~  >>l 


— I'l  (O — ^23»p)  — 


- (t|.6,-»l.toWM-  (0.211) 

Por  case  of  r * 2a/Q  ♦ a*}  9 * p,  which  will  be  exanined  further, 
equation  (6.20)  can  be  written  as  follows: 


„ 4 ( D,  \ 

mj  (1  + a5)  V * — *'  TT&)’ 

( 9-  » 9 ■ 1 9 , 1 » \ 

\A  w + A?"  * ~5*  4 « *r  + i7'tfFj 


(«-21) 


in  polar  coordinates  D*,  it  is  deternined  fron  the  fornula 
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Dt  rr  Mi  {/,„  i/,  (r-i  + Cr-M)'-*)- 

— (T+  1)(1  + r*)  r/lrJ)  - 2/i* (~  fir*  7-/"; 

+ (T  - 1 ) (~  fim  f 7 fir)  (/»  - rfl *)■ 


(C..22) 


The  polar  radii  r and  'z  are  connected  by  the  relationship  a,r  = r,  so 
that  bo  the  Hach  cone  of  undisturbed  flo*  r = r,  = Vat  correspond 
values  'z  * a - 1.  Pro*  (6*22)  it  follows  that  in  vicinity  r =*  rtDa  is 
represented  by  expansion  D^  = D<.o)  19)  ♦ D(l)  (0)  (rt  - r)  ♦ ...,  fron 
which*  after  conversion  to  • and  0 wo  obtain 

Dt  = Dm  0)  + Z>.  (?)  + • • • («-2d) 

Pro*  (6.23)  it  follows  that  the  right  side  of  equation  (6*21)  is 
linited  when  a — > 1 . 


Page  148. 


6.3.  Boundary  conditions  in  theories  of  first  and  second 
approach/approxination.  For  the  doteraination  of  boundary  conditions 
when  c — » 1 we  will  use  expansions  (5.19)*  (5.21).  In  the  case  of 

slender  bodies*  it  is  necessary  to  assuae  X*/*  = 6 and  to  present 
function  0(0*  X)*  1(1,  X)  in  the  fora 


<K0,  M = <M0)+  x’>p./,(e)  + ....) 
t(6.x) -♦,(») ■fx,>,,(e)+  ...  ( 


Substituting  expansions  (6.24)  in  (5.19)*  (5.20)  and 

X*/*  ■ 6*  we  will  obtain  in  the  vicinity  of  the  Nach 


w ~ W'j  + 6 


set/a ssuning 
cone*  r * rt* 
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Hence  it  follows  that  in  vicinity  r * r,(«  = 1) 

j—  ^*(6)1  1 mf  4 /5  , tl#  , 

ri  l+l^wl  T + ‘ m;  3 (r'  '■)■  + ••• 

" l+^*(P)l  T + l M{  3 < *)  + ••••  (8-25) 

(90(0)]  1 "»?  8 )<P*(P)\  1 "»?  8 , 

Uo (0)1  T + l M{  ff  + --‘5"=  k.(P)|T+TMy3  +- 

(6.26) 

Expression  (6.25)  shows  that  — ► 0,  a — ► 1,  as  this  is  accepted 

in  linear  theory.  After  deteraination  of  w&  functions  *s(8),  fo(0) 
they  are  deterained  from  the  foraula 


j<Po(P)\_  (T  + l)1***  3f(«u-i\  1* 

U.(P)J  " m\  8 L'  J.J  ’ 


and,  according  to  (6.26), 


- - (r+ [(Sr).  J"  * - '•  <6-27> 

(Analogously  are  obtained  for  an  las  for  u,  4 w#  when  m * 1) . 


a = 1.  (6.27) 


Page  149. 


Let  us  derive  boundary  condition  on  the  surface  of  the 


streaaliasd  body  whose  eg nation  is  accepted  in  the  fora 

H =*t,.  (fc):  « - 1.  2;  lt<l<  U-  (6.28) 
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Body  surface  is  strean  surface;  therefore  along  it  aust  ha  fulfilled 
the  relationship/ratio 

ftl  dr\ 

u - £1/  r - !)«• 

Substituting  hera  (6.28),  expanding  functions  in  series  according  to 
degrees  6 and  equalizing  the  coefficients  with  identical  degrees  6, 
»e  will  obtain  the  following  boundary  conditions: 


wi(s.  ±")  *..(£) 

Vi  (;.  ± 0)  U,  (l.  ± 0)  >r„  (l)  H "1  (£•  ± °)  x 
X K„  (l)  - (t»  - (*6-  ± °>  **  (*) 


and  so  forth. 


Let  us  note  now  that 


(«•-*») 


( 0-jk  \ 

<K.  " { /..-o' 


-(J2L\ 


-( 


») 


d^dr)  J r,«t0  ^ “ * V 


therefore  according  to  (6.29)  the  boundary  conditions  of  the 
nonseparafed  flow  of  body  can  be  written  in  the  fora 

(■Sln.-H  " — + U'‘  (*"  ~ — 

(6.30) 

After  transition  to  variables  p,  0 conditions  (6.30)  take  this  fora: 

(tt)0 ^ *■  (Pi^P^P*) 

1=1,2;  n *=  1,  2, 

where  //*.„  (p)  * known  functions  of  p (pt  and  p*  correspond  to  ((  and 
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n = 1 for  • = *0,  n - 2 for  • = -0). 

Page  150. 

6.4.  Leading  edges  in  slender- body  theory.  Thus,  the  problem  of 
the  deternination  of  first  approximation  for  slender  bodies  cane  to 
the  task  of  the  solution  to  the  equation  of  Laplace  &w,  = 0 in  the 
range,  depicted  on  Pig.  45*  which  is  unit  circle  a ^ 1 with 
cut/section  along  the  diameter  • = 0,  at  which  the  boundary 
conditions  are  assigned  by  formula  (6.31),  furthermore,  wt  * o *hen  a 
* 1.  Let  us  note  that  for  the  bodies  whose  cross  section  by  plane  z = 
1 is  limited  by  the  line  segments*  by  the  methods  of  the  theory  of 
cooforsal  mappings  in  a number  of  cases  it  is  possible  to  obtain  the 
solution  of  problem  in  the  locked  form  (see  on  this  question  [3,  4]). 

For  the  determination  of  the  second  approach/approximation,  it 
is  necessary  to  determine  only  w2,  since  potential  f2  is  expressed  as 
w2  by  the  formula 

r 

U = — r J vtr~,dr. 

T I 

The  task  of  deternination  w2  is  reduced  to  the  solution  to  the 
equation  of  Poisson  (6.21)  in  the  range  where  was  determined  function 
v(,  with  boundary  conditions  (6.  27)  • (6.31).  Pressure  coefficient 
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Cp  is  calculated  f roa  foraala  cv  = — 2w,  - I2u>,  — mVj  + + u\).  The  solution 

to  the  formulated  boundary- *alue  problems  for  wt  and  w*  not  is 
singular.  Actually,  a difference  in  two  solutions  satisfies  the 
eguation  of  Laplace  and  unifora  boundary  conditions.  It  is  not 
difficult  to  construct  harmonic  function  with  special 
feature/peculiarity  at  point  p * p2»  • * 0«  that  satisfies  these 
reqeireeents.  Let  us  exaaine,  for  example,  harmonic  function 
«,<»  = («•)-" co» np*.  where  «*,  p*  are  polar  coordinates  with  center  at 
poiat  p * pt,  0 • 0 in  Fig.  45*  n - positive  integer  number.  When 
o=±o^.,  = o everywhere,  besides  point  p = p2,  and  on  circumference  a 
« 1,  w<»>  tehee  the  values  equal  to  at  the  points,  symmetrical 
relative  to  axis  Dp.  If  we  designate  by  w(z^  the  harmonic  in  circle  a 
< 1 function,  which  accepts  with  the  circuefereece  « ■ 1 of  values, 
reciprocal  in  teras  of  sign  values  w CO  then  ^-  = ° when  * * f.0  and 
the  harmonic  function 

IT  = u>0)  ^,(2) 


is  the  unknown  "its  own"  solution  of  problea, 
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Page  151. 

Analogously  is  aattec  also  with  point  p = pt , • s 0. 

[ Purt heraore,  the  expressions  for  wt  and  w*  contain  on  one  arbitrary 
constant  which  appear  because  of  transition  fron  boundary  conditions 
(6.29)  to  conditions  (6.30).  After  detera ination  a*,  rt,  v*, 

these  constants  are  deternined  by  the  satisfaction  of  conditions 
(6.29)  at  one  point  (for  exaaple,  see  [3])  ]. 

The  nonunigueness  of  the  solution  to  boundary* value  probleas  for 
Vi,  w2  is  connected  with  those  by  the  fact  that  expansion  (6.1)  does 
not  represent  the  conical  potential  P in  the  vicinity  of  the  leading 
edges  of  body,  since  near  leading  edges  the  flow  is  strongly  agitated 
e*en  »ith  snail  6.  The  appearing  here  difficulties  are  analogous  to 
the  difficulties,  available  in  the  theory  of  the  fine/thin 


.)■'  '.*♦ * 

’ />  / 


i 


Pe** 
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airfoil/profile#  streamlined  with  the  subsonic  flo*  of  gas  (see 
[53]),  and  the  existing  methods  of  the  overcoming  of  these 
difficulties  »re  also  analogous  to  the  methods  of  two-dimensional 
problea  of  gas  dynamics. 

In  linear  theory  the  nonuniqueness  of  solution  is  removed, 
actually,  with  the  aid  of  the  requirement  so  that  in  the  solution 
would  be  contained  the  special  feature/peculiarities  of  the  lowest 
order  of  all  possible*  It  is  possible  also  to  enter  also  in 
second-order  theory*  But  this  approach  is  formal*  and  for  obtaining 
correct  solution  of  outside  the  vicinities  leading  edges  it  is 
necessary  to  examine  flows  in  the  vicinity  of  these  edges.  Thus, 
appear  two  tasks:  first,  it  is  necessary  to  give  the  rule  of 
selection  of  solution,  valid  of  outside  the  small  vicinities  leading 
edges,  and,  in  the  second  place,  to  indicate,  as  one  should  correct 
the  results,  given  by  this  "fornal"  solution,  with  those  in  order  to 
consider  the  effect  of  edges. 

If  we  follow  analogy  with  the  task  of  the  flow  of  subsonic  flow 
about  the  fine/thin  airfoil/profile  of  gas,  then  it  is  necessary  to 
distinguish  the  cases  when  the  edge  the  rounded,  tapered  symmetrical 
or  tapered  of  general  view  (during  flow  about  which  gas  overflows 
from  one  "side"  of  edge  to  another).  Host  powerful  effect  on  flow  has 
chamfered  edge,  since  in  its  vicinity  is  deceleration  point  for  flow 
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in  the  plane,  perpendicular  to  the  edge.  However,  since  this  point  is 
not  deceleration  point  for  three-di«ensional/3pace  flow,  the  effect 
of  edge  *ill  be  snaller  than  in  two-dinensional  gas-dynanic  problea. 

As  shown  in  H.  van  Dyke's  work  [124],  for  an  elliptical  cone  at 
zero  angle  °f  attack  correct  first  approx inat ion  for  pressure  on  body 
surface  is  obtained  fron  the  "foraal"  solution,  which  satisfies  the 

I • , 

reguirenents  for  the  "snallest  order  of  special  feature/peculiarities  ' 

on  leading  edges",  with  the  aid  of  the  procedure,  described  in  [125]. 

The  idea  of  this  nethod  consists  in  that#  then  is  exaained  flow  of 
the  inconpressible  fluid  about  the  parabola,  which  has  the  sane 
radius  of  curvature,  which  it  has  a section  of  body  as  the  plane, 
perpendicular  to  edge.  The  solution  of  problea  for  a parabola  takes 

i 

th?  ciaple  fora.  Then  "fomal"  solution  is  aultiplied  by  the  relation 
oi.  solution  for  a parabola  and  its  expansions  in  a series  in  the  low 
paraaeter.  For  the  second  approach/approxiaation  this  procedure  nakes 
it  possible  to  exclude  in  solution  algebraic  special 
feature/peculiarities  on  leading  edges,  on  logarithaic  special 
feature/peculiarities  they  reaain  in  expression  for  pressure 
coefficient. 

Page  152. 


During  the  stricter  solution  of  problea,  it  is  necessary  to  introduce 
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l various  expansion  in  terns  of  the  snail  parameter  in  the  vicinity  of 

leading  edge  and  by  aeans  of  its  coupling  with  expansion  (6.1)  to 
obtain  the  conplete  solution  of  the  problem  of  the  second 
approach/approxina  tion. 

In  the  case  of  the  synnetrical  wedge-shaped  edge,  streamlined  at 
zero  angle  of  attack,  in  the  theories  of  the  first  and  second 
approach/approxination  appear  only  integrated  (logarithmic)  special 
feature/peculiarities  on  leading  edges  (as  this  it  follows  from  the 
results  for  two-dimensional  problem);  therefore  leading  edge  effect 
here  can  be  disregarded  and  used  MfornalM  solutions  in  the  first  and 
second  approach/approximations. 

If  the  leading  edges  of  body  are  close  to  the  Mach  cone  of 
undisturbed  flow,  then  it  is  necessary  to  consider  their  effect  in 
all  cases.  To  this  guestion  are  dedicated  works  of  E.  Sun  [126],  L. 
Fraenkel  and  R.  Watson  [127],  which  shoved  that  because  of  the 
transonic  character  of  streamlining  of  leading  wing  edges  im  the 
coefficient  of  the  wave  impedance  of  body  appear  term*  o (6V»).  where  6 
is  a low  geometric  parameter,  for  example,  the  thicknesa  ratio  of 
body,  while  ct  according  to  the  linear  theory  0(#*>.  Thus,  the  task 
of  determining  the  second  approach/aPprox iaation  in  these  cases 
considerably  becomes  complicated  (see  on  this  question  also  [128]). 
Host  important  is  the  case  when  flow  blows  away  from  leading  edges. 
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This  occurs  for  the  tapered  edges#  streamlined  at  an  angla  of  attack, 
and  chamfered  edges  at  sizable  angles  of  attack,  if  angle  of  attack 
is  snail  and  the  wingspan  snail,  then  separating  phenonena  can  be 
disregarded  (see  [128]).  At  not  low  angles  of  attack  or  considerable 
sweepback  of  wing,  separating  phenomena  play  the  significant,  role  in 
the  fornation  of  flow  about  body. 

Since  precise  fornulation  of  the  problen  on  the  basis  of  the 
equations  of  nonviscous  gas  is  here  inpossible,  it  is  necessary  for 
deternining  solution  (8-1)  outside  separating  zone  to  nake  the 
supplementary  assunptions,  which  rest  on  the  results  of  experiment. 
Detached  flows  are  examined  in  §9. 

6.5.  Results  of  second-order  theory  it  composes  determination  of 
particular  integral  of  equation  of  Poisson  (6.21).  If  we  pass  from 
Variables  p,  * to  variables  r * p ♦ i«  and  r =»  p - i#,  then  the 
unknown  particular  solution  it  is  possible  fornally  to  vrite  in  the 
form  of  twofold  integral  in  terns  of  r and  r of  the  first  part  of  the 
equation  (6. 21) whose  calculation,  however,  requires  large  work. 
Furthermore,  remain  difficulties  with  special  feature/peculiarities 
on  leading  edges  and  the  determination  of  the  harmonic  function  with 
the  aid  of  which  are  satisfied  the  boundary  conditions.  (Here  are  not 
examined  the  approximate  particular  integrals  of  the  type,  similar 
found  in  work  [129]).  p.  noore  [123]  found  the  second 
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approach/approximation  for  the  conical  body,  cross  section  of  which 
is  rhomb,  at  zero  angle  of  attack. 

Page  153. 

pomulas  giving  the  solution  of  the  problem  of  the  second 
approach/approximation,  were  so/such  bulky  that  the  author  did  not 
give  them  in  work  [ 1 2 3 ] . By  these  formulas  was  designed  one  specific 
case.  H.  Tan  [130]  produced  the  calculations  of  pressure  on  body 
surface  for  many  cases.  The  results  of  the  calculations  of  F.  Boore 
and  H«  Tan  are  given  partially  in  B.  Lighthill's  article  [131]  in 
which  also  is  given  their  detailed  analysis.  (Let  us  note  that  there 
are  doubts  as  to  the  correctness  of  these  calculations;  see  [ 

132]). 


B.  Van  Dyke  in  work  [124]  with  the  method  of  iterations  found  in 
the  locked  form  the  second  approach/approximation  in  the  theory  of 
the  extended  bodies  for  an  elliptical  cone  at  the  zero  angle  of 
attack,  from  which  was  also  obtained  the  second 
approach/approximation  of  slender-body  theory. 

At  present  flows  about  smooth  bodies  can  be  designed  more 


accurately,  for  example,  by  finite-difference  method  [29],  called  the 
■ethod  of  establishment. 
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For  those  cases  when  flow  blows  away  from  leading  wing  edges 
(and  for  which  there  are  no  nuaerical  methods  of  calculation),  the 
task  of  the  second  approach/approxiaation  is  of  large  interest,  but 
in  no  way  developed  at  present,  for  wings  with  powerful  sweepback, 
approximate  solutions  are  examined  in  §9. 

j 

§7.  Higher  approach/approxiaat ions  for  the  extended  bodies  and  aethod  j 

of  linearized  characteristics.  i 


7.1.  Higher  approach/approxiaations  for  extended  bodies.  At 
present  supersonic  flows  about  the  extended  conical  bodies  can  be 
designed  with  preassigned  accuracy,  for  exaaple*  with  the  aid  of  the 
aethod  of  establishment,  if  the  flow  about  the  bodies  is 
nonseparable.  Analytical  theories  retain  their  value  in  essence  for 
the  very  elongated  bodies  which  are  used  as  components  of  different 
measuring  aeters  and  flow  about  which  is  difficult  to  calculate  by 
finite-difference  methods* 

Basis  results  on  higher  approach/approxiaatioas  for  the  extended 
bodies  are  obtained  to  1955  and  are  ezaained  in  detail  in  R. 
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Lighthill*s  work  [131],  por  this  reason  hare  is  given  only  short 
enumeration  of  the  nost  important  results,  uhich  relate  to  the 
extended  conical  bodies. 

Page  154. 
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D.  Broderick  [133]  found  pressure  coefficient  Cp  oa  the  surface 

of  com  with  half- eagle  *,  at  aero  angle  of  attach,  in  the  fora 

C„  -<M  2t*  In  , 2 : - + 

P (Mj  — 1 ) ** 

share  t ■ tg,  «.  y - adiabatic  index,  Mt  - the  Hach  aoaber  of 

undisturbed  flow.  The  aethod  of  the  solution  of  problem  of  Broderick 
consisted  in  the  fact  that  the  velocity  potential  of 
disturbance/perturbation  »as  decompose/expanded  in  a series  according 
to  degrees  of  t and  In  t.  N.  Van  Dyke  [54]  by  the  method  of 
iterations  obtained  in  the  locked  fora  the  solution  this  same 
problem,  *hich  proved  to  be  more  precise  than  the  solution  of 
Broderick.  N.  Van  Dyke  obtained  also  the  second 
approach/approxination  for  a cone  at  an  angle  of  attack,  which, 
however,  appears  by  very  bulky  and  is  not  given  in  work  [54].  The 
solution  of  the  problea  of  the  second  • pproach/approxi»ation  for 
bodies  of  revolution  at  an  angle  of  attack  (including  for  a round 
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cone)  is  found  by  8.  Lighthill  in  work  [135]. 

The  elegant  theory  of  first  approximation  for  the  extended 
bodies  with  arbitrary  cross  sections  belongs  to  G.  Hard  and  is 
presented  in  detail  in  its  book  [121]* 

The  principles  of  obtaining  the  second  approach/approxination 
for  the  extended  bodies  of  general  view  by  the  nethod  of  iterations 
are  developed  by  8.  Lighthill  in  work  [13  1].  8.  Van  Dyke  in  work 
[124]  with  the  nethod  of  iterations  found  in  the  locked  forn  the 
solution  of  the  problen  of  the  second  approach/approxination  for  an 
elliptical  cone  at  zero  angle  of  attack.  This  solution  will  agree 
well  with  experinent  and  serves  as  standard  for  the  different 
approxinate  theories* 

7.2.  8ethod  of  linearized  characteristics,  in  the  theories  of 
the  fine/thin  and  extended  bodies  nain  streaa  on  which  are 
sUperiapo8ed  the  disturbance/ perturbations*  is  uniforn  flow.  It  is 
possible  as  basic  to  exanine  any  flow. 

Page  155. 

If  we  as  basic  take  axisyaaetric  flow  about  round  cone  and  to  be 
restricted  to  the  disturbance/perturbations  of  the  first  order*  then 
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as  a result  we  will  obtain  the  method  of  linearized  characteristics, 
proposed  by  A Ferri  in  work  [136]. 

The  essence  of  this  method  consists  in  the  fact  that  if  for  the 
detereinat  ion  of  main  streae  it  is  necessary  to  solve  nonlinear 
differential  equations,  then  during  the  deter eination  of 
disturbance/perturbations  it  is  necessary  to  deal  with  linear 
equations,  which  considerably  simplifies  task.  In  work  [120]  by  the 
method  of  linearized  characteristics  are  examined  numerous  examples 
of  the  flow  about  the  conical  bodies  with  cross  section  in  the  fora 
of  ellipse,  triangle  with  the  rounded  edges*  etc.  In  works  [137, 

138],  is  given  certain  improvement  of  method.  The  accuracy  of  method 
of  linearized  characteristics,  on  the  whole,  is  not  high  (see  [137]), 
but  it  it  is  universal  and  simple  in  appendices,  what  is  valuable 
quality  for  estimate  calculations;  at  present  this  method  is  applied 
mainly  at  the  hypersonic  speeds  where  it  possesses  larger  accuracy. 

Further  are  set  forth  the  main  points  of  method  of  linearized 
characteristics.  Let  us  examine  conical  shock  (see  Fig.  46)  whose 
equation  in  spherical  coordinates  takes  this  fota: 

to  JO 

0,  = do*  4-  2 co*»i9  + Jd^iiin  wp,  (7.1) 

i i 

where  are  coasts  at,  aoreover 

^ 1 > ^ 1 , 


■ P" 
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i so  that  their  aqucts  and  their  products  can  be  disregarded 

in  coaparisoa  with  e#J. 

Thus,  shock  wave  is  close  about  forw  to  round  cone.  This  occurs 
for  the  conical  bodies,  which  possess  the  noderate  relative 
thickness.  Let  us  assuae  for  siaplif ication  that  the  streaalined  body 
has  a plane  of  synaetry,  then  the  second  sun  in  (7.1)  turns  into 
zero. 
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Proa  usual  lavs  of  conservation  on  oblique  shock  wave, 
inaediately  behind  wave*  the  coaponents  of  the  velocity  in  the 
direction  of  increase  R,  9,  a they  are  record/vritten  respectively  in 


the  fora 


u = Wt  road,, 

T - i V\v  — H'f  coa  9t  — IV?  Bin"  »t  tin  p 


V i ain  6, 


it  - — li', sin  0,sin  3 cos  3 4- 

1 ~ * / 1/!  iir* . — . a u/» , 


— W,  sind,-sin5p, 


+ -hr  < 1 v» ~ ^ W sin’  »in’ » mihr  • 


•here  I,,  Vnv  are  velocity  and  the  aaxiaaa  speed 


sd  flow. 


IgP 


1 dO, 
•Ind.'Sf- 


CO 

2 


Ht9mt  tin  mf 


Disregarding  in  ezpressioae  (7.2)  the  teras,  which  have  the 
higher  order  of  saallneaa,  than  6M„  we  will  obtain 
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u = W,  cos  6„,  — IV,  sin  6*  2 6m, cos  w<p, 


v — — 


7 — t *np  ~~  CQ*’  ^o.  7-1 


W\  Bin 


7 + 1 


COS  #ot  X 


M’ 


7 + 1 

x (2»'i  - | cos  W(p- 

= [wi-  Y+f  ( "Vi  .in>  - ) ] 2 8inm<f 


>(7.3) 


when  0 — 0,. 


The  components  of  the  velocity  during  after  the  shock  wave, 
deter ained  by  equation  (7.1),  search  for  in  the  forn  of  the  series 


00 

«*=«•+  cos  m p, 

1 

00 

v =-  vB  + ^ bm,vm  cos  mq,, 

1 

OO 

w - 2 msin  mqi. 

i 


(7.4) 
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Here  u0»  v0  - the  conponents  of  the  velocity  in  the  axisyaaetric 
flow,  which  corresponds  to  the  shock  wave,  defined  by  equation 
0 = 6„;  um,  rm,  wm  • soae  functions  only  6 (just  as  u0,  vQ)  . 
Expressions  (7.  <l)  satisfy  conditions  on  shock  wave  with  aa  accuracy 
to  Snail  6mI  inclusively*  if  whon  6 = 6.,  are  carried  out  the 
equalities 
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u,„  = — H',sin00,  — v0, 


T — 1 * V*p-»V{oo.6t<  ^ 

l’m  = - yqrr  cos  <*<>•  l2lv‘  W,  iln^“  j “ 

( dva 

-KWU^ 

a,  T -1  ( Vnp~>y?cog  <>o.  \ , H 

U’m  w i " T + i [ M'j  »in*  001  / 1 + sin  d„, ' 


(7  ••>) 


(It  is  here  take**  into  account,  that  in  axisyaaetric  flow  du„/d» 
v0;  furtheraore. 


d»» 

IT 


see  formulas  (2.29),  (2.  30)) 


«*o 


_ u«  4-  >«  elf  ♦ 


i-4 


J 


substituting  expansions  (7.4)  in  the  equation  of  continuity 
(1.15)  and  retaining  only  first-order  teras  relatively  0»„  we  will 
obtain  for  the  ideal  gas  of  agnation  for  deteralaiag  um,  vm,  wm: 


— V„ 


' « 'o  I 


1ST 
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Here  the  subscript  zero  designates  valuae  that  relate  to  l xieyaretric 
floe. 


ft 


• ■'  . V-  ; , Jr'  _ / f*f  f iff*  • j. 
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Proa  equations  (1.16),  (1.16a)  ensues  the  equality 

n a v dS 

u* in«  W'--  -wW’ 

froa  which  it  follows  that  the  derivative  ^ there  will  be  order 
ft:,,,  and  it  can  be  disregarded,  since  ~ it  is  of  the  order  ftm„ 
which  is  evident  froa  equation  (1.16). 


For  these  reasons  expression  for  entropy  S can  be  written  in  the 


fora 


oo 

m,  cosmqp,  (7.7) 

o 


where  the  constant  S(  is  deterained  with  the  aid  of 
relationship/ratios  on  shock  wave  froa  the  foraula 


Expression  (7.7)  is  correct  everywhere  during  after  shock  wave,  with 
the  exception  of  thin  "vorticity  layer"  near  the  surface  of  the 
streaalined  body  (see  §8)» 


After  the  substitution  of  expansions  (7.4),  (7.7)  into  equation 
(1. 16®)  we  will  obtaie 


v, 


dum 

■ar  • 


(7.8) 
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while  equation  (1.  16)  gives 

da ) . „ 

- 7VV,  f,sin  0 -jf-  + uium  + + u9wmaui^  + 

+ U0tpmcos0  — U*(um  + W’ms'n^)  + I,«‘31J'(Um  + U,">  8*n^)•  (7-9) 

Proa  linear  differential  equation  (7.9)  and  initial  condition 

um  + u\„sin  d = 0 when  0 = 0,.  [see  (7.5)  ] is  located  coabination 

um  ♦ as  ksows  fa  action  t. 
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in  the  case  of  ideal  gas,  we  will  obtain 

um  4-  vm  sin  0 - 


- - ijir)  <- r“sind),/-  \ 

v«.« 


f/0.  (7.9a) 


Thus*  the  task  of  the  deteraination  of  flo*  after  shock  wave 
cane  to  the  solution  to  the  ordinary  differential  equations  of  the 
second  order  for  um  with  initial  conditions  (7.5).  Let  us  note  that 
**m they  depend  only  on  M,,y,  g#i  and  do  not  depend  on  Gm„ 

i.e.#  on  the  concrete/specific/actnal  fora  of 

distnrbance/pertur bations  in  the  equation  of  shock  wave  (7.1). 


The  equation  of  the  surface  of  the  conical  body  during  flow 
ab°ut  which  is  foraed  the  shock  *ave,  deterained  by  equation  (7.1) » 
he  is  record/writtes  in  the  forn 


+ 2 Kt,  co» 


(7.10) 
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During  nonseparatad  flow  body  surface  aust  be  conical  streaa  surface, 
i.e.#  on  it  aust  be  fulfilled  the  condition 

V 1 1 


■in  d, 


But  on  body  surface  (d  = Qb)  r,  w it  is  possible  to  present  in  the 
fo^s  of  Taylor  series  according  to  degrees  — o„b,  i.e., 

V ~ V»  l*#t-  + |#u6  — *0fc)  + 


+ 


<Fv o I 


dfr  o, 


*oi- 


-i  2 COS  mip  + 


dv_ 


n UU 

+ 2 #m.  #(j)  (#1.  - K.)  cos  »»<H  - . . . , (7-12) 


W = 2 Qm.wm  l#0„  m Si " + 

(0,,  — 006)  m sin  nup  f . . . (7.1 3) 


_L  V#  dW^ 


1*01. 
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Substituting  expansions  (7.12),  (7.13),  (7.10)  under  boundary 
condition  (7.11),  it  is  possible  to  obtain  the  relationship/ratios* 
which  deteraine  coefficients  6m,  through  0mh.  The  given 
relationships  will  be  different  depending  °n  a*sunptions  about  the 
relative  order  of  coefficients  0mb  and  0mt.  For  large  M,  sad  large 
#«t  the  fees  of  shock  ease  is  close  to  the  fees  of  body  tad 
coefficients  dmfc  sad  0m,  they  sill  be  oge  order,  retaining  under 
these  conditions  only  terns  of  order  0mt,  <*mr,  l»  (7.11),  w8  wm 
obtain 
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pace 

pk  = ° 

or 

oo  oo 

p«k6  + 3r|v2«-e«»"*  + 2 0m.rm  k*  cos  m<p  = 0. 

(7.14) 

If  with  giwea  M,  wains  00.  is  the  angle  of  the  slop*  of  the 
juap#  caused  by  the  flow  about  tha  round  cone  with  half-angle  #«,, 
then  = 0 and 

Srlv=  “^k,’ 

therefore  the  boundary  conditions*  which  escape/ensue  froa  equation 
(7.14)  0 take  the  fora 

Equations  (7.  15)  establish/install  coaaunication/coaasction 
between  the  coefficients  of  the  equation  of  shock  waws  6m>  and  the 
coefficients  of  the  equation  of  the  body  surface  ^ and  of  dates 
possibility  to  sole*  the  direct  problea,  if  are  prelisinar ily 
deterniaed  ut,  vm.  (Proa  the  walue  of  welocity  is  deterained  enthalpy 
i froa  the  integral  of  Bernoulli*  p,  p - froa  equations  of  state  for 
known  s and  i).  If  body  does  not  haws  a plane  of  syaaetry,  then  is 
the  procedure  of  deterainatioa  u„,  vn,  wn,  that  correspond  to  the  second 
sua  of  equation  (7.1),  it  appears  in  perfect  analogy  exaained  (see 
[120]). 


DOC  * 78026608 


PAGE 


*6* 

} 

W 

a 

Page  161. 


§8.  Plow  about  the  round  cone  at  an  angle  of  attack  (Stone's  theory)- 


r { 


8.1.  Lead-in  observations.  The  task  of  deteraining  the  \ 

supersonic  flow  about  the  round  cone,  streaalined  at  an  angle  of 
attack,  is  one  of  the  wost  important  tasks  of  gas  dynamics.  It  served 
as  the  object/subject  of  wany  theoretical  and  experimental  studies, 
in  §8  are  examined  the  works,  in  which  the  problew  of  cone  is  solved 
by  the  perturbation  method,  suitable  both  with  those  who  were 
■oderated  and  at  high  values  of  the  Mach  nuaber  M,  of  incoaing  flow. 

The  wethods  intended  for  the  solution  of  probles  only  with  large  M,, 

and  also  numerical  net  hods  are  exaained  separately-  Without  being 

/3tf 

stopped  on  early  works  (for  exaaple,  see  [ k##*l  ]) « in  which  either  the 
half-angle  of  cone  and  angle  of  attack  were  considered  saa 11  or  flow 
about  cone  was  assumed  to  be  irrotation*l«  lot  us  turn  to  a.  stone»s 
works  [116*  117].  in  these  works  with  basic,  is  the  flow  about  cone 
at  zero  angle  of  attack.  The  effect  of  angle  of  attack  6 is 
considered  by  the  imposition  of  the  disturbance/perturbations  of  the 
first  and  second  order  on  main  flow.  By  other  owls,  flow  parameters 


4-> 


4 


v*rv 
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i about  cone  are  dec onpose/expanded  in  series  according  to  degrees  6, 

% 

and  in  these  expansions  are  held  the  terns,  which  contain  by  factors 
6 and  i. e. , nay  paraneter  f is  represented  in  the  fora 

/ = /.+«/,+  6V.  + o(6*).  (8.1) 

Boundary  conditions  on  leading  shock  *a  »e  and  the  surface  of 
cone  with  the  aid  of  the  Taylor  theoren  are  carried  to  the  front  of 
the  shock  wave  and  body  surface  with  6 = 0.  Stone  utilizes  in  essence 
a systea  of  spherical  coordinates  with  the  axis,  directed  along  the 
speed  of  undisturbed  flow  (Fig.  46). 

Bore  convenient  is  the  coordinate  systen,  connected  with  body 
(which  is  also  utilized  by  Stone)  (Fig.  47). 

The  conponents  of  vector  of  the  particle  speed  of  the  gas  in  the 
direction  of  increase  R,  0,  Q (■,  »,  #)  let  us  subsequently  designate 
u,  V,  M (u,  v,  w) . In  expression  (8.1)  function  f„  dePend^  only  on  0 
(or  6),  function  ft,  f*  - fron  9 and  O;  they  can  be  decomposed  in 
Courier  series  in  cos  or  sia  n<X>  (a  ■ 1,  2,  ...). 

Page  162. 

As  showed  stone,  these  series  contain  one  or  t*o  aeabers,  and  the 
solution  of  the  problem  of  roand  cone  with  accuracy  0(5*)  inclusively 
takes  the  following  fora: 


‘ • ' ’ ?\T  ■ ' • ■ 
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U = f/0  + df/j  cos  ® + 62  (Ut  + U,  cos  2(D), 
^ = K0  -f  6Vt  cos  <D  + 61  (V,  + V,  cos  2<D), 
W7  = fljy,sin  <D  + ftW,  sin  2<D, 

— - ^ 1 + «Pi  cos  (I)  -)•  6-  (P2  4-  p,  cos  2(D), 


(8.2) 


-£-  = l-h*«i cos®  4-  ft* (/?,  + /?, cos 20), 

S — ‘So  + 6Si  cos  ® + 6*  (S,  + St  cos  2®), 

where  function  D0,  T0,  p0#  p0,  s0  essence  flow  parameters  at  a 
and  0,«  02#  ...»  S3  depend  only  on  0 (S  - specific  enthropy). 
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Page  163. 

In  exactly  the  sane  manner  appears  solution  in  variables  »,  #,  and, 
knowing  coefficients  in  foraulas  (8.2),  it  is  easy  to  determine  the 
sa««  in  the  appropriate  foraulas  for  variables  9,  [116]. 

During  the  detera ination  of  tens  0(6)  in  (8.2)  no  difficulties 
were  net  (specifically,  it  turned  out  that  St  * const).  Analyzing 
equations  for  U2,  ...»  R,,  Stone  noted  that  soae  terns  in  these 
equations  go  to  infinity  when  0 r,  therefore,  of  expansion  (8.2) 
are  unsuitable  in  the  vicinity  of  the  surface  of  cone.  Stone, 
however,  considered  that  foraulas  (8.2)  deteraine  the  flow  parameters 
when  0 > 0*,  where  0*  - e la  a very  low  value.  The  boundary 
condition  on  the  surface  of  coae*  v * 0,  was  expressed  in  the  fora  vt 
* V*  » T,  > 0 when  0 * #•  xt.  Z.  Kopal  [200,  201  ] it  nake  table 


aefar 
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for  flow  parameters  about  cone  in  the  first  and  second 
approach/approxiaations.  in  these  tables  aith  the  aid  of 
extrapolation  are  obtained  also  values  Rk,  Uh  (k  = 2,  3)  when  e = e. 
which  theoretically  turn  here  into  logarithaic  infinity. 

In  works  [139-141]  are  made  some  technical  improvements,  which 
facilitate  the  use  of  tables  of  copal,  and  are  also  examined  the 
limits  of  the  applicability  of  the  solution  of  stone.  The  experiments 
of  H.  Holt  and  D.  Blackie  [ 142]  showed  that  the  theory  of  Stone  of 
second  order  very  well  predicts  the  distribution  of  pressure  on  the 
surface  of  cone#  if  (then  y <6  <t  the  results  are  obtained 

also  fair).  A.  Perri  [1*3],  being  based  on  physical  considerations, 
it  showed  that  on  the  surface  of  cone,  the  entropy  must  be  constant. 
Other  limes  of  constant  entropy  (on  single  sphere)  converge  into 
point  <I»  = 0,  6 = e,  where  is  formed  special  feature/peculiarity  called 
no«  Perry's  special  feature/peculiarity  iFig.  48).  Since  the  entropy 
on  the  surface  of  cone  in  the  first  approximation#  in  Stoue's  theory 
is  changed  according  to  the  law  s = S0  ♦ 6St  cos  G>,  it  hence 
issediately  followed  that  Stone's  theory  does  not  befit  in  vicinity 
0 = e.  A.  Perri  introduced  the  concept  "vorticity  layer",  by  thickness 
0(d),  adjacent  to  the  surface  of  the  cone  in  which  flow  parameters, 
besides  pressure  and  the  norsal  component  of  velocity,  can  differ 
significantly  from  the  values,  given  by  Stone's  theory,  and  it  gave 
correcting  formulas  for  the  components  of  velocity  on  the  surface  of 
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cone  with  accuracy  0(6)  . 

Page  164.  , 

D.  Willett  [144,  145]  it  found  the  components  of  velocity  on  the 
sarface  of  cone  with  accuracy  0(6*) , after  assuming  that  Stone’s 
theory  correctly  determines  pressure  on  the  surface  of  cone  and  the 
jump  in  entropy  during  transition  through  the  shock  wave  in  the  plane 
of  the  symmetry  of  flow* 

Since  Stone's  theory  corresponded  well  to  experimental  data,  was 
the  natural  *ish  to  correct  it  in  "vorticity  layer"  and  to  obtain 
thus  the  complete  s elution  of  problem.  The  formulas,  which  determine 
entropy  in  "vorticity  layer"  with  accuracy  0(6),  were  obtained  by  B. 
Woods  [146]  and  by  H.  Cheng  [ 147,  148],  formulas  for  the  remaining 
flow  parameters  are  B.  Woods  [ 149,  150].  However,  since  expansions 
(8.2)  do  not  represent  the  solution  of  problem  in  "vorticity  layer", 
but  the  boundary  conditions  Va  = V2  = V,  * 0 are  satisfied,  actually, 
when  e = e,  mere  doubts  of  the  validity  of  the  solution  of  Stone  (for 
example#  see  [149]).  The  substantiation  of  stone's  theory  (first  and 
second  orders)  was  given  by  b.  Bulakh  in  work  [118],  who  showed  that 
the  solution  of  Stone  with  the  boundary  conditions  Yt  * Tt  * ?,  * 0 
when  fl  = e represents  the  solution  of  the  problem  of  the  cone  of  the 
outside  "vorticity  layer",  by  thickness  0(6)  (in  more  detail  about 
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t the  thickness  "vorticity  layer"  it  will  be  said  later  than).  Was 

constructed  the  solution  of  the  first  order  [with  accuracy  0(6)  ] in 
"vorticity  layer"*  which  outside  it  transfer/converted  to  the 
solution  of  Stone  of  first  order.  This  solution  nade  it  possible  to 
base  the  theory  of  Stone  of  second  order  and  explained  the  reason  for 
the  appearance  of  logarithnic  special  featare/peculiarities  in 
foraulas  for  U2,  J3,  R2,  R3,  S2#  S,  when  0 = e. 
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Pig.  08.  Key:  (1).  Leading  stock  wave. 

Page  165. 

It  was  also  shown*  that  the  pressure  on  the  surface  of  coae  is  given 
by  Stone's  theory  correctly#  i.e.#  with  accuracy  0(6*)  inclusively. 
Let  us  note  that  the  substantiation  of  Stone's  theory  of  the  first 
order  was  Partially  carried  out  in  H»  Cheng's  work  [148]. 
subseguentiy  the  Solution  of  probles  in  "vorticity  lay®r"  with 
accuracy  0(6*)  was  obtained  by  A.  Hanson  [151]*  B.  woods  [152]  by  the 
aethod  of  the  coupling  of  asyaptotic  expansions  and  ya.  sapunkov 
[153]  the  sane  aethod  which  was  by  it  developed  for  hypersonic 
Speeds. 


In  all  previously  naaed  solutions  for  "vorticity  layer"  of  the 
line  of  constant  entropy  they  enter  in  point  d*  - o,  0 = r, 
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concerning  one  direction,  but,  apparently,  these  solutions  they  do 
not  befit  in  snail  vicinity  of  point  <J>  = u,  0 = e,  no  that  it  is  here 
necessary  to  introduce  its  expansion  in  terns  of  6. 


It  should  be  noted  that  the  theory  of  Stone  of  second  order  is 
very  bulky  and  not  always  does  lake  it  possible  to  conduct 
calculation  at  any  point  of  flow.  Fortunately,  at  present  K.  Babenko 
with  colleagues  [29]  by  establishaent  it  calculated  the  tables  of  the 
flow  about  the  cone  at  an  angle  of  attack  exceeding  the  tables  of 
copal  on  accuracy  and  ov«r  range  of  change  of  M,,  6,  e.  Stone's 
theory  retains  its  value  for  snail  6.  Solution  for  "vorticity  layer" 
froa  the  viewpoint  of  numerical  nethods  is  the  nost  inportant  part  of 
Stone's  theory,  since  by  finite-difference  nethods  it  is  very 
difficult  to  calculate  flow  in  "vorticity  layer",  and  alss  because 
this  solution  nates  it  possible  to  predict  those  cases  when  in 
solution  by  the  nethod  of  establishaent  occurs  a decrease  in  the 
accuracy. 

For  these  reasons  further  is  set  forth  only  the  theory  of  Stone 
and  solution  in  "vorticity  layer"  of  the  first  order.  (Exaaples  of 
calculations  according  to  stone's  theory  of  the  second  order  can  be 
found,  for  eXaaple,  in  [73])» 


8.2*  Theory  of  Stone  of  first  order.  The  theory  of  Stone  of 
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first  order  follows  as  special  ca®e  fro*  the  aethod  of  linearised 
characteristics*  presented  in  point/ite*  7.2.  If  we  assuM  0llb  = e, 
then  for  applying  the  Method  of  linearized  characteristics  it  is 
necessary  to  only  find  expansion  flb  in  Pourier  series  (7.  10)  for  the 
surface  of  the  cone,  inclined  to  a>gle  6 (See  Pig-  46,  47)  . 

page  166. 


It  is  easy  to  show  [116]  that  co**unication/connection  between 

coordinates  3,  * and  $0  <j>  is  given  by  the  formulas 

0 = 0 + 6 cos  0>  + y 0*  ctg  0 sin*  O'  + o (6s), 

<p  = <I>_  0ctg0sin<I>  + (8.3) 

4-  y 0*  sin  <I>  cos  <J>  (2  ctg*  0 + 1)  -J-  o (62). 

Since  os  the  surface  of  cose  0 = e,  fro*  (8.3)  we  obtain: 

0b  = e + 0cosq>  +o(6*),  i.#.,  0#b  = e,  0lb  = 6,  0,*,,  = 0,  ■ > 1,  and  in 

expansions  (7-4)  reaains  on  one  *e*ber,  who  contains  to  cos  ♦ or  sin 


In  Stone  the  unknown  values  are  u,  v,  w,  p,  p,  which  are 
represented  by  expansions  (8.2).  Let  us  note  that  the  coefficients  of 
these  expansions  satisfy  one  and  the  saw  eguatioss  both  in  the 
systea  of  coordinates  8,  «,  4 and  in  systen  R#  0,  <d.  These  equations 
will  be  extracted  with  the  necessity  for  the  adopted  he^e 
designations- 
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8.3.  Solution  in  "vorticity  layer"  of  first  order.  If  ••  instead 
of  entropy  s introduce  the  unknown  function  s * S[y(y  — and  to 

exaaine  the  case  of  ideal  gas,  then  equations  (1.  IS),  (1.2),  (1.5), 

(1.16)  accept  the  following  fora: 

Lx  = (««  _ F*)  sin  0F.  - (VF*  - a*)  VF®  - 
-FVF(  sin0VF,+  F®)- 
— ( F*  + W*  — 2a*)  u sin  0 -f  a*F  sin  0 = 0, 

Lt  = sin  0Fue  + JFu®  — sin  0 (F*  + IF2)  = 0, 

Lt  = sin  0Fs6  + VFa®  = 0, 

Lt  = sin  0FVF,  — a2*®  — uu®  — FF®  + 

+ W (sin  0u  -f  oos  0F)  = 0, 

a*  = (F“P  — u*  — F*  — IF*). 

Outside  "vorticity  layer"  the  paraeeters  of  gas  search  for  in  the 
fora  of  expansions  (8*2)  • aor«o.ar 

t — s9  -f  6^!  cos  <D  + 6*(s»  + s3  cos  2<D),  (8.5) 

where  . 

si  = TW_i,  T^i). 

**  = t (^ — i)  (t RI~tp*  + p*  - rR*} 

Page  167. 


Substituting  (8.2),  (8.5)  in  L3  = SK  0 systea  (8.4),  we  will  obtain 

*t»  — 0,  *|,  = 0,  t|«  ——**»=  2v,  tin  0 ' 

Let  us  subsequently  designate  the  value  of  function  when  0 = e by  a 
superscript  cross:  /(e)  = /*. 


In  the  vicinity  of  point  0 =■=  e «e  have 


DOC  * 78026608  PAGE 

IV* 

Vt  = - 2Ua  (0  - e)  + 0[(0  - e)*J, 

therefore  from  (8.6)  we  will  obtain  In  this  vicinity 

_ 4-^J7ln  (0  - e)  + 0(1).  (8.7) 

Let  us  find  now  the  solution  of  system  of  equations  (8.4)  in  vicinity 
0 = e and  let  us  require  so  that  outside  this  vicinity  it  would  be 
converted  into  the  solution  of  Stone.  During  the  determination  of 
solution,  let  us  make  the  assumptions  which  will  be  checked 

i 

subsequently: 

1.  The  components  of  velocity  vector  in  the  case  of  the  inclined 
cone  differ  from  the  appropriate  components  with  6 * 0 by  values 
0(6). 

2.  Theory  string  is  correctly  determined  tf  with  accuracy  0(6) 
everywhere . 

3.  Is  realized  diagram  Perri's  flow  about. 

From  these  assumptions  and  expansion  (8.2)  it  follows  that  in 
▼ iciaity  0 = e the  coaponent  of  velocity  V can  be  presented  in  the 
fora 

W - tin  <D  + 010(0  - •)'*]  + o (0),  (8.8) 


r 


J 

f ■ 


I 

t 
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while  fro*  equation  l4  * of  0 systea  (8.4)  we  will  obtain 
V = - 2 £/?  (0  - e)  + Ol(e  - e)*J  + 0 16(0  - e)l.  (8.9) 

end  section. 
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The  first  of  two  lenbers  in  (8.9)  are  V0;  last/latter  ten  appears 
because  o£  the  slope/inclination  of  cone,  substituting  (3.8)  and 
(8.9)  into  equation  Lj  * 0 of  the  syste*  (8.4),  we  will  obtain  this 

equat  ion: 

sine{  - 2Uo  (0  - e)  + O[(0  - e)*J  + 0(0(0  - e)]}«,  + 

+ {0^  sin<D  + 0(0(0  - e)‘/-J  + o(0)  } = 0, 

(8.10) 

which  after  the  deletion  of  low  values  fro*  coefficients  it  is 
possible  to  write  in  the  for* 

W* 

(0—  e)«i-f  0A-  sin O*®  = 0,  h= ^ >0.  (8.11) 

2 U 0 sin  s 

The  evaluation  of  the  effect  of  the  reject/thrown  terns  will  be  *ade 
later. 

The  general  solution  of  equation  (8*11)  takes  the  for* 

C-}±£j-(e  -•)*».  (8.12) 

When  9 - £ * 0(6)  C can  be  decoaposed  in  power  series  in  5: 
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r - L±“S®  «•*»•■■<•-•>■  [1  + 2Mln  (6  -e)  + . . .]. 

(8.13) 

If  Stone's  theory  is  still  accurate  when  e _ e ==  (0(6),  the  expression 
(8.12)  should  be  transformed  with  6 — e = =0(6)  to  a Stone  solution. 

Expanding  expression  s - sc  from  (8.12)  into  a series  according 
to  degrees  & with  0 — e = 0(6) taking  into  account  (8.13)  we  will  obtain 


,/l+COS«>\  j_ 

by  equalizing  the  first  tsra  of  this  expansion  to  the  first  tern  of 

expansion  for  s - s0  in  the  solution  of  Stone  (8-5),  we  hiwe 


/ fi  + eos<n,  . _ 

^ 'r^coso>) = 


/ (t)  — . 


(8.14) 
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Thus, 


s — s0  —bsl  -(-  q. 


(8.15) 


If  we  decospose  s - ss  (see  (8.15))  in  a series  according  to  degrees 
6 when  0 - £ = 0(6),  we  will  obtain 


* — *o  = 6*x  cos  <D  -f  6*  £ y In  (0  — e)  — 1“  (®  — e)cos  2d1  j + 

+ 9 + o(6*).  (8.16) 


If  we  consider  expression  (8.11)  for  h and  foraulas  (8.5),  (8.7), 


r 


% 
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then  of  (8.16)  it  follows  that  g * 0(6*)  when  0 - £ = 0(6)  . 
Substituting  (8.15)  in  (8.10),  we  will  obtain  equation  foe  q in  the 

torn 

(0  - e + Ol(Q  - e)*J  + 0(6(8  - e)]}  g,  + 

+ {AainO  + 0(6(0  - e)'/.J  + 0(6)}g®  = O|6*(0  - «)*«(, 

along  characteristics  of  which  are  fulfilled  the  equalitias 
d(9-t)  _ 

<0  - • + 0[<e  - *)‘J  + 0(6  (6  -e)]} 

_ <M> dq 

~ (h  Bin  0>  + 0(6(0  -*)■'•]+*(«)}  ~~  0|6‘ (»-«)*“]'  ' 

Hence  g it  is  possible  to  express  in  the  fora 

g =_  C 0 (6*  (0  - e)***'1]  d9  + q*  (0.  <D). 

Here  the  integral  is  taken  in  tens  of  the  line  of  constant  entropy, 
passing  through  the  point  (£,  0 *)  , where  0*  - £=0(6)  ani  q * = 
0(6*). 
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Since  the  lines  of  constant  entropy  on  single  sphere  take  the  fora, 

0 — 8*  = 0(6),  to  g =*  0(6*) 

depicted  on  Pig.  48,^  with  0 ^ 9 - £ < 0(6),  and  fornula  (3.15)  is 


written  in  this  fora: 


s — s0  = 6s  j j _j_  j +0(0*). 
O<0-e<O(6), 


c 


1 -f  cos  <t> 
1 — cos  <J) 


(0  — e)*'1* . 


(8.17) 


J 

4 


y *•* 
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Let  us  find  now  the  components  of  velocity  u in  "vorticity 
layer".  Let  us  present  u here  in  the  form  u = U0  «•  0*.  Prom  equation 
L*  = 0.  (8.4),  and  the  made  assumptions  it  follows  that 

«*«  i 

w = *•  + 7E7  U*  + 0 1*  (6  “ •>*!  + «*)•  (818) 

Substituting  (8.18)  in  Lg  - 0,  Lj  = 0 and  reject/throwing  low  values, 
«e  will  obtain 

sin  t 2U0  (0  — e)  V % -f-  /—  0 — j<j>  -f  sine  Uq>  = 

\t/0x  sin  • / 

= 9iat(uf^s<t,  + ^u*)’  (8‘19) 

(aX2  \ 

— x-°-~  s*  + -n^T^®)s®  = 0. 

U0X  sin e sue  J 

(8.20) 

Multiplying  (8.20)  bjfaJJ*'  / o£  sinf),  a (8.19)  - on  1 / sinf  and  by 

store/adding  up,  we  win  obtain  the  equation 

- sm  e 2(/»x  (0  - p)  5*  + TCI  U*  ) = 0. 

Pa  ge  171. 

Hence,  after  the  aquating  of  zero  bracketed  expression,  it  follows 

U'=--^\*-*o)  + H(<D), 

where  H (£)  - arbitrary  function^.  It  is  nor*  determinable  of  the 
condition  that  u when  0 -£t0(6)  is  converted  into  the  expression, 
given  by  the  theory  of  Town.  Let  us  assume 
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then 


U'  — u—  U0  = — j—  (s  — s„  — 6sx  cos  Q>) 

"o 

+ fi(/r*cosd»-f0(6l), 


(8.21) 


where  s - s0  is  given  by  formula  (8.17).  Estimation  0(52)  in  (8.21) 
can  be  obtained  analogous  with  estimation  for  s - s0.  if  we  present 
in  V in  "vorticity  layer"  in  the  form  V = V0  ♦ V',  then  of  the 
equation  = 0 follows  the  fornula: 

r.fi'3* 


sin  e 2U  )dQ  o(dJ), 
• 1 


(8.22) 


with  the  aid  of  which  it  is  possible  to  determine  T in  "vorticity 
layer",  pressure  p,  as  it  was  already  noted,  is  correctly  determined 
by  the  solution  of  Stone  in  "vorticity  layer".  If  we  p in  "vorticity 
layer"  present  in  the  forn  p = H0  ♦ H‘,  then  from  the  equition  of 


Bernoulli 


u»  -f-  p + w*- 


V* 


+ ih-f--r  <8'23) 


we  will  obtain 

R'  = tP.R,  + 1=1  U0R\  P?  U'  + O (6*)  = 


t>P xx  RZ  + ^ t/.x  Rf*  IzU'+O  («*).  (8.24) 


*oX 


It  is  checked  now  the  assumptions,  made  during  the  determination  of 
solution  in  "vorticity  layer".  From  formulas  (8.8),  (8.17),  (8.21), 
(8.22)  and  (8.2fl)»  that  determine  the  solution  in  "vorticity  layer". 


follows  that  flow  parameters  differ  from  the  parameters  feast  6 * 0 
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Let  us  show  that  V is  determined  by  *irst-o-der  of  Stone 
theorw  correctly.  ffror"  formulas  (B.lT',  'Q.21'  it  follows 

that  V in  "vorticitv  la ver"  is  ~enresented  bv  the  exoression 


W = — sin 


/ <zx2  \ 

0-4-/-^,  + (/,*)  + 0[6  (0  -e)V.]  +0(6). 
sine  ^ u*  f 

(8.25) 


Let  as  show  that  fornulas  (8.25)  and  (8.8)  are  identical.  Let  us 
find  0 1 • Bernoulli's  notation  of  equation  (3.23)  for  a flow  about  the 
inclined  cone,  deducting  fro»  it  the  equation  of  Bernoulli  for  6=0, 
by  substituting  in  the  result  of  expansion  (8.2)  and  by  equalizing  to 

zero  coefficient  when  6,  we  will  obtain 

UtUt  + V0V1  + jj-  (Pi -Pi)  = 0. 

whence  when  8 - £ it  follows 


it* 

U'  “7-  1 Of 

By  substituting  U[,  ty,  (8.5)*  in  '8.25\  we  will  obtain 

.X!pX 

. “n  ■*  1 a . a . • .a  v.i  ■ . / • v in  nn v 


W'-A- 


I/X  T sin  * 


sin(D  + O[6(0-e),'>]  + o(6).  (8.26) 


>e  convert  M,  given  by  Stone's  theory.  Equation  (1.7)  fron  work 
[118]  in  the  adopted  here  designations  takes  the  forn 

dU„  iWi  I n dU»  fl\  w _ 0 

So  rfT4  v*  + So  ct? 0 j Wl  -friiT?"0- 


Since 


in  vicinity  8 


W = Vo  - ~ 2 Uf  (0  - e)  + 0[(0  _ e)'J 

£,  of  this  eqnntion  it  follows  that 

-XtpX 

= *x~~—  + O[(0  -«)■'*]  (8-27) 

TU,  ain  « 


I 


V 1 
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in  vicinity  9 = £ . 
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Consequently,  (8.8)  it  is  possible  to  present  in  the  form 

aXtpX 

w = t>  sin  ® + 0(6(0  — e)"»J  -j-  o (6).  (8.28) 

t£/j  sue  ' 


Comparing  (8.26)  and  (8.28),  we  establish/install  th;ir 
identify,  lie  investigate  the  behavior  of  line  of  constant  entropy 
near  the  surface  of  cone  in  the  obtained  solution.  From  formulas 
(8.17)  we  will  obtain 


s — Sq  ” 6s 


(M-cosO))  +cos<t>-_l  + 0^t) 

1 (l+cos®)  (0  — e)^  — cos0>  + 1 


h>  0. 
(8.29) 


When  = n and  on  the  surface  of  the  cone  where  9 =£,  from  formula 
(8*29)  we  obtain  s - s„  = -os,  ♦ 0(6*);  with  = 0 we  have  s - sD  = 
os,  ♦ 0(62)  (n®q)  3 lines  s = c°nst  converge  into  point  ^ * 0,  * = £, 
since  according  to  (8.29)  the  equations  of  lines  s = const  in  the 
vicinity  of  point  * =£  , 0 take  the  form 


0 — e=.  £ 


i+*JI*sr 
2(1-  k)J 


i 

<I>  + 


k = 


* .— * — const. 

6*i 


Thus,  in  the  obtained  solution  is  realized  the  diagram  Ferry's  flow 
about.  The  substantiation  of  the  validity  of  the  theory  of  stone  of 
outside  "vorticity  layer"  is  carried  out  in  work  [118]. 
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8-4.  Final  observations.  The  order  of  the  thickness  "vorticity 
layer"  can  be  determined  more  strictly  as  follows.  If  values  s - s0, 
given  by  the  solution  of  Stone,  are  designated  (s  - s0)c  , and  s are 
s0  for  "vorticity  layer"  - (s  - s0)g  , then  let  us  agree  to  consider 
that  point  (0,  <£)  it  belongs  (it  does  not  belong)  "vorticity  layer", 

if  1-  (*-**)c  . 4 , 4 \ 


Page  174. 

As  can  be  seen  from  formulas  (8.17),  this  requirement  is 

equivalent  to  the  condition  that  for  the  point  "vorticity  layer” 

lim  (9  — e)M=k  1, 

a-© 

c 

0 — e = 0 (e~  1 ),  C>  o. 

C 

Thus,  the  thickness  "vorticity  laymc"  is  of  the  order  i 0(e  *). 

The  indicated  approach  to  the  determination  of  the  order  of  the 
thickness  "vorticity  layer",  although  it  is  strict#  is  to  a 
considerable  extent  formal,  since  always  it  is  necessary  to  deal  not 
with  infinitesimal,  but  with  final  6.  On  the  boundary  "vorticity 
layer"  (a  -£)  *hS  must  differ  little  from  unity;  therefore  it  is 
possible  to  assign  the  number,  close  to  unity,  for  exampla,  0.95,  and 

the  thickness  "vorticity  layer"  to  deteraine  froa  the  coalition 

(6  _ ,)**»=  0,95 
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In  each  specific  case. 


For  values  2h6  < 1£#  = - »hen  0 =£  and  the  derivatives  ua,  p9, 
s«  go  to  infinity  on  the  surface  of  cone,  since  u#,  , sft  = 0 [ (0  -£ 

) zh6-»  ] when  0 — » £ , C H 0 = 0 [ (0  -£  ) ~ »/>  ],  0 — » £.  } • This 
fact  impedes  the  application/use  of  finite-difference  nethods  and  can 
lead  to  the  loss  of  accuracy  in  the  results  of  calculations  with 
small  2h6,  since  t he  lov  accuracy  of  the  approximation  of  the 
derivatives  u##  p#,  s*.  in  "vorticity  layer"  by  finite  differences 
manifests  itself  the  solution  outside  "vortex/eddy  layer.  After  the 
nonlicked  off  transformations  2h6,  it  is  possible  to  present  in  the 
form 


2 hf>  = 


-6/>* 


fsin’e 


(8.30) 


First-order  of  the  solution  of  Stone  comparison  with  the  results  of 
experiments  and  calculations  according  to  the  method  of  establishment 
shows  that  expression  p/p0  * 1 ♦ dp,  cos  well  determines  pressure 
on  the  surface  of  cone  at  = 135°-150°;  therefore  value  - 6pf  can  be 
replaced  with  the  expression 


page  175. 


Then  finally  for  2h6  we  obtain  the  formula 


= 0*  0*6.).  If  we  use  the  tables  of  the  flow  about  the  cone  [29],  to 


designate  by  indices  1,  2,  3 values  of  flow  parameter  on  the  surface 
of  cone  and  those  who  follow  the  nearest  to  the  surface  of  cone 
node/units  riding-crops  during  by  finite- difference  aethoi,  then  it 
is  possible  with  the  aid  of  foraula  (8.31)  to  compose  for  (J>  * 90° 
following  table:. 

Tables  3. 


Froa  this  table  it  is  evident,  that  in  the  najority  of  cases  2h6 
< 1 and  that  in  certain  cases,  for  example,  with  «i  = 3,  £*  350,  6 = 
5°,  the  density  p sharply  changes  near  the  surface  of  cone. 

In  such  cases  the  accuracy  of  solution  will  be,  undoubtedly  it 
is  lower  than,  for  example,  in  the  case  * 2,  £ * iQo,  5 = 2°30* . 
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From  table  it  is  also  evident  that  value  2h6  determines  the 
character  of  change  p in  "vorticity  layer":  than  less  2h6,  the 
sharper  changes  hare  p and  the  lesser  the  accuracy  should  expect  from 
solution  by  the  nethod  of  establishment  with  the  fixed/recorded 
distance  between  mesh  points. 

Page  176. 

A good  coincidence  of  pressure  p,  calculated  according  to  method 
of  operation  [29]  on  the  surface  of  cone,  with  results  of  experiment 
does  not  serve  as  the  guarantee  of  the  accuracy  of  solution,  since  p 
on  the  surface  of  cone  is  sufficiently  accurately  determined  even  by 
the  easiest  methods;  see  [ 154,  155]. 

Let  us  note  that  "vorticity  layer:"  exists  also  on  tha  conical 
bodies,  which  differ  little  from  round  cone. 

Name  "vorticity  layer"  on  the  whole  correctly  reflects  the  flow 
pattern  near  the  surface  of  cone,  since  in  the  majority  of  cases  u#  = 
-,  9 * £ , which  indicates  the  powerful  eddying  of  flow  neir  the 


surface  of  cone 
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§9.  Flow  about  the  conical  bodies  with  flow  breakaway. 


9.1.  Preliminary  observations.  The  exper imental  studies  of  the 
flow  pattern  of  conical  bodies  of  the  uniform  supersonic  flows  of  gas 
showed  that  under  specific  conditions  the  flow  blows  away  from  the 
surface  of  the  streamlined  bodies*  forming  complex  vortax/eddy 
systems.  Since  the  large  role  in  the  formation  of  detached  flows 
plays  the  viscosity  of  gas,  in  the  general  case  the  conical  character 
of  flow  is  disrupted,  however,  in  a series  of  important  special 
cases,  separated  flow  retains  conical  symmetry  and  just  as  in 
two-dimensional  problem  of  hydrodynamics,  appears  the  possibility  of 
its  study  at  the  basis  of  the  equations  of  nonviscous  gas.  Is  most 
well  investigated,  as  it  is  experimental,  so  also  theoretically,  the 
case  of  the  delta  wing.  For  this  reason  subsequently,  we  will  be 
restricted  to  the  examination  of  the  flow  about  the  delta  wing,  after 
demonstrating  on  this  problem  those  methods  which  are  utilized  to 
account  for  flow  breakaway* 


In  work  [|13]  are  systematized  the  experimental  data  on  the 
possible  types  of  the  flow  about  the  delta  wing  at  the  moderate 
angles  of  attack. 
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Page  177. 

Before  tra nsfer/con verting  to  the  analysis /select ion  of  these  types 
of  flow,  let  «s  note  that  for  wings  vith  blunted  leading  edges  the 
flew  can  break  itself  both  along  an  entire  leading  edge  (at  high 
angles  of  attack)  and  along  the  part  of  the  leading  edge  (at  the 
■oderate  angles  of  attack) ; in  this  case  is  disrupted  tha  conical 
character  of  flow  (are  possible  and  the  aore  coupler  types  of  flows) . 
For  wings  with  sharp  leading  edges,  the  flow  blows  away  along  an 
entire  edge,  forming  conical  flow.  Since  us  it  interests  the 
possibility  of  the  reliable  use  of  methods  of  conical  flow  theory  in 
the  problem  in  question,  it  is  necessary  to  stop  at  wings  with  sharp 
leading  edges. 

The  flow  about  the  sharp  leading  edge  of  the  delta  wing  in  many 
respects  is  similar  to  the  flow  about  the  sharp  leading  edge  in 
two-dimensional  problem  of  gas  dynamics;  therefore  it  is  expedient  to 
examine  also  flow  in  the  plane,  perpendicular  to  leading  wing  edge. 
Let  us  designate  for  this  flow  angle  of  attack  by  6y  and  the  nach 
number  of  the  undisturbed  flow  by  For  a triangular  plate  6^  and 

Hi^,  they  are  determined  in  the  absence  of  slip  along  the  formulas 


T ■ 
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M,  „ — M^os  A y 1 sin*fl  tg*A,  J 
where  6 is  an  angle  of  attack  of  wing,  - the  angle  of  its  sweepback 
[ (w  - 2J\)  - apex  angle  of  plate],  Ht  - a Mach  nuaber  of  undisturbed 
flow. 


f i ) CfepHt/fa/uuca  fraliuu  cuavon  c6sphu6u/uucx 
' /fuzoeSot/ arou  W //wamtvw*  gaxpeffou  ami  ^ 

(C) 


Cnavon  ~ 
ynnomneHu. * ft) 


(J 

impt/O  noma  up 
ta/70  ocHOffamu) 


Key:  (1).  Boiled  up  vorticity  layer.  (2).  Beak  shock  wave.  (3).  Line 
of  connection.  (4)  . Breakaway  of  flow  about  the  basis/basa  of  junp. 
(5).  Secondary  breakaway. 


Page  178. 

Let  us  note  that  for  narrow  wings  6^  at  the  Moderate  anglas  of  attack 
is  considerably  aore  than  6,  for  exaaple,  for  TV  = 80°  and  6 = 8.2°  6^ 
- 40®;  for  TV  * 75®  and  6 = 15°  6 ^ * 46°. 


r -- 
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Figures  49a-d  depicts  the  basic  types  of  flows  about  fine/thin 
delta  wing  with  sharp  leading  edges  at  the  moderate  angles  of  attack 
[113],  At  the  low  angles  of  the  attack  6 of  noticeable  flaw 
breakaway,  it  d0es  not  occur  (see  Fig.  49a).  With  large  5 the  flow 
blows  away  from  the  leading  wing  edges  and  forns  vorticity  layer 
which  are  coagulated  spirally  above  suction  side  of  wing.  Because  of 

l 

a pressure  drop  about  leading  edge,  appears  the  secondary  breakaway 
of  flow  (see  Fig.  49b)  . 

In  lore  detail  this  case  is  depicted  on  Fig.  43.  At  smaller 
sweep  angles,  the  vorticity  layer  is  connected  to  surface,  forming 
the  "locked"  region  like  by  that  that  is  in  two-dimensional  problem. 

At  large  values  of  nt,  »hen  > 1,  flow  is  connected  to  leading 

edge  and  above  suction  side  of  wing  is  formed  the  weak  shock  wave 
(Fig.  49c)  , which  an  cause  flow  breakaway  about  its  basis/base  (Fig. 

49d). 

Besides  these  basic  types  of  flow  about  fine/thin  wings,  are 
possible  mongrels,  for  example,  when  shock  wave  is  formed  above  the 
rolled  up  vorticity  layer  (Fig.  49b,  etc* ) • 

The  most  complex  flows  appear  in  cases  when  < 1.  Here 
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appears  local  conical-supersonic  zone  near  wing  edge,  with  weak  shock 
waves,  and  saall  separating  zone.  Let  us  designate  flows  of  this  type 
by  symbol  b-d.  Foe  "thick"  wings  (or  at  high  angles  of  attack)  in  the 
case  of  H|^  > 1,  when  shock  wave  canno  be  that  which  was  connected 
to  pressure  side  of  wing,  near  edge  also  appears  local 
conical-transonic  region  with  the  detached  powerful  shock  wave  and 
are  possible  flows  of  the  type"  a"  or  b (Fig.  49)  » sometimes  with 
shock  Wave  above  the  rolled  up  vorticity  layer.  Later  we  will  return 
to  the  analysis/selection  of  the  types  of  flows  in  cases  when  leading 
wing  edges  supersonic  (H,^  >1)#  and  here  let  us  be  interested  in 
flows  of  the  type  b and  b,  c,. 

Page  179. 

Work  [113]  gives  the  experimental  data  from  which  it  follows 
that  the  boundary  between  the  flows  of  types  b and  b-c  barely  depends 
on  Reynolds  number  of  undisturbed  flow;  moreover,  if  6 > 2°,  < 

0.6  ♦ 0.2  6j/,  then  is  realized  flow  of  the  type  b (Fig.  49);  if  nlt/  > 
0. 8 ♦ 0.2  6|/,  then  occurs  flow  of  the  type  b-c;  between  these 
boundaries  lie/rests  the  transition  region  where  are  possible 
mongrels  of  flows.  (Experiments  [113]  are  carried  out  at  values  6 ^ 
and  Hl//#  which  they  satisfy  the  conditions:  2°  < 6^  < 40®,  0.2  < 


< 1.5) 


I 
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>•  In  view  of  large  complexity  of  flows  for  types  b and  b-c 

I 

theoretical  results  are  obtained  only  in  those  cases  when  the  rolled 
up  vorticity  layers  play  the  main  role  in  shaping  of  flow  about  wing 
and  when  their  effect  can  be  disregarded.  In  the  latter  case  is 
utilized  at  the  moderate  angles  of  attack  the  linear  theory  (for 
example,  see  [3]),  in  which  the  lift  coefficient  of  wing  is 
proportional  to  angle  of  attack  6.  For  the  narrow  wings  of  values  CL, 
obtained  from  experiment,  they  are  obtained  greater  than  gives  linear 
theory  (theory  of  the  elongation  of  dzhonsona  - Ward’s  bodies)  and  CL 
already  depends  on  6 nonlinearly.  In  work  [156]  is  communicated  about 
experiments  with  N - 1.9  and  values  v/2  ~ Si.  = 5°-31°,75  on  the  models 
which  had  very  sharp  leading  edges  and  for  which  the  parameter 

1 k'  — ctg  Actga^^A^tga,  = = (Mi~  1 )v,l« 

varied  fron  0.141  to  1.00.  The  disagreement  between  results  of 
experiments  and  by  values  c^,  gi*en  bY  linear  theory,  became 
noticeable  (more  than  5o/o)  , when  k'  < 0.3  and  6tg  > 0.5. 

These  numerals  can  serve  as  reference  point  for  the 

| 

determination  of  those  values  of  the  parameters  of  wing  and 
undisturbed  flow  in  which  is  realized  the  flow  of  the  type  b (Fig. 

49)  . 

The  first  attempt  at  the  determination  theoretically  of 

J 


i 
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dependence  on  6 for  a triangular  plate  in  the  case  of  b (Fig.  49) 
was  conducted  by  R.  Legendre  [ 111], 


Page  180. 


Since  the  wing  was  assumed  to  be  narrow  and  angles  of  attach  small, 
was  applied  the  known  theory  of  dzhonsa  - Ward's  extended  bodies  (foi 
example,  see  [121]),  in  which  the  modified  velocity  potential  of 
disturbance/pertur bation  *0  [see  point/item  9.1]  it  satisfies  the 
equation  of  Laplace  in  each  plane,  the  direction  of  standard  to  whicl 
coincides  with  direction  of  undisturbed  flow  or  is  close  to  it;  in 
figure  50a,  is  selected  the  coordinate  system,  connected  with  the 
surface  of  the  triangular  plate,  estab lish/iastalled  at  Law  angle  of 
attack  6;  therefore  with  taken  accuracy^? + 0tIn  view  of  the 
conical  flow  pattern,  is  sufficient  to  examine  one  of  the  planes  z = 
const,  for  example,  z = 1 on  Fig.  50b. 


The  coagulated  vorticity  layers  Legendre  schematized  by  two 
isolated/insulated  vortex/eddy  threads  (intensity  of  which  was 
proportional  to  apex  distance  of  wing). 
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Pa  ge  181. 

Then  the  problem  of  determination  of  *0  in  plane  z - 1 in  accuracy 
coincided  with  tha  problea  of  determining  the  velocity  potential 
during  the  flow  of  incompressible  flow  about  the  plate  whose  speed  at 
infinity  was  equal  to  Tt6  and  directed  perpendicular  to  the  surface 
of  plate*  in  the  case  when  after  plate  are  formed  two 
isolate/insulated  eddy/vortices-  (If  we  utilize  a continuous 
operation  of  coordinates,  as  is  done  in  monograph  [121],  then  is 
obtained  the  problem  of  the  motion  of  plate  in  the  quiescent  liquid 
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with  a speed  of  VjS).  The  solution!  of  this  problem  is  conducted  by 
the  methods  of  the  theory  of  complex  variable  functions,  developed 
for  two-dimensional  problea  of  hydrody naa ics,  and  it  is  not  connected 
with  great  difficulties.  Central  place  in  this  theory  are  those 
assumptions  froa  which  they  are  determined  the  circulation  of 
eddy/vortex  g and  of  its  coordinate  xc,  yc  (word  goes  on  the  strength 
of  syaaetry  about  flow  with  x > 0).  One  Condition  for  daternining  g, 
xc.  yc  is  obtained  froa  the  reguireaent  for  the  finiteness  of  speed 
on  the  edge  of  plate  (flow  snoothly  it  converges  froa  edge),  an 
additional  two  conditions  are  obtained  froa  the  assumption  that  the 
vortex  filament  moves  together  with  flow,  i.e.,  velocity  vector  for 
the  points  of  filaaent  is  directed  along  filaaent.  This  condition 
(after  linearization)  determines  the  composite  speed  in  point  t^  * x^ 
♦ iyc  for  flow  on  plane  t = x ♦ iy  (z  - 1 ) . This  speed  is  egual  to 

Vjtc« 


The  foraulated  conditions  are  sufficient  for  deteraination  g» 
jc  and  problea  becomes  determined-  However,  Nak  K.  Ada  as  noted 
[157]  that  Legendre  too  simplified  the  picture  of  flow,  in 
consequence  of  which  in  expression  for  pressure  appeared  log  tera 
froa  t - tc,  and  it  became  multiple-valued  function.  If  wa  formally 
introduce  on  plane  t the  cut/section,  which  connects  eddy/vortex  with 
the  edge  of  plate,  then  pressure  on  it  will  suffer 

discontinuity/interruption  after  circuit/bypass  around  eddy/vortex. 
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Physically  this  indicates,  that  even  so  eddy/vortices  theaselves  will 
not  beat  power  load,  entire  vortex/eddy  systea  is  not  free  froa  it. 

Page  182. 


For  these  reasons  and  the  expression  for  CLis  obtained 
aabigaoas;  it  takes  the  fora 


(9.2) 


where  X is  wing  aspect  ratio  [X  * * ctgj^,];  k « 1 ♦ \/i  A/”  2. 

cj_  calculate  according  to  the  distribution  of  pressure  (Alans 
corrected  the  available  at  Legendre  Miscalculation  cL) , or  h 
if  we  CL  calculate  according  to  the  aethod  of  Hunk's 
ao aentua/iapulse/pulses. 


if  we 
4»/3. 


A further  iaprovenent  of  the  aodel  of  the  flow  of  Legendre  aade 
R.  Edwards  [158],  and  also  K.  Braun  and  0.  Haykya  [159],  They 
introduced  into  exaaination  planes  vorticity  layer,  the  connecting 
vortex  filament  with  leading  edges  (see  Fig.  50d)  , and  they  required 
instead  of  satisfaction  of  the  condition  of  the  absence  of  the 

I 

forces,  acting  on  vortex  filaaents,  the  equality  of  zero  resultant 
force  acting  froa  liquid  on  entire  vortex/eddy  systea.  This  condition 
gave  for  coaposite  speed  in  point  tt  another  value  (equal  to 
Vj  <2tc  -b) ) , and  expression  for  CL  took  the  fora 


(9.3) 
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Comparison  with  experiment  showed  that  formula  (9.3)  qualitatively 
correctly  determines  change  Ct  with  an  increase  6,  but  increase  Cuis 
obtained  excessive.  The  theory  of  the  extended  bodies  where  Cu  * v/2 
X6,  gives  decreased  values  for  CL. 

The  quantitative  coincidence  of  values  CL,  determined  in  formula 
(9.3) , with  experimental  values  is  observed  only  for  very  narrow 
wings  (i\.-  85®).  This  fact  is  explained  by  the  fact  that  Eor  wings 
with  large  spread/scopes  the  rolled  up  vorticity  layers  occupy  the 
considerable  region  above  the  wing  surface  and  schenatizat ion  by 
their  vortex  lines  becomes  too  rough.  A following  space  in  the 
development  of  theory  made  K.  Rangier  and  D.  S»ith  [119];  they 
utilized  the  model  of  flow,  in  which  is  considered  the  form  of  the 
vorticity  layers,  considered  as  contact  discontinuity/inta rruptions 
(Fig.  50b) . (The  problem  of  determining  in  plane  z * 1 cannot 
already  be  considered  as  problem  of  the  steady  flow  of  plate  with  the 
spiral  vorticity  layers,  which  begin  on  its  edges,  due  to  a 
difference  in  the  conditions  on  vorticity  layers). 

"S 
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For  Rangier  and  Smith  it  was  not  impossible  to  fully  solve 
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stated  problea,  since  the  fora  of  vorticity  layers  it  was  necessary 
to  postulate,  but  the  entering  the  solution  paraaeters  to  deteraine 
by  the  satisfaction  of  conditions  on  vorticity  layers  at  isolated 
points.  However,  this  theory  is  aost  ideal  froa  those  who  exist  (of 
resting  on  the  theory  extended  bodies) , and  its  basic 
condition/positions  will  be  presented  further. 

The  results  of  the  theory  of  dangler  and  Saith  do  not  depend  on 
the  Hach  nuaber  H,  of  the  incident  to  wing  flow  (and  other  authors's 
results#  which  w«r®  resting  on  the  theory  of  the  extended  bodies)* 
However,  froa  experiaent  it  is  known  that  the  vortex/eddy  systeas 
above  the  wing  with  aa  increase  Ht  (or  by  an  increase  in  the  wingspan 
with  that  which  was  fix/recorded  Ht)  "are  pressed"  against  the  wing 
surface  and  the  type  of  flow  gradually  changes,  approaching  type  b-c 
of  figure  49.  Por  this  reason  the  theory  of  Rangier  and  Saith  is 
suitable  only  for  narrow  wings.  The  effect  of  nuaber  H,  on  streaa 
conditions  about  triangular  plate  was  registration/accounting  by  L. 
Skvaer  [16  0]. 

If  Rangier  and  Saith  atteapted  to  aost  coapletely 
include/connect  in  the  theory  of  the  part  of  flow  about  wing#  then 
Skvayer  following  D.  Kyukheaan's  idea,  was  exaained  certain  averaged 
picture  of  flow.  The  rolled  up  vorticity  layers  above  the  wing  are 
led  to  a pressure  drop  in  the  vicinity  of  leading  wing  edges.  The 
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I sa«e  phenomenon  will  cause  an  increase  of  the  local  angle  of  attack 

in  soae  vicinities  of  leading  edges. 

D.  Kyukheaan  exaaines  certain  auxiliary  airfoil  at  vtose  local 
angle  of  attack  changes  abruptly:  on  one  part  of  the  wing,  it  is 
equal  to  6t  - const,  on  another  6*  * const.  Values  of  6,  and  6 z are 
located  froa  the  conditions  of  the  finiteness  of  speed  on  leading 
edges  and  the  condition  that  the  aean  incidence  of  the  auxiliary  ' 

airfoil  is  equal  to  the  angle  of  attack  of  the  assigned  wing,  i.e. , 

« = 6,-Xo  t«  A + 6,  (1  — *0  tg  A), 

where  x0  there  is  e coordinate  of  point  on  plane  s • 1,  where  occurs 
the  discontinuity/interruption  of  local  angle  of  attack. 

Page  18h. 

For  determination  x0,  is  nade  the  assuaption  (actually,  arbitrary), 
that 

x, tg A = 1 — 2-5-  , 

i.e.  the  line  of  discontinuity  the  local  angle  of  attack  of  the 
auxiliary  airfoil  is  aoved  froa  leading  edge  to  the  central  line  of 
the  wing  when  6 grow/rises  froa  0 to  v/2. 


Kyukheaan  acted  within  the  fraaewotk  of  the  theory  of  the 
extended  bodies;  Skvayer  utilized  foranlas  of  linear  theory  and 
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obtained  in  the  final  analysis  a good  coincidence  of  theoretical  and 
experiaental  results  (see  Section  9.3). 


The  infornation  about  quite  last/latter  works  in  this  region  can 
be  found  in  report  [161]. 


9.2.  Results  of  theory  of  extended  bodies  for  triangular  ; 

plastic.  Following  K.  Rangier  and  D.  Snith  [119],  let  us  axaaine  the  ‘ 
narrow  triangular  plate  with  sweep  angle./^,  placed  into  the  unifora 
flow  of  the  gas,  which  has  Speed'S/^,  at  low  angle  of  attar  k 6 without  ‘ 
slip  (Fig-  51). 

The  axes  of  the  Cartesian  systea  of  coordinates  Otxyz  are 
selected  so  that  the  wing  lie/rests  at  plane  y * 0,  and  axis  0tz  is 
directed  along  its  central  line.  The  flow  of  gas  of  outsile  vorticity 
layers  is  considered  irrotational*  and  its  velocity  potential  * is 
conveniently  presented  in  the  fora 

f =*  F1eos6x  + e#t  (9-*) 

where  *a  ia  the  aodified  potential  of  velocity  of 
disturbance/perturbation,  which  differs  froa  the  usual  velocity 
potential  of  disturbance/pertnrbation*  equal  to  e - Vt  cos  6z  - V, 
sin  6y*  by  coaponent  ft  sin  6y.  According  to  the  theory  of  t.he 
extended  bodies*  the  velocity  potential  of  disturbance/perturbation 
and,  consequently*  also  #a*  satisfies  th#  two-diaensional  equation  of 
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The  components  of  vector  of  speed  through  the  appropriate  axes 
of  coordinates  u,  v,  v are  located  through  the  formulas 

.-ft-®.  »-$-%■ 

“ (9.6) 


In  view  of  the  conical  flow  pattern  about  sing,  it  is  convenient 
immediately  to  pass  to  plane  6 * x/«#  t|  ■ y/x#  and  to  introduce  into 
examination  the  conical  potential  F(6,7|)  * x*»U(x,  y#  z) . Then 
formulas  (9. 4)  -(9.  6)  take  the  form 
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F = Kjcosfi  + F„v^e)  F0  (£,  t|)  = rV 

9‘Ft  , a*p.  n 
7?  +a^  = 0' 


(9.7) 


Key:  (1).  where. 


If  we  utilize  polar  coordinates  r,  0 on  plane  € rj  (see  Pig.  51),  then 
boundary  condition  for  F0  far  fron  wing  it  is  possible  to  write  in 
the  fora 


at  ’ a r, 


ViSinda;  Fxd 


r — *■ ' 


(9.8) 


Key:  (1).  with. 


The  surfaces  of  wing  and  coagulated  vorticity  layers  which  are 
considered  as  contact  discontinuity/interruptions,  are  con ical  stream 
surfaces;  therefore  along  then  nust  be  fulfilled  the  condition 

— Jtl 

•»  — » — tpe  • 

which,  taking  into  account  equalities  d^dC  = tg(0  ♦ ) (see  Fig. 

51),  € = rcosfl,  ^ = rsind,  it  can  be  written  in  the  forn 

!*ob(0  + V)  - uain(0  + Y)  + u>rsin¥  = 0.  (9.9) 

Page  1M. 
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If  we  designate  by  n internal  standard  to  the  line*  which  corresponds 
to  streaa  surface  on  plane  t7j0  to  consider  foraulas  (9.7)*  to  replace 
under  condition  (9.9)  w for  Vt  (t.e.  to  conduct  the  linearization  of 
condition)  * then  we  will  finally  obtain  froa  it  the  foraula 


— IVsinV. 


(9.10) 


Specifically*  to  wing 


als-  0 

do  -U’ 


(9-11) 


since  there  * 0 or  w. 


Q _ P Pi 

The  expansion  pressure  coefficient  p according  to 

degrees  the  cos  potent  of  perturbation  rate  o'*  ?•  * w'  takas  the  fors 


cp=-2-^  + (MI-i)(-^)4- (rj*  - (tt)* + 


For  our  case  within  the  fraaework  of  the  theory  of  the  extended 
bodies*  it  is  record/written  in  the  fors 

C>  “ “ 7T  (F°  " _Tl  *?)“?»  [(l?)'  + ®*]  + 

+ «*+...  (9.12) 

Let  us  designate  the  Jusp  of  certain  value  f during  transition 
through  the  contact  surface  by  sysbol  a£;  then  on  rorticity  layer  AC  ^ 
■=  0 and  froa  foraula  (9.  12)  it  is  obtained 

AF*  - A (* *£r  + n-TRjr)  + -5FT  A + (isf)’]  = °* 

(9.13) 


If  we  introduce  on  plane  trj  along  with  the  noraal  direction  n* 
also  tangent  r (Fig.  51)*  then 


I 


% 
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then  since  derive!  according  to  fornula  (9.  10)  it  is  continuous  on 
vorticity  layer. 


Page  187. 


r/  2 / dF n S1  A [7  SF0  - . I dFn  2"]  _ 9 1 dF 0 , » ( OF 0 , 

Further#  A [ lirj  + Trrj  J,=  AL  " * I -I  ~ lm  dT  ) 

''here  the  index  of  "a"  indicates  the  half-sun  of  the  values# 
undertaken  from  both  sides  of  vorticity  layer. 


Fron  fornula  (9.13)  we  obtain  then  the  continuity  condition  of 
pressure  on  vorticity  layer  in  the  form 

A (9,4» 

Thus#  initial  three-di nensional  problem  came  to  the  two-di me nsiona 1 
problem  of  the  determination  of  the  harnonic  function  P0  in  the 
region#  depicted  on  Fig*  52#  which  is  plane  with  cut/section  along 
the  axis  f fron  - b to  *b»  that  are  continued  in  the  fotn  of  unknown 
previously  spiral* shaped  curves  (secondary  flow  breakaway  fron  wing 
is  not  considered)  . Boundary  conditions  for  deteraining  F0  at 
infinity  are  assigned  by  fornula  (9.8),  on  cut/section  7|  * 0,  b < f < 
b - by  fornula  (9.11)#  in  spiral-shaped  curves  - by  foraulas  (9.10) 


I 
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and  (9.  14)  . 

The  formulated  problem  of  determination  F0  still  remains 
complex;  therefore  Rangier  and  Smith  produce  its  further 
simplification.  It  is  assumed  that  basic  part  of  the  vorticity  layer* 
which  begins  on  the  edge  of  plate*  has  simple  form*  and  its  folding 
about  the  center  of  curve  occurs  within  the  circle*  which  has  small 
diameter  2R.  Within  this  circle  it  is  accepted  that  the  spiral-shaped 
curve  has  equation  rt  * c^/9tt  where  r,i  9X  are  the  polar  coordinates 
with  beginning  in  the  center  of  curyef  c - distance  fton  this  centei: 
to  the  origin  of  coordinates,  p - certain  constant. 


Fig.  52. 

Page  188. 

The  investigation,  carried  out  by  dangler  and  Smith,  showed  that  the 
effect  of  the  rolled  up  vorticity  layer*  arrange/located  within  the 
mentioned  circle*  on  the  flow  of  outside  circle  in  the  first 
approximation*  will  be  the  same  am  effect  of  the  point  edd y/vortex* 
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placed  to  the  center  of  curve.  The  intensity  of  eddy/vortax  is 

deter nined  fron  fornula  g = 2»pBV,tgv,  where  B is  a radius  of  the 

circle  in  question,  v - the  angle,  composed  by  half-line,  that 

corresponds  in  space  xyx  to  the  center  of  spiral-shaped  curve#  with 

the  central  line  of  wing.  Peripheral  speed  with  r - 9 is  equal  then 

G/2*R  * pTj  tg  v.  fnrthernore,  on  leaving  of  spiral-shaped  curve  fron 

circle  (eith  r , * I)  nest  be  fulfilled  also  the  conditions 

AF,  =■  2n^RVxtgy, 

(9.15) 

The  initial  diagran,  depicted  on  Fig.  52,  is  replaced  tore  idle 
tine,  depicted  on  Fig.  53a. 

Instead  of  spiral-shaped  curved#  beginning  on  leading  edge  of 
plate,  is  exanined  the  curve  BED  (see  Fig.  5 3 a)  and  the  point 
eddy/*ortex#  placed  at  point  O 

At  point  D,  the  curve  BED  concerns  the  circle  of  rail  us  R,  with 
center  at  point  C.  (On  the  strength  of  synnetry  are  exanined  the 
points  of  region  fron  £ >/ 0) . 

Let  us  consider  plane  £tj  the  plane  of  coaplex  variable 

t = £ + 

and  let  us  pass  fron  it  to  plane  t*»  £ * ♦ irj*with  the  aid  of  the 
confornal  transfor nation 

*•»  » t»  - h*. 


f)  V) 

Pig.  53- 


Page  189. 

On  plane  t *,  cot  OB  (Fig-  53a),  which  corresponds  to  wing,  is 
depicted  as  the  cut  of  the  imaginary  axis  between  points  t * = ib. 
If  we  are  distracted  fron  conditions  in  the  vortex/eddy  word  BDE  (see 
Pig.  53a),  then  P0  it  is  convenient  to  consider  as  streaming 
potential  of  the  incoa pressible  fluid  about  plate  and  to  introduce 
composite  potential  and  the  composite  speed  of  this  flow.  On  plane  t 
*,  the  axis  f ♦ * 0 Bust  then  to  be  the  flow  line  of  flow,  and 


I 
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conditions  (9-100,  (9.14)  take  the  forn  [119] 


3 F 
dn 


~ = — V,r*  sin  Y, 


(9.16) 


where  T * is  «n  «rc  length  and  n * - internal  standard  to  the  curve 
B*E*D  * on  plane  t *. 


Further  sinpl if ication  in  the  problea  consists  in  the  fact  that 
instead  of  searching  for  the  of  harnonic  function  F0  (or  the 
corresponding  it  analytic  function  of  t *) , which  satisfies 
conditions  (9.16)  in  the  unknown  previously  curve  B*E*D  * in  figure 
53b,  dangler  and  Saith  counted  the  curve  B*E*D  ♦ of  another 
circuaf erence,  which  has  a center  on  the  iaaginary  axis,  radius  R,, 
central  angle  2>£  The  effect  of  vorticity  layer  B*E*D  * in  field  of 
flow  in  plane  t * is  accepted  approxiaately  such  which  it  will  be 
froa  vorticity  layer  in  two-diaensional  problea  of  hy drody naaics. 

This  Beans  that  on  plane  t * in  the  final  analysis  is  exanined  the 
incoapressible  flow,  obtained  by  the  iaposition  of  uniforn  flow,  flow 
froa  two  isolated/insu lated  eddy/vortices  and  two  vorticity  layers 
(for  that  in  order  to  axis  t * - 0 it  would  be  flow  line,  it  is 
necessary  to  syaaatrically  add  the  isoiat ed/insulated  eddy/vortex  and 
vorticity  layer). 


The  intensity  of  vorticity  layer  B*E*D  * is  accepted  in  the  fora 
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Page  190. 


Function  F o corresponding  to  the  indicated  floe,  depends  on 
se^en  paraeeters:  l(,  x>  8*#  To*  T»*  Tz*  which  are  located  by  the 
satisfaction  of  conditions  (9.16)  in  the  isolated  points  of  the  curve 
B*E*D  . Sending  away  the  reader  after  details  in  [119],  let  us  note 
that  the  authors  made  calculations  for  a series  of  the  values  of 
parameter  dtgA,  lying  within  limits  from  0.1  to  2.65,  and  were 
obtained  the  results,  which  are  somewhat  better  than  the  results 
naykl  and  Braun.  For  example,  the  values  of  the  coefficient  of  normal 
force  for  a plate  with  that  which  was  fix/recorded  dtg  A were 
obtained  somewhat  smaller  than  in  naykl  and  Braun.  However,  it  must 
be  noted  that  the  essential  expansion  or  the  field  of  the 
applicability  of  theory  did  not  occur,  what  is,  apparently,  the 
conseguence  of  the  hypothesis  that  the  region  of  intense  convolution 
of  Vorticity  layer  is  small  in  comparison  with  the  distance  of  its 
center  of  leading  edge. 

9.3.  Results  of  linear  theory  for  triangular  plate.  Following  L. 
Skvaec  [160],  let  us  examine  the  triangular  plate  with  swaep  angle 
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a.  placed  into  the  unifora  flow  of  the  gas*  which  has  speed  Tlf  the 
Bach  number  n,  and  of  so  forth*  under  angle  of  attach  6 without  slip. 

It  is  assumed  that  with  flow  about  plate  is  realized  the 
aode/conditions  of  6 Figure  49.  As  it  was  already  noted,  due  to  the 
effect  of  the  coagulated  vorticity  layers  in  some  vicinities  of 
leading  edges*  occurs  a pressure  drop*  which  is  led  to  the  nonlinear 
dependence  of  the  lift  coefficient  cL  of  wing  on  angle  of  attack  6. 

For  obtaining  this  dependence  Skvayer  proposes  the 
semi-empirical  approach:  is  utilized  the  setting  of  problem  and 
equations  of  usual  linear  conical  flow  theory  (see,  for  example  [ 3 ]* 
[4]),  but  instead  of  the  assigned  wing  is  examined  auxiliary  on  which 
local  angle  of  attack  piecewise- is  constant,  if  we  pass  to  the  plane 

5'  = -7-  tgA,  n’  = "7“  • tg  A. 

that  wing  it  is  depicted  here  as  axis  intercept  O'C: 

For  the  assigned  wing  local  angle  of  attack  is  equal  to  6*  while  for 
auxiliary  it  is  obtained  by  the  imposition  of  two  distributions: 
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# f°. 

* l«*.  5o<l5'l<i. 


(9.17) 

(9.18) 


thus,  when  f = €• 0 proceeds  a change  in  the  local  angle  of  attach 
frow  value  6t  to  value  6t  ♦ 62. 

Page  191. 

As  a result  of  the  linearity  of  fundaaental  equations,  the 
paraaeters  of  flow  about  the  auxiliary  airfoil  are  obtainad  by  the 
addition  of  the  sane  in  the  problens  where  the  local  angle  of  attack 
is  assigned  by  distributions  (9.17)  and  (9.18). 


Pressure  coefficients  on  wing  for  distributions  (9.17),  (9.I8J 
according  to  liaHr  theory  are  give*  by  the  fora* las 


,,  _ 2 ctg  A(*')?c£„6i  J211  ( — D*,  k)  1 

pd  *(*)  /r^T(fj7  + 


+ <*')c  1 C+  Y i - ay)  • 


C_.  = 


2 Ctg  M: 


* *(*)  yi-R)*  ’ 


(9.10) 

(9.2M) 


where 


*'  “ m.ctgA,  m,  - (M|  - l)'*,  * - (1  - m*  ctg3  A)7', 

« “ H-  (W*),/*.  D = |1  - m*  ctg«  A E(k),  n(-  D*  *)- 
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complete  elliptic  integrals  of  the  second  and  third  kind  of 
■odule/modulus  k.  The  determination  of  values  6t  and  62  is  conducted 
from  following  conditions.  The  mean  incidence  of  the  auxiliary 
airfoil  to  the  angle  °f  attack  o $ rxzcl  u',<j ,,  l.<2. . 

6 = «,  + (1  — ^6,.  (9 .21) 


I 


Vorticity  layer  smoothly  leaves  edge,  i.e.,  pressure  coefficient  on 
edge  it  is  egual  to  zero; 

cp  = cw  + cPe  = °.  5'  = l.  r|'  = o. 

Since  on  the  leading  edge  of  plat*  the  log  tera  ia  (9.19)  is  equal  to 
zero,  the  terms,  which  contain  the  factor 


u — k )»rv*. 

mast  average  oat.  This  coadltioa  gives  oae  additional  dependence 
between  6t  and  da: 


(9.22) 


•*  + '•yr~  - 
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The  lift  coefficient  of  wing,  cL,  obtained  by  integration  cp  for  its 
surface,  after  exception/eliaination  6t  and  6Z  with  the  aid  of 
(9.21),  (9.22),  will  be  located  froa  the  foraula 

C ^ | ■ — — 

( -(5#)-J,,,n  (-  D>,  *)--f  (t-^D 

(9.23) 

where  X is  wing  aspect  ratio  (X  = 4ctgA). 


■hen  mi  ctg  a — o,  i.e.  , we  pass  to  the  theory  of  the  esteaded  bodies, 
tera  mJct^An  (-D*,  k)  approaches  arccos  6*o/?'o  [i  - (^l7, aad  D — > 1, 
so  that  (9.23)  he  converts  to  the  foraula 


CL 


jiJW 

= — r 


•rcco*  5,  — ~y  (1  — y 


(9.24) 


which  was  egual  obtained  by  D.  Kyukhenan.  If  6'0  > 1,  then 

• xpression  in  the  curiy  braces  la  foraula  (9.23)  »pproaChas  1/E(*). 
Assuming  that  the  derivative  is  final  when  6*o  * 1 (with  6 * 

0)  , we  will  obtain 

(•cL  \ xX 

V“«r  j»-4=a,5T(ir-  (••») 


r - 


■ >"  it-  'ft  / V* .J  *t  w*  *•* 
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that  there  is  a result  of  usual  linear  theory. 


Xn  foraula  (9.23)  enters  the  only  unknown  parameter  of  €'0 
which,  however,  plays  the  doainant  role,  since  with  its  aid  skvayer 
proposes  to  consider  nonlinearity  in  dependence  cL  froa  5 . On  that, 
"ill  be  how  selected  function  6'  = €'(6)»  depends  the  quality  of 
proposed  theory. 


Exaaining  numerical  results  of  Manner  and  and  Saith  [119],  that 
relate  to  narrow  plates  (L.e.  with  aftctgA-»0),  Skvayer  cones  to  the 
conclusion  that  the  values  cL  ate  appcosiaated  well  by  the  foraula 


cL=~r  + **  = -r  l4  + T5rl)  • 


Coaparing  foraulas  (9.  24),  (9.26),  we  obtain 


..  2 « -(WM7- 

1+~srx~ : — * “ 

•reeo.?, y (1  — 5,) 


Further  Skvayer  aakes  the  Bain  assuaption  that  the  dependence 
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on  5,  determined  by 
mictgA.bat  not  only  at 


f oraula 
the  low 


(9.27)  , will  be  valid  at  all  values 
values  of  this  paraaeter. 


Page  193. 

Thus,  foraulas  (9.  23),  (9.27)  uniquely  determine  the  dependence  <, 

on  6,  which  can  be  represented  in  the  fora 

ci.  2n  ft  , / » \ 

rl*»A  a"’ («  2H) 

where 

, / fi  \ 

' ’ 'ImiTa  •"*1  r,«A)^ 

^n-tsjT^w 

mJrtR’A^lt  -(0’|,  ,n  <-  /»>)  -f-0  -yM -mjcltr 

Pigures  54  depicts  the  dependence  of  t'0  OD7iFl  = 6t®At Imt 
corresponds  to  equation  (9.27). 

figure  55,  undertaken  work  [160],  gives  the  coaparison  of  the 
results  of  the  examined  theory,  usual  linear  theory  and  results  of  u. 
Ha ykl *8  experiments  [156],  carried  out  with  h,  * 1.9  for  models  with 
the  very  sharp  leading  edges  and  Patanetec  at  c‘*a,  that  »hlch  are 
changing  within  Units  fron  0.  14  to  1.00. 
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As  can  be  seen  from  Fig.  55,  theoretical  results  will  agree  well 
with  experimental.  For  the  wings,  which  have  "final"  thickness, 
agreement  it  is  worse. 

The  theory  of  Skvayer  is  inapplicable  when  on  suction  side  of 
wing  pressure  falls  below  zero  and  flow  transfer/converts  from  type  b 
to  type  b-c  (in  more  detail,  see  in  [ 160])  . 


Fig.  54. 

Fig.  55. 

Key:  (1).  formula.  (2).  linear  theoretically  of  value. 


r 


t 


I 


i 


DOC  * 78026610  PAGE 


Page  194. 


9.4.  Final  Notes  The  most  important  conclusion/derivation  from 
materials  §9  lies  in  the  fact  that  a conical  flow  theory  of 
nonviscous  gas  can  be  utilized  for  determining  field  of  flow  about 
conical  bodies  with  sharp  leading  edges  when  flow  blows  away  from  the 
leading  edges  of  body.  Of  course,  just  as  in  two-dimensional  problem 
of  hydrodynamics,  a series  of  the  parameters  is  required  to  determine 
fro*  experiment  or  to  introduce  into  the  theory  of  the  assumptions 
which  are  checked  in  the  final  analysis  experimentally. 

The  existing  theories  rest  on  linear  equations  for  the  velocity 
potential  of  disturbance/perturbation  and  bear*  therefore,  hybrid 
character.  Is  necessary  the  further  development  of  nonlinear  theory, 
especially  for  the  cases  not  of  very  narrow  wings  with  subsonic 
leading  edges. 


§10.  Numerical  methods  in  inverse  problem. 


y 

» '• 


rtsfe 


’New: 
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10.1.  Lead-in  observations.  The  problem  of  determining  of  flow 
parameter  about  the  conical  body  of  the  assigned  form  he  is  called 
straight  line.  In  the  inverse  problem  of  known,  is  counted  the  fora 
of  leading  shock  wave,  unknown  are  the  parameters  of  flow,  and  also 
the  fora  of  the  body,  which  creates  the  assigned  shock  wave.  Knowing 
the  front  of  bow  shock  and  the  parameters  of  undisturbed  flow,  it  is 
possible  to  find  flow  parameters  immediately  behind  shock  wave  from 
known  formulas,  and  to  obtain  for  determining  the  parameters  of  flow 
in  an  entire  region  between  the  leading  shock  wave  and  the  body 
surface  problem  with  initial  data  (Cauchy  problem)  for  the  system  of 
equations  of  conical  flows  [see,  for  example*  ( 1.  1)  - (1. 5)  ] . Since  in 
the  larger  part  of  the  flow  (or  in  all  flow)  about  body  the  flow 
conical-is  subsonic,  i.e.,  real  are  only  entropy  character istics  - 
flow  line,  situation  is  completely  analogous  to  that  that  store/adds 
up  during  the  solution  of  the  reverse  problem  of  the  flow  of 
supersonic  flow  about  the  blunt-nosed  body  of  gas  in  the  flat/plane 
case.  The  appearing  difficulties  and  the  methods  of  their  overcoming 
are  discussed  in  detail  in  monograph  [5];  see  also  [162];  therefore 
here  we  will  be  restricted  only  to  the  presentation  of  basic  results 
on  this  question. 

Page  195. 

As  is  known,  the  Cauchy  problem  for  eliptic  equations  is  incorrectly 
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placed*  since  hoe  conveniently  snail  changes  under  initial  conditions 
l 

> can  give  to  how  conveniently  to  large  changes  in  the  solution  of 

problea.  In  the  flat/plane  case  this  fact  is  exhibited  in  the  low 
sensitivity  of  the  forn  of  leading  shock  wave  to  a changa  in  the  dnct 
of  the  streamlined  body.  If  we  solve  inverse  problem  by 

| finite-difference  methods*  moving  step  by  step  from  bow  stiock  toward 

the  surface  of  tha  streamlined  body,  then  the  incorrectness  of  the 
Cauchy  problem  for  elliptical  type  of  equations  is  led  to  the 
instability  of  numerical  solution.  The  small  errors,  allowed  at  any 
space  during  the  solution  of  problem,  gro*/rise  exponentially  in  the 
subsequent  spaces.  The  reason  for  the  indicated  instability  are  the 
higher  harmonics  in  the  expansion  of  initial  data  in  Fourier  series. 
The  basic  method  of  the  elimination  of  instability  consists  in  the 
fact  that  at  each  space  of  the  process  of  the  ccnstruction  of  the 
solution  before  transition  with  the  aid  of  finite-difference  diagram 
to  the  following  space  in  solution  is  conducted  "filtering"  of  the 
upper  harmonics,  which  is  equivalent  to  the  smoothing  of  solution  at 
each  space.  In  practice  the  smoothing  of  solution  is  carried  out  with 
the  aid  of  the  use  of  aultiexact  diagrams  for  numerical 

t f 

differentiation  along  curved*  carrying  Cauchy's  data.  As  a result  of 
this  solution,  is  obtained  the  body  whose  surface  is  smoothed.  For 
these  reasons  finite-difference  methods  in  inverse  probie*  can  be 
used  for  the  determination  of  the  parameters  of  flows  only  about 
bodies  with  smooth  ducts  without  discontisuity/interruptions  or 

t 
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abrupt  changes.  Does  not  help  here  the  known  aethod  of 
Garabedyan-Liberst eyn  in  which  the  stability  of  numerical  solution  is 
obtained  because  of  the  introduction  of  the  composite 
three-dimensional  space  in  planes  of  which*  that  intersect  the  flow 
plane,  equation  they  will  be  hyperbolic  type,  since  for  its  use  it  is 
necessary  initial  data  to  analytically  continue  into  coapLex  domain 
that  it  is  equivalent  to  the  solution  of  the  problem  of  Cauchy  for 
the  equation  of  Laplace* 

Page  196. 

Thus,  finite* difference  methods  in  inverse  problem  are  of 
interest  faster  not  as  instrument  for  the  determination  (by 
cut-and-try  aethod)  of  flow  about  the  assigned  body,  but  as  method  of 
explaining  the  qualitative  special  feature/peculiarities  of  flows 
about  conical  bodies.  By  reverse/inverse  methods  it  is  possible,  for 
example,  to  investigate  the  behavior  of  flow  parameter  near  body 
surface,  to  find  the  location  of  the  peculiarities  of  the  Ferry,  to 
determine  form  and  location  of  conical-sonic  lines  and  so  forth,  that 
difficultly  or  generally  it  is  not  possible  to  make  by  tha  existing 
direct  methods. 

Let  us  note  that  for  the  large  numbers  of  Each  H,  of  the 
incident  to  body  flow  the  fora  of  bo*  shock  is  sore  sensitive  to  a 


I 


I 


f 
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change  in  the  duct  of  the  streamlined  body,  than  with  those  who  were 
■oderated  Mt,  so  that  in  the  case  H4  >>  1 re verse/invecsa  methods  can 
be  utilized  for  the  determination  of  flow  about  the  assigned  (smooth) 
body. 


In  I.  Nochevkinoy • s work  [163]  is  examined  the  case,  when  the 
front  of  bow  shock  is  the  round  cone  whose  axis  forms  certain  angle 
with  direction  of  undisturbed  flow.  In  work  is  utilized  the  system  of 
spherical  coordinates  B,  •,  (I*,  whose  axis  (9  - 0)  coincides  with  the 
axis  of  shock  wave;  the  unknown  functions  are  the  cOaP°nenis  of 
Telocity  u,  y,  w and  entropy  s.  From  system  of  eguations  in  partial 
derivatives  for  u,  w,  w,  s,  they  transf er/conwert  to  the  system  of 
ordinary  differential  agnations  by  means  of  the  replaceneit  of 
derivatives  in  terns  of  <1*  by  finite  differences.  Then  far  each 
fixed/recorded  angle  9 they  arG  determined  in  the  first  and  second 
approach/approximations  of  the  valm*  of  the  unknown  functions  by 
Euler’s  method.  (With  space  &Q)  = i°  problem  cane  to  the  salution  to 
7i8  differential  equations.),  as  a result  of  calculations,  it  was 
explained  that  the  entropy  very  sharply  changes  near  body  surface, 
especially  with  Hj  » 1;  the  body,  which  excites  bow  shock  in  the 
form  of  round  cons,  with  Ht  = p is  close  to  round  cone.  (Vith  the 
final  nt,  for  example,  with  H»  = 4 and  the  half-angles  of  the  shock 
wave  and  slope/inclination  of  its  axis  to  direction  of  uniisturbed 
flow,  equal  to  with  respect  60°  and  6°,  the  duct  of  the  body  strongly 
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1 If 

v differs  from  ci  rcuaference.  ) . In  V.  Syagaeva's  work  [164]  is 

utilized,  actually,  the  saae  method,  as  in  work  [163],  but  shock  wave 
in  the  principle  of  "arbitrary"  fora.  Furthermore,  here  is  given  the 
algorithm  of  the  determination  of  approximate  solution  of  direct 
problem  with  the  aid  of  the  solution  of  a series  of  inverse  problems. 

Page  197. 

I i 

As  examples  arc  examined  the  flow  about  the  round  cone  at  an 
angle  of  attack  and  the  flow  about  the  elliptical  cone  at  zero  angle 
of  attack.  Let  us  note  that  work  gives  some  results  of  the  flow-field 
analyses  of  round  cone  at  e - 20°,  6 * 15°  and  numbers  N(,  which  are 

change^  from  3.53  to  20,  froa  which  it  is  possible  to  obtain  the 

f 

representation  of  emergence  and  development  of  the  zone  in  which  the 
flow  is  conical-supersonic* 

In  the  named  works,  and  also  in  analogous  works  [165],  G. 
Radkhakr  ishnan  [166]  and  B.  Briggs  [167],  as  independent  variables 
are  utilized  the  variables  of  physical  space;  because  of  this  in 
resolving  problem,  intersects  the  vorticify  layer  near  tha  surface  of 
the  streamlined  body,  which  is  led  to  large  complications  in 
calculation*  In  the  work  of  P.  Stokker  and  F.  Modzher  [114]  is 
proposed  the  method,  free  from  this  deficiency/lack.  This  method, 
fine/thinnest  of  the  existing  methods  of  the  solution  of  the  reverse 
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problea,  is  set  forth  further. 

10.2.  Method  of  two  functions  of  current.  In  work  [114]  initial 
are  the  equations  (1.1)- (1.5).  The  equation  of  continuity  (1.1) 
contains  density  derivative  p in  the  fora  of  combination 
<>p»  — w cosec 6 ■ p® , which  is  derived  p along  the  lines  of  the  constant 

entropy  S.  Bat  with  S = const  dp  * a'*dp,  where  a - the  local 
velocity  of  sound,  and  equation  (1.1)  can  be  presented  in  the  forn 

i>#  4-  cosec  0U®  -i-  p,  4-  ~ cosec  0 • p®  ^ - 2u  — r ctg  0. 

(10.1) 

Let  us  exanine  the  eguation  of  energy  (1.5) 

rS»  w cosec  0S®  - U. 

If  we  introduce  fnnction  t.  which  satisfies  the  eguation 

+ w cosec  Of®  = 0.  (10.2) 

that  f = const  on  the  lines  of  constant  entropy  (flow  lines)  . 

Page  198. 

By  analogy  with  two-diaensional  problea,  let  us  call/nane  function 
of  current  i(f  =>  const  on  conical  streas  serfaces  in  the  physical 
space),  bat,  unlike  the  flat/plane  case,  f it  is  detersined  not 
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unambiguously,  since  any  function  V.  'J'(y)  it  also  satisfies  equation 
(10.2)  it  can  be  accepted  as  the  fu notice  of  current. 

If  ve  utilise  $ as  independent  variable,  then  is  the  region 
Hhere  searches  for  solution,  it  is  autosetically  United  to  the 
surface  of  the  streanlined  body  (where  = const)  and  drop  off  the 
difficulties,  connected  with  the  i*olat ion/liberation  of  the  surface 
of  body  in  vorticity  layer.  As  the  second  independent  variable  it  is 
possible  to  take,  for  ezanple,  <t>,  as  is  done  in  work  [ 163  ].  Certain 
inconvenience  of  such  selection  consists  in  the  fact  that  the  case  of 
round  cone  with  5=0  must  be  obtained  as  naxinun  froa  solution  with 
6 f 0,  vhen  S — ■>  0,  and  in  the  planes  of  the  syanetry  of  the  flow 
of  liae  = const  aad  H1  = const  coincide. 

As  independent  variables  the  authors  [114]  utilize  two  functions 
of  current  t.  x<  which  exist  in  three-di aensionel/space  flow.  The 
physical  sense  of  the  function  of  current  ^ was  already  axplained, 
and  function  x let  us  introduce  with  the  aid  of  the  equations 

Xt*  = — prsine,  ) 

Xt«  = fw\  | (,0-3) 

Proa  relationship/ratios  (10.3)  it  follows  that  $ satisfy  the 
equation  (10.2),  and  x — to  the  equation 
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(^rV^).-0' 


which  with  the  aid  of  (1.1)  can  be  represented  in  the  fora 


— (v%*  + V>  cosec  0-X®)  = 2u, 


or 


rfx \ 


u sin  6 


= -2 

*=eonst  w 


(10.4) 


Instead  of  x it  is  convenient  to  introduce  alternating/variable 
t)  by  the  fornnla 


T,=iln{zrL}’  (,0-5> 


where  P(^)  is  the  function  which  will  be  determined  later. 
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According  to  (10.4)  1 satisfies  the  equation 
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or 


i>q#  f-  w coses  0 'll®  = 2 u. 


(10.7 


As  can  be  sees  fron  foraula  (10.6)  , lines  n — const  do  not  coincide 
with  lines  V = const  in  the  flows  where  u 0,  and  therefore  ’1  it 
is  possible  to  take  as  independent  variable  along  with  't- 


Let  us  assune  that  os  bow  shock  17  = 0,  i-e.  x = f'W  on  jnsp.  If 
we  assign  function  F(i(>),  , then  function  $ it  will  be  deterained  on 
juap  fron  relationship/ratios  (10.3)  with  an  accuracy  to  additive 
constant;  if  »e  assign  t on  jump,  then  F(i>)  =x  will  be  deternined 
unanbiguously  fron  (10.3)  (and  the  equations  of  consistency  on  the 
shock  wave) • At  the  point  where  there  is  a special 
feature/peculiarity  of  Perry,  w = v = 0*  but  0,t®  0, 

consequently,  as  can  be  seen  fron  (10.3),  here  x — 0< ’l  — {For  a 
round  cone  at  zero  angle  of  attack  (w  « 0)  , $•  = 0)  y>  it  is  possible 
to  take  in  the  fora  f = <D,  then  x = — P»sin 8=x(0)  l Equations 

of  notion  fron  1>and  t as  independent  variables  take  the  following 
fora: 


u«  = 


v'  +ir! 


T~  Sf*’ 


— =?t-  -f  + £ 
ST  p, + 4-(*  + nr1®.)**  - ■‘t1  - 


Pn  = -7T  Pv  = 


pv  pw  . 

Sjf  "EJ  v*~  * 


»ct{f  0 

2u 


2u  ,ia  6 ’ 0,> 


V 

■ST 


(10.8) 
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Page  200. 


If  we  designate  by  w the  angle  between  nornal  to  the  surface  of 
shock  wave  and  plane  d>  = const, that  passing  through  the  point  in 
question  (u  > 0,  if  standard  is  directed  to  the  side  of  increased'), 
through  a - the  angle  between  standard  and  direction  of  undisturbed 
flow,  through  6 - an  angle  of  attack,  i.e.,  the  angle  between  axis  9 
= 0 and  direction  of  undisturbed  flow,  then  the  conditions  of 
consistency  on  shock  wave  for  an  ideal  gas  can  be  written  as  follows: 

JL  = — s:n0cos  0'sin  A + cos  0 cos  A, 

Vi 

•pr*  = — — coso»  {(cos  8 cos  d> sin  A + sin  ft  cos  A)  cos  to  — 

— sin  O' sin  tosin  6}  — sin  to  {(cos  0 cos  0>sin  6+  | 

-f  sin  0 cos  A)  sin  to  + cos  0)  cos  to  sin  6}, 

-jr-  = — ^-sin  to  {(cos  0 cos  O'sin  A + sin  0 cos  A)  cos  to  — 

— sin  d'sin  tosin  A}  + cos  to  {(cos  0 cos  d>  sin  A + 

+ sin  0 cos  A)  sin  to  -f-  cos  (1)  cos  tosin  A}, 

_Z_  = _JL_ cos* a _ r-*  1 

P.rJ  1 + 1 f <T  + 1)  M‘  ’ 

p cos*  a 

TT=  — : 2 — r~  • 

-trr-'  + TTT-Sf 


• - 'V  -r* -1r  V. 
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Here  index  "1"  designated  the  parameters  of  undisturbed  flow.  If 
the  equation  of  the  front  of  the  leading  shock  wave  we  write  in  the 
fore 

f(®.  = 


then 


cos  * — — (cos  8 cos  <I>  sin  A -)-  sin  0 cos  6)  X 
1 V1'*  . ain<P  sin 


sin*  6 J 


COS 


e*  [rt  + 

“ “ *•  [*•  ■*"  ■»In»e']  * 


i<J>sin6  [ , , \ 

sine  *•[*•  sin»0  J • 


(10.10) 
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The  equation*  which  lays  out  of  bow  shock*  can  be  assigned  with  the 
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aid  of  the  cutting  off  of  Fourier  series 

xiir  6 - b„  -f  2 co * ( 10. 1 \) 

or  in  another  convenient  aanner  (see  [115]).  after  using 
arbitrariness  in  the  selection  of  the  function  of  current  «f,  always 
it  is  possible  to  count  that  on  shock  wave  if  = <1>;  then  on  juap 

F(i)  = X = — (pr  »in0  + f>u>  ffe/i’»)  and  in  field  of  flow  according  to  (10.5) 

X = F(*)exp  (-  r,).  (10.12) 

If  we  assign  the  values  of  coefficients  bsv  bk  in  aguation 
(10.11)  and  the  paraneters  of  undisturbed  flow,  then  through  foraulas 
(10.9)- (10. 12)  are  located  initial  data  (when  t)  = 0)  and  function 
X for  a systea  of  equations  (10.8).  Knowing  the  unknown  values  when 
r\  = 0,  they  find  their  derivatives  in  terns  of  $ with  the  aid  of  the 
nine-point  difference  fornula 

A$(/*)»  = Ai(fl  — /- j)  4-  — /_,)  Aa(ft  — /_,)  -j- 

-f  'l *(1 « — /-<)• 

where  kt  = 0.8;  A*  = -0.2;  A,  = 0.03809524;  A,  = -0.00357143,  after 
which  value  of  all  quantities  on  line  rj  = A are  found  by  the 
foraulas 

f(h)  = /( 0)  f (/„),-,  h. 
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where  the  derivatives  (/,),.=„  are  determined  from  system  ( 1 0 - Q ) . 

After  accepting  the  values  of  the  unknown  quantities  when 
t)  /<as  initial,  find  their  values  »i  2 h in  a described  manner,  etc. 
The  region  in  which  searches  for  the  solution,  is  deterained  by 
inequalities  0<<!><2n,  0<ij<oo.  Large  values  »i  correspond  to  the 
vicinity  of  Perry's  special  feature/peculiarity,  so  that  on  plane 
d, »])  occurs  the  "elongation"  of  this  region  in  comparison  with 
physical  space,  which  is  favorable  for  using  finite-difference 
method. 

in  work  [114]  it  is  communicated  about  solution  by  the  method  of 
two  functions  of  the  current  of  the  reverse/inverse  and  straight  line 
of  problems  (iteratively)  in  the  following  cases. 

Page  202. 

Inverse  problem; 

1.  H | * *j  b|  « 0.166;  bg  is  given  a series  of  values,  large  - 
0.055;  the  others  bk  = o. 

2.  Shock  wave  is  close  to  elliptical  cone: 


A 


i . 
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a) .  H,  - 10;  tgGjn.,  = 0,5;  tg0min  = 0,4;  6 * 0. 

b)  . lt|  * 6;  tg0mMX  = 0,962;  tg0min  = 0,577;  6*0. 

Direct  problea: 

3.  The  streaalined  body  is  approxiaa tely  elliptical  cone,  nt  ~ 
tg0B„  = 0,400;  tg0Bin  — 0,226. 

4.  Streaalined  body  is  round  cone: 

a) .  H | * 3.53;  e = 20°;  6*5°; 

b)  . H|  * 3.53;  e = 20°;  « * 10®. 

Hithout  being  stopped  on  the  results  of  calculations  in  each  of 
enuaerated  cases,  let  us  foraulate  general  the  conclusion/derivations 
which  can  be  aade,  relying  on  these  calculations. 

The  behavior  of  the  lines  of  constant  entropy  - flow  lines 
clearly  Indicates  the  existence  of  Perry's  special 
feature/Peculiarities  in  field  of  flow.  In  the  vicinity  of  all 
investigated  bodies,  there  is  a thin  vorticity  layer,  falling  into 
*hich  flow  line  very  rapidly  they  approach  a surface  of  the 


W ■ 
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streamlined  body,  so  that  it  is  created  impression,  that  they  they 
form  envelope,  concerning  body  surface.  Pressure  little  is  changed 
across  vorticity  layer,  while  the  components  of  velocity  and  density 
change  rapidly  and  their  airfoil/profiles  here  cannot  be  found  by 
this  method  which  is  also  inapplicable  near  Ferry's  special 
^•ature/peculiarit ies.  in  the  case  of  round  cone  with  * 3.53;  e = 

* 20°;6  = 15°  were  met  difficulties  in  the  determination  of  body 
sntfmce  which  the  authors  are  explained  by  the  displacemen t/movement 
of  Ferry's  special  feature/peculiarity  from  the  surface  of  cone  in 
field  of  flow;  see  [169]. 

The  accuracy  (stable)  of  solution  was  monitored  with  the  aid  of 
the  picture  of  the  fornation/education  "of  envelope"  by  flow  lines 
and  by  the  degree  of  pressure  change  in  the  close  points  of  vorticity 
layer,  which  on  plane  ft)  they  are  far  located  from  each  other. 
Furthermore,  in  a number  of  cases  was  conducted  comparison  with  the 
results  of  the  calculations  of  Hodzher  according  to  method,  the  close 
known  method  of  Garabedyan  in  which  there  is  stability  of  numerical 
solution. 

Page  203. 

The  accuracy  of  solution  was  changed  over  wide  limits;  with  the  large 
flt  it  was  above,  with  those  who  were  moderated  flt  - is  below* 
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Apparently,  by  this  aethod  (as  by  other  reverse/inverse  aathods)  it 
is  possible  to  solve  the  problea  of  flow  only  for  the  bodies  of  quite 
siaple  fora. 

In  the  work  Df  D.  Eastman  and  H.  Oaat  [115]  the  aethod  of  two 
functions  of  current  is  applied  for  deteraining  flow  about  the 
windward  face  of  round  cone  at  high  angles  of  attack.  Being  oriented 
toward  analogy  with  two-diaensional  problea,  the  authors  assumed  that 
the  fora  of  the  cross  section  of  shock  wave  can  be  represented  by  the 
equation  of  the  conic  section  which  contains  three  paraaeters.  These 
paraneters  are  selected  so  that  would  be  obtained  the  correct  fora  of 
the  streaalined  body.  The  results  of  the  calculations,  aaie  by 
Eastaan  and  Oaar  for  cases  Bj  * 7.95;  e = 10°;  0 < 6 < 24®,  they 

render/showed  in  excellent  agreaaent  with  the  results  of  experiaents. 
Let  us  note  that  for  a cone  with  e = 10°  at  flight  speed  V4  * 5500 
a/s  on  height/altitude  15p00  a and  the  account  the  real  properties  of 
gas  the  calculations  were  aade  to  values  6 = 60®,  which  indicates  the 
large  stability  of  conical  flow. 

§11.  Numerical  net  hods  in  direct  problem. 

11.1.  Lead-in  observations.  For  the  solution  to  direct  problem 
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of  the  flow  about  the  conical  bodies,  there  exist  two  basic  methods. 
This  is  known  Methods  of  A.  Dorodnitsin 's  integral 

relationship/ratios  [170]  and  the  finite-difference  nethol # proposed 
to  K.  Babenko  with  colleagues  [29].  Each  of  these  sethods  has  its 
■erits  and  deficiency/lacks.  The  simplest  version  of  the  Method  of 
the  integral  relat ions hi p/rati os  when  the  unknown  values  ire 
approximated  linearly  in  terns  of  their  values  on  shock  wave  and  the 
streaalined  body,  is  developed  by  P.  Chushkin  and  V.  Shchannikov 
[107].  In  this  fora  the  aethod  of  integral  relationship/ratios  gives 
good  results  only  at  the  large  values  of  the  Mach  numbers  N(  of  the 
incident  flow  when  bow  shock  is  located  near  the  surface  of  the 
streamlined  body,  and  does  not  consider  the  special 
feature/peculiarity  of  the  Perry  and  vorticity  layer. 

At  the  moderate  values  B, , the  accuracy  of  method  falls  and  are 
required  higher  approach/approxiaations. 

Page  2O4. 

The  finite-difference  method  [29]  in  principle  considers  vorticity 
layer,  but  during  the  replacement  of  the  derived  unknown  values  by 
finite  differences  the  accuracy  of  approximation  can  become  low  in 
cases  when  derivatives  go  to  infinity  on  the  surface  of  the 
streamlined  body,  which  will  pronounce  on  the  accuracy  of  entire 


F 
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solution.  Especially  strongly  this  fact  is  exhibited  with  nt  >>  1.  If 
we  want  to  correctly  consider  vorticity  layer  in  the  nethod  of  final 
differences,  near  body  surface,  it  is  necessary  to  take  extra-fine 
space,  which  considerably  complicates  calculation,  (in  the  tables 
[29]  in  wany  instances  the  thickness  of  vorticity  layer  is  less  than 
the  space  of  the  difference  grid.).  On  the  other  hand,  the  net  hod  of 
operation  [29]  draws  by  the  universality  of  the  algorithm  of  the 
solution  of  problen  and  by  the  possibility  of  the  autoaatic 
correction  of  the  errors,  allowed  in  the  process  of  count. 

There  are  other  methods  of  the  solution  to  direct  problen  (see 
for  example,  [171]),  but  axes  possess  snaller  generality  than  naned. 

For  those  cases  when  flow  occurs  with  the  "closing"  of  flow 
about  the  windward  face  of  body,  problen  stops  completely  analogous 
to  two-diaensional  problen  of  the  flow  of  supersonic  flow  about  the 
blunted  bODT  of  gas,  and  for  its  solution  can  be  used  the  methods, 
used  in  two-diaensional  problen  of  gas  dynanics. 

In  work  of  A.  Bazzhin  and  I.  Chelyshevoy  [109]  for  this  purpose 
is  used  the  nethod  of  operation  [ 172]. 

11.2.  Nethod  of  integral  relationship/ratios.  Since  the  essence 


of  the  nethod  of  integral  rela tionship/ ratios  is  well  known  at 
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present*  let  us  turn  iaaediately  to  its  use  in  the  problea  of  the 
flow  about  the  conical  bodies*  following  [107], 


The  equations  of  notion  of  gas  (1.1)  — (1.5)  are  converted  to 

divergent  fora  and  are  record/wr itten  in  the  fora 

(pursin6)«  (puw), *>  = (V*— 3u*)psin  0,  (11.1) 

l(pr*  _j-  p)  sin0]»  -|-  (piir)«,  — (p w*  ~ p)  cos  0 — 3pursin8, 

(H.2) 

(pmsin0)9  (pu>2  p)<r»  = — p(ru>cos0  4-  3nirsin  0), 

(11.3) 

(prsin0)«  (p«’)<|.  = — 2pusin0,  (11.4) 


Page  205. 


r(p|r  ),  w cos4‘c  0 (pp)<j>  0.  (ll.«r') 


(Equation  (11.5)  is  not  given  to  divergent  fora*  but  this,  as  we  will 
see  further*  it  is  unessential]. 

Here 

V*  i/1  r*  -f  it*; 

all  values  we  consider  as  diaenaionless*  considering  that  the  speed 
is  referred  to  the  critical  speed  of  sound  •>.,  density  - to  the 
density  of  the  incident  flow  p,*  pressure  - to  ealee  p,«!- 

✓ 

Instead  of  equation  (11.1)  subsequently  is  utilized  Bernoulli*s 
integral 


( 


/.  Sf  *** 
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p - 'Sr-1'')1'-  i"-6* 

System  of  equations  (1 1.  2)  - ( 1 1. 6)  must  be  integrated  in  the 
region  between  the  leading  shock  wave  and  the  surface  of  the 
streaalined  conical  body.  If  the  equation  of  the  duct  of  the  section 
of  body  by  the  sphere  of  a single  radius  is  6 0X  (<J»),  then  the 
condition  of  the  nonseparated  flow  of  body  he  is  record /wc it ten  in 
the  forn 


Kin  i 


<M> 


= ¥(<!»). 


(11.7) 


Cross  designated  the  values  when  0 = 0X(O>). 

P J.^e 

If  the  equation  of  the  spherical  section  of  leading  shock  wave  is  8 = 
••  (<T’).  then  gas-dynaaic  values  behind  its  front  are  determined  fron 
the  formulas 


u°  — Vt  (—  sin  6cos<7>sin  0°  -f  cos  A cos  0°), 
v°  = F,nsin  PcosP  — Z, 

»°  = cos* p 4-  Z tg P, 

o | r W COS  3 

P — I 1 1 , 


P =- 


T + 1 


V\m' 


cos* 


T + 


(11.8) 


where  are  introduced  the  designations 

. a l 

m = cos  6 sin  0°  -+■  sin  b (cos  <J>  cos  0°  4-  sin  <1*  tg  p), 
n = sin  Asin  G>  — (sin  6 cos  cos  0“  -f  cos  Asin0°)  tgP. 

t-~|  V*(t-m*cos’P) 

1 = ; 


\ 


I 
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* is  an  angle  between  axis  0 = 0 and  direction  of  undisturbed  flow; 

by  zero  are  designated  the  values  at  9 = ••(<!>). 

The  gas-dynasic  functions  for  which  subsequently  will  be 
required  the  values  of  derivatives  on  shock  wave*  let  us  designate 
through  Xi.  a their  derived  let  us  represent  in  the  fors 

= Ak  + , (11.8a) 

where  k = 1,  2,  3,  4 are  related  respectively  to  functions  w®,  p®w®, 
v®,  p®.  Values  are  detemined  with  the  aid  of 

relationship/ratios  (10.8). 

Equations  (1 1 . 2)  - ( 1 1. 4)  let  us  write  in  the  unifora  fors 

F,  + /0  = a>.  (11.9) 

for  equation  (11.2)*  for  oxasplo*  7 ■ (pv*  ♦ p) ) sin  0,  f - pvw* 

a)  = (pw*  + p)  cos  O — 3pursin0  so  forth]. 

Integrating  agnations  (11.9)  for  • froa  tbs  known  duct  of  the 
streaalined  body  0 = e^O))  to  shock  wave  0 = 0°(<D),  let  us  conpose  three 
integral  relatiosship/rstios  of  the  fors 

^l/<n  + r£--r&  + r-F''  = j'*de.  (iuo) 


f 

I ' 


I 


- 
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For  the  solution  of  problem  in  the  first  approximation,,  all  the 
integrands  f and  w are  approximated  on  9 linearly  in  terms  of  their 
values  on  shock  wave  and  over  surface  of  the  streamlined  body. 

Page  207. 


As  a result  from  equations  (10.10)  ve  will  obtain  the  system  of 
ordinary  differential  equations  for  the  values  of  functions  on  shock 
wave  and  the  body  surfaces  of  the  fora 


d I • , df'  _ o 


(11.11) 


where 


Q = «•  -f  ©'•  -f 

+5^  [~  F’  + F'+  + <"-<2) 


The  concrete/specific/actual  fora  of  the  function  0 is  determined 
from  equations  (11. 2) - ( 1 1.4) . Let  us  substitute  ia  three  aquations 
(11.11)  the  appropriate  values  of  functions  /°.  /”.  let  us  coapute 


derivatives  on  shock  wave  with  the  aid  of  conditions  (11.8),  (11.8a), 
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v the  component  of  speed  r*  it  is  expressed  by  foraula  (11.7),  and 

density  and  pressure  - by  formulas  (11*6)  and 


♦"T  = PT\ 


where  * - a function  of  entropy;  as  a result  we  will  obtain  the 
systen  of  three  ordinary  differential  equations  for  deteraining  of 
0°,  uy,  w',  which  can  be  represented  in  the  fora 


<f  e* 
-5®r 

du » 

du* 

~dO> 


*1  = #*  (v°  — O + RdP°u>°- 
at  — Bt  (w°  — to*)  -f-  B,p°ut°  + Bt, 

bt  = - At  (p°  - p")  - + Q,  - A#'w°  - pVv‘. 

b,  — — ;4,  ( w°  — w*)  — w*Q  i -f  — Ai(fwe  — At, 

<*i=  1 -£-(*’•* + 0-  0,-^’. 


Page  208. 


If  the  streaalined  body  has  a plane  of  syaaetry#  in  which  let  us 
assuae  that  d>  0.  r,  then  the  necessary  solution  of  the  systea  of 
equations  (11.13)  satisfies  the  conditions 


where 


= hoi  + »*  la,  (fc,  + Ybi)  + A,  - O.) 

•>3i  + V*  1 3,  («,  + T«i)  — Br]  ’ 

= p4r  [<«•  + ▼*>  — (b>  + ™,>  ~ w 

i r „ rfe*  , « / „ du*  . dy  x y\  , 1 

_ T’STl  i?,‘3$r  + p 3*(“  1®  + 7®  r " ; + 

+ 0.-^.]- 

(11.13) 
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J?L  =«•"  = 0 With  d>  = 0,  n,  (11.14) 

d<t> 

and  the  integration  of  equations  (11.13)  Bust  be  conducts)  on  segaent 

0 < C>  «"  n. 

pour  conditions  (11.14)  are  sufficient  for  deterainiag  the 
solution  of  system  (11.13)  in  an  only  Banner*  The  actual 
deter ainat ion  of  solution  is  realized  by  Beans  of  the  reducing  of 
problea  with  boundary  conditions  (11.14)  to  problea  with  initial 
data.  When  0»  - n they  are  assigned  by  values  of  ••,  mv  they 
integrate  equations  (11.13)  to  value  d»  n.  If  vhea  <ji  ~ o or 

c/Cf> 

w'  ace  not  equal  to  zero,  then  values  •*,  uy  vhea  0>  = n change 
until  are  satisfied  conditions  (11*14).  (Process  of  requisition  9°, 
u " when  «J)  = n is  realized  automatically  by  a computer;  see  [107]). 

inequations  (11.13)  enters  value  # = /»’>-*  ehes  8 = 8’‘(d»). 
designated  Since  during  nonsep seated  flow  the  body  surface  is 
conical  streaa  surface,  here  = const.  For  the  simplest  bodies  of  the 
type  of  round  or  elliptical  cone  is  taken  one  and  the  sane  value 
oa  an  satire  body  surfaefe.  For  exaaple,  for  a round  cone  (see  Fig. 

M)  is  known  function  0°|«>,r..  For  the  bodies  of  sore 

co  a pie  z fora  it  is  piecewise  constant  on  the  surface  of  body  and 

these  constants  aust  be  found  in  resolving  equations  (11.13). 
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Work  [107]  gives  the  results  of  the  calculations  of  pressure 
coefficient  on  body  surface  for  a round  cone  with  «,  * 3.53;  e-  20°, 

6 = 5°,  and  the  cane,  cross  section  of  which  is  ellipse  with  the 
relation  of  semi-axes,  equal  to  1.788  with  = 6,  6 = to  0,  and  also 
is  conducted  their  comparison  with  the  available  experiaental  data. 

For  a round  cone  the  agreenent  of  theoretical  and  experiaental 
data  satisfactory  (it  is  better  - on  windward*  worse  - on  the  lee 
sides  of  cone)*  but  for  an  elliptical  cone  (where  8f  = 6*  but  not 
3.53)  agreement  is  distinct* 

Page  209. 

In  the  third  equation  of  systsa  (11.13)  in  the  denoainator  of 
right  side  is  expression  S|  1 - (u-  1 + rv*),  which  will  become 

zero*  when  a conical-sonic  lime  touches  at  certain  point  of  body 
surface.  The  authors  [ 107]  consider  that  at  high  angles  of  attack  or 
the  large  values  nt  this  aethod  it  is  not  possible  to  use.  This, 
apparently*  not  thus.  Since  the  flow  about  the  body  will  occur  with 
the  "closing"  of  flow  about  its  windward  face*  problem  will  becoae 
completely  to  the  analogous  problem  of  the  flow  of  supersonic  flow 
about  the  cylinder  of  gas  in  which  successfully  is  applied  the  aethod 
of  integral  relationship/ratios.  [The  part  of  conditions  (11.14)  is 

replaced  by  the  conditions  of  the  regularity  of  solution  at  singular 

points . ] 


i 
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The  problem  of  the  determination  of  the  second 
approach/approximation  is  ccnsiderably  more  complex  than  the  problem 
of  first  approximation.  It  should  also  be  noted  that  the  method  of 
integral  relationship/ratios  in  that  fora  in  which  it  is  given  in 
work  [107],  gives  only  averaged  picture  of  flow. 

11.3.  Finite-difference  method  (method  of  establishment).  The 
method  of  the  calculation  of  conical  flows,  proposed  to  K.  Babenko 
with  colleagues  in  book  [29],  is  based  on  the  results,  which  relate  j 

to  the  more  Coaaon/general/total  problem  of  determining  the 
three-diaensional/space  supersonic  flows  of  nonviscous  gas  about 
smooth  bodies.  This  problem  is  formulated  in  the  following  manner.  To 
the  smooth  body  ADB  (Fig-  56)  attacks  the  uniform  supersonic  flow  of 
■"  nviscous  gas,  which  has  speed  V*  ; the  pressure  of  gas  p,  , density 
pk  so  forth. 

About  body  is  formed  leading  shock  wave  CDEF#  after  which  the 
flow  remains  supersonic,  with  the  exception  perhaps  certain  region 
ODE  near  the  nose  of  body.  Let  us  break  now  the  region  whare  the  flow 
is  agitated,  by  certain  surface  p on  region  I and  II  (see  Fig.  56)  in 
such  a way  that  in  all  its  points  of  rate  of  flow  they  would  be 
supersonic  and  surface  II  mould  have  three-diaeasioaal/space  type 
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l (tangential  plane  to  surface  (1  at  any  point  of  it  it  lia/rests 

outside  the  Hach  cone,  constructed  for  this  point  according  to  the 
value  of  local  Hach  number). 
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page  210. 

Let  the  problem  be  solved  for  domain  I by  any  method  and  are 
obtained  values  of  y,  p,  p so  forth  04)  surface  II.  is  required  to  find 
the  parameters  of  flow,  and  also  the  forn  of  leading  shock  wave,  in 
vicinity  of  surface  n,  i. e. , in  certain  layer,  limited  by  surface 
and  by  the  surface  nit  satisfying  the  sane  requirements,  as  n.  After 
the  determination  of  solution  in  this  layer,  it  is  possible  to  pass 
to  following  so  forth.  Entering  so,  let  us  construct  the  solution  in 
domain  II  up  to  the  emergence  of  special  feature/peculiarities  in 
solution  (for  example,  inversion  into  infinity,  acceleration  on 
certain  surface).  Virtually  stated  problem  is  solved  as  fallows.  The 
equations  of  the  inviscid  adiabatic  steady  flow  of  ideal  gas  are 
record/written  in  cylindrical  coordinates  (z*  r,  *) , where  axis  Oz  is 
selected  so  that  as  the  surfaces  n,  nit  nt,.„  it  would  be  possible 

to  take  planes  z * const  (that  always  it  cam  be  aade  for  the  bodies 
of  the  simple  fora) ; see  Fig.  56.  Then  they  transfer/convert  to  the 

| 

new  coordinate  system,  selected  in  such  a way  that  the  domain  in 
which  searches  for  solution,  it  would  have  the  fixed/recorded 
boundaries.  If  the  equation  of  body  surface  in  cylindrical 
coordinates  is  r * G(z,  ♦) , and  the  unknown  previously  leading  shock 
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wave  r = F (z,  h),  then  as  the  simplest  variables  such  type  it  is 
possible  to  take  x,  5,  9,  where 


x — z,  5 = 


r—  C(«,  f) 

/■(z.f)  — <?(*,?)  ’ 


6 = <p.  (11.15) 


After  the  replacement  of  variables  the  domain  in  which  searches  for 
the  solution,  is  determined  by  the  inequalities 


x>i„:  0<6<  2n;  0<  \<  1 (H.16) 

(x  = x 0)  is  an  equation  of  surface  n),  but  into  the  equations  of 
notion  of  gas,  will  enter  the  unknown  previously  function  F(z,  ♦)  = 
F(x,  •). 


Further  in  the  domain,  given  by  inequalities  (11.16),  is  introduced 
rectangular  grid  with  spaces  Ax,  AC  = 1/m#  A#  - 2v/n,  where  n,  n are 
the  integers,  and  the  equation  of  notion  of  gas  and  boundary 

» 

conditions  they  ace  record/vr itten  in  finite-difference  for*.  As  a 
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result  for  determination  5mn  ♦ 6^unknowns,  which  determine  the 
parameters  of  gas  and  the  position  of  shock  wave  at  x = x0  ♦ (&  ♦ 

1)  Ax  in  the  known  values  at  x = x0  ♦ kAx  (k,  integer,)  is  obtained 
the  complex  system  5mn  ♦ 6n  of  nonlinear  equations.  The  development 
of  the  procedure  of  the  solution  of  this  system  composes  the  essence 
of  problem.  Sending  away  the  reader  to  primary  source  [29],  let  us 
pause  only  at  the  most  essential  torque/moments  of  this  procedure. 
Hentioned  above  system  of  nonlinear  equation5  is  solved  with  the  aid 
of  the  iterative  process  in  which  the  system  decomposes  to  n of 
independent  subsystems  of  5m  ♦ 6 equations  each  (the  so-called 
"equations  on  ray/bean") . Last/latter  equations  are  solved  by 
dispersion  method.  The  authors  [29]  conducted  extensive  study  and 
distances  in  an  explicit  form  of  the  conditions,  assuring  the 
correctness  of  the  system  of  the  used  difference  equations  and  the 
stability  of  screw  die  (under  some  natural  simplifying  assumptions). 

As  a result  is  obtained  the  well  substantiated  finite-difference 
method  of  the  solution  to  the  Spatial  problem  of  supersonic  gas 
dynamics. 

The  use  of  this  method  for  the  calculation  of  conical  flows  is 
based  on  following  considerations.  It  is  well  known  from  experiments 
and  calculations  for  the  simplest  cases*  that  during  the  flow  about 
the  body,  which  differs  from  cone  only  in  certain  vicinity  of 


r - 


- - — 
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apex/vertex,  the  flow  at  large  distances  froa  it  will  be  close  to 
conical  everywhere,  with  the  exception  of  certain  doaain,  adjacent  to 
the  surface  of  the  body  ("vortex/eddy"  or  "entropy"  layer  for  bodies 
with  the  snail  blunting);  the  thickness  of  this  donain  rapidly  it 
decreases  with  an  increase  in  the  distance  froa  the  apex/vertex  of 
tody;  the  fora  of  body  near  its  apex/vectex  it  affects  (even  then  is 
saall)  only  to  the  speed  of  the  establishment  of  conical  flow.  These 
facts  give  grounds  for  the  assuaption  that  if  we  with  x = x0  assign 
on  the  whole  the  "arbitrary"  values  of  the  gas  parameters,  and  with 
these  initial  conditions  to  find  the  solution  of  the  problen  of  the 
flow  about  the  cone  (satisfying  the  boundary  conditions  on  body  and 
leading  shock  wave  with  x >,  x0)  # then  it  with  x • will  approach 

the  solution  of  the  problem  of  the  flow  about  the  infinite  cone, 
although  it  is  uneven- 

page  212. 

It  is  hence  clear  as  to  use  the  nuaerical  method  of  the  calculation 
of  three-dinensional/space  flows  on  the  calculation  of  conical  flows. 
Let  us  assign  at  i « i0  the  sore  or  less  adequate/approach ing  initial 
values  of  the  parameters  of  gas,  and  let  us  with  x > x0  solve  the 
problem  of  the  flow  about  the  conical  body,  transfer/converting  with 
tbo  eld  of  the  described  nueerical  algorithm,  froa 
xk  x,  -f  ArA.r  = x,  + (*  + l)Ax(Ar  - integer).  Calculations  are 


# 
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conducted  to  this  value  k0,  for  which  the  differences  among  the 
unknown  values  in  the  k0-  layer  and  the  subsequent  layers  at  those 
who  were  fix/recorded  5 and  « they  will  not  become  (on 
module/modulus)  the  less  assigned  magnitudes.  [ Recall  that  the 
parameters  of  conical  flow  depend  only  on  the  angular  variables, 
which  they  are  here 


1 = 


r -C(-.  V) 


3-  ^ 


d =<*. 


for  the  conical  bodies  G(z,  *) 


T-’Hl  .1 

i ni)-g  (?)  J 


*9(*)  , F(z,  *)  = zf (#)  and 


By  the  final  criterion  of  correctness  of  the  obtained  thus 
▼alues  of  the  unknown  quantities  is  satisfaction  them  the 
differential  equations  of  conical  flows  and  boundary  conditions  with 
the  error,  allowed  with  approximation.  A large  quantity  of 
calculations*  made  by  the  authors  [29],  confirms  the  convergence  of 
the  values  of  the  unknown  quantities  to  the  same  for  conical  flows. 


Convergence  indicated  earlier  nonuniform  near  body  surface  is 
exhibited  in  the  fact  that  the  establishment  of  the  values  of 
functions  on  body  (with  increase  in  x)  occurs  more  slowly  than  in 
remaining  zone  of  flow-  In  work  [29]  it  is  noted  that  "on  body  is 
establish/installed  the  correct  value  of  entropy,  whatever  its 
distribution  at  first-  This  is  connected  with  the  fact  that  in  the 


4^ 
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differential  equations  of  flow  line,  exiting/waste  from  nave, 
asymptotically  approach  a body  surface,  while  in  the  difference 
equations  of  the  disturbance/perturbation  of  entropy  they  are 
transferred  from  shock  wave  to  body  for  the  finite  number  of  spaces 
on  coordinate  x". 

Page  213. 

This  fact,  however,  also  indicates  the  inadequacy  of 
differential  and  difference  equations  near  body  surface,  since  in 
precise  solutions  of  the  differential  equations  of  motion  of  gas  for 
the  blunted  and  sharpened  cones  of  the  value  of  entropy  on  their 
surfaces  they  will  be  different  with  any  x. 

As  already  mentioned  in  §8  (point/item  8.4).  Here  it  is  possible 
to  still  add  that  the  position  deteriorates  for  the  large  values  of 
the  Nach  numbers  H t of  the  incident  flow,  since  "vorticity  layer"  on 
cones  at  hypersonic  speeds  is  very  fine,  but  the  value  of  entropy 
across  it  strongly  changes  from  the  constant  value,  available  on  the 
surface  of  cone  (the  discussion  concerns  the  round  cone),  to 
different  values  on  the  outer  edge  "vorticity  layer".  For  this  reason 
when  Ht  ^ 1 would  be  more  more  interestingly  obtain  the  algorithm  of 
the  solution  of  problem,  which  would  give  the  variable  values  of 


entropy  "on  the  surface"  of  cone,  disregarding  thereby  the  "vortex 
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layer*,  as  it  takes  place  is  work  [1(8].  For  the  soderate  values  of 
Hi  and  angles  of  attack,  the  described  finite-difference  nethod, 
called  another  nethod  of  establishnent,  is  at  present,  apparently, 
best.  In  book  [29]  by  the  nethod  of  establishnent  are  designed  the 
tables  of  the  flow  about  the  round  cones  at  angles  of  attack  for  the 
values  of  nuabers  Ht,  equal  to  2,  3,  5,  7.  Half-angles  of  cone 

are  changed  in  the  tables  fron  10*  to  so*  with  space  5*. 

and  angles  of  attack  8 within  limits  of  from  5*  to  20°  with  a spacing 

of  5°.  1 • appendii 

1 of  book  [29]  are  placed  the  tables  for  Hach  nuabers,  equal  to  4 and 
6,  obtained  by  quadratic  interpolation.  Gas  is  assuaed  to  be  ideal, 
y = 'pic r=  1,1.  For  convenience  in  the  use  of  these  tables,  are 
given  also  the  fields  of  flow  about  cones  with  6 « 0.  Furtheraore,  in 
book  [29]  are  given  the  results  of  calculations  for  the  body, 
coaprised  of  the  head  cone,  connected  with  base  cone  of  the  snaller 
seniangle,  streanlined  both  with  air  with  j = 1.4  and  for  flow  taking 
into  account  equilibriun  chenical  reactions. 

These  calculations  represent  large  value,  since  they  nake  it 
possible  to  reveal/detect/ezpose  the  dependence  of  field  of  flow  on 
the  different  paraneters. 

Page  214. 

The  detailed  analysis  of  such  dependences  (for  axaaple,  gas-dynasic 

functions  of  tke  vales  of  coordinate  t and  others)  is  given  la  the 
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i book.  It  should  also  be  noted  that  the  tables  Bake  it  possible  to 

calculate  the  parameters  of  gas  at  any  point  of  flov  and  are 
convenient  for  use. 

11.4.  Method  of  straight  lines.  Por  the  solution  of  the  problem 
of  the  supersonic  flow  about  the  blunted  body  of  gas  £r.  Talenin  with 
colleagues  they  daveloped  the  method  which  conditionally  can  be 

I 

call/naned  the  method  of  straight  lines;  see  [172].  Essentially  this 
method  is  similar  to  the  method  of  integral  relationship/c atios,  but 
does  not  require  the  reductions  of  equations  to  divergent  form.  A. 
Bazzhin  and  I.  Chelysheva  in  work  [ 109]  used  the  method  of  straight 
lines  on  the  calculation  of  the  flow  about  the  cone  with  the  smooth 
duct  of  cross  section  when  flow  occurs  with  flow  choking  about  the 
windward  face  of  cone.  As  examples  are  given  the  results  of  the 
flow-field  analyses  of  round  and  elliptical  cones  at  high  angles  of 
attack.  It  is  presented  the  first  brieily  basic  condition/ positions 
of  the  method  of  straight  lines,  and  then  let  us  discuss  the  results 
of  calculation  and  possibility  of  method. 

The  equations  of  motion  of  gas  they  are  record/writta n in 
Cartesian  coordinates  l = n = As  the  unknown  values  are  selected 

the  components  of  velocity  vector  a,  v,  w,  pressure  p and  temperature 
T.  Then  instead  of  C and  \ are  introduced  alternating/variable  n 
and  s,  where  s - the  arc  length*  calculated  off  certain  point  along 

I 


I the  counterf loved  body  to  the  standard,  passing  through  point 


* (£;  g),  n - the  distance  along  the  noraal  of  this  point,  in 

i 

reference  to  distance  of  bov  shock  N = N(s)  (Fig.  57). 

\ 

(Alternating/variable  s,  n usually  are  utilized  in 
boundary-layer  theory,  only  here  n is  calibrated  so  that  the  donain 
between  the  body  surface  and  the  unknown  previously  surface  of  shock 
wave  would  correspond  to  values  of  n,  deterained  by  inequalities  0 ^ 
n ^ 1)  . 


Fig.  57. 


Page  215. 

Further  equations  of  notion  are  pernitted  relative  to 
derivatives  in  terns  of  n of  the  unknown  values*  i.e.,  they  are 
reduced  to  the  fora 


-75T  *=  F*(*’  "■  /•  17  • TT  • -v)  (*=1.2 5),  (11.17) 
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where  by  they  are  understood  by  p,  u,  v,  w,  T. 

In  the  range  of  perturbed  flow,  determined  by  the  inequalities 

0<  s<  0<  n < 1,  (11.18) 

are  carried  out  several  coordinate  ray /be am* 

S = s*  = const  (f  = o,  1,  2 I - 1), 

and  aa  the  unknown  values  are  taken  values  on  ray/beaas  ‘ 

* = *i,  ta  (/*).-«,  = but  functions  are  approiimated  by  polynomials 
on  s*  the  node/units  of  interpolation  polynomials  are  defined  by  1 

values  Derivatives  ~ are  deterained  by  differentiation  with 

respect  to  s of  these  polynomials.  Aa  a result  A and  at  any 
point  of  flow,  are  expressed  through  At(»)-  For  deter  aiming  functions 
fki(n)  system  (11.17)  is  satisfied  on  ray/beams  S*3£  (i  = " 0.1,  ..., 

1*1),  in  consequence  of  which  for  A<(n)  is  obtained  the  system  5l  of 
ordinary  differential  equations.  The  order  of  the  solution  of  this 
system  is  following.  Given  the  position  of  bow  shock,  i.e. , function 
M * N (s) ; of  usual  relationship/ratios  on  shock  wave  are  located 
initial  conditions  for  a system  (11.17);  it  is  conducted  the 
integration  of  systen  (11.17)  from  value  of  n * 1 to  n = 0 ; with  n = 

0,  is  checked  the  condition  of  the  flow  about  the  body  on  each 
ray/beaa  )ia  the  case  of  its  nonfulfillnent  it  changes  the  fora 

of  bow  shock  and  entire  calculation  is  repeated*  while  the  boundary 
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condition  on  the  body  will  not  be  satisfied.  Constant  *.  in  (11.18) 
is  selected  in  such  a way  as  aost  to  correctly  consider  a 
conical- transonic  zone  of  flow. 

Pa  ge  215. 

As  the  illustration  of  the  possibilities  of  aethod  work  [109] 
gives  separate  of  the  results  of  calculations  according  to  the 
nine-bean  diagran  of  the  flow  about  the  round  and  elliptical  cones 
with  the  Each  nuaber  of  undisturbed  flow  H,  = 7 and  7.95. 

The  results  of  the  calculations,  obtained  by  the  aethod  of 
straight  lines,  are  close  to  the  results  given  ty  other  aethods  (see 
[115,  29])  and  to  the  results  of  experinent.  Most  interesting  are  the 
figures  in  which  is  shown  the  fora  of  shock  “aves  and  conical-sonic 
lines  in  flows  about  round  cone  with  half-angle  e --^“at  the  angles  of 
attack  6 = 30,  40,  50°  and  Mt  = 7,  and  of  elliptical  cone  (with  the 
relation  of  the  seni-axes  of  cross  section,  equal  to  two).  The  fora 
of  conical-sonic  lines  was  obtained  the  saae  type  as  during  the  flow 
about  the  cylinder. 

Although  the  aethod  of  straight  lines  in  work  [109]  is  utilized 
for  the  solution  of  the  problea  of  the  flow  about  the  bodies  at  high 
angles  of  attack,  when  is  acconplished  flow  choking  about  the 
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windward  face  of  the  cone,  not  is  evident  reasons  on  which  it  was  not 
possible  to  utilize  this  method  for  the  solution  of  problem  at  the 
Moderate  angles  of  attack.  For  this  purpose  it  is  necessary  only 
functions  to  approximate  not  by  polynomials  s,  but  by  the 
trigonometric  polynomials  s,  which  provide  the  periodicity  of 
solution  by  s.  This  modification  of  method  is  desirable  even  because 
the  method  of  the  straight  lines  is  convenient  to  account  for 

vorticity  layer  near  the  surface  of  the  streamlined  body.  Let  us  note  ' 

that  the  method  of  straight  lines  is  suitable  for  the  casa  of  the 
inadequate  gas. 

B.  Flow  about  the  conical  bodies,  arrange/located  outside  the  Hach 
cone  of  undisturbed  flow. 


§12.  Classification  and  the  aethods  of  the  solution  of  the  problems 
of  the  flow  about  the  conical  bodies. 


12.1.  Lead-in  observations.  In  section  B,  are  examined  those 
cases  of  the  flow  of  uniform  supersonic  flows  about  conical  bodies  of 


gas  with  the  moderate  values  of  the  Hach  numbers  Mt , at  which  the 
streamlined  bodies  lie/rest  completely  outside  the  Hach  cones  of 
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l undisturbed  flow,  constructed  for  apex/vertex  bodies  downstream  (Fig. 

58). 

Page  217. 

The  problem  of  the  flow  about  the  body  in  variables  *i  here  is 
very  similar  to  tvo-dimensiona 1 problem  of  the  supersonic  uniform 
flow  about  the  airfoil/profile  of  gas,  and  about  it  it  is  possible  to  ' 

say  literally  the  sane  as  the  plane  problem.  Specifically,  one  should  | 

distinguish  the  cases  in  which  the  bow  shock  is  connected  to  the 
leading  edge  of  body  (Pig.  59a)  and  the  cases  in  which  tha  flow  \ 

occurs  with  the  detached  shock  »a»e  (Pig-  59b).  ! 

In  the  case  of  a Pig.  59  flow  of  body  by  a conical-supersonic 
(if  body  surface  convex),  and  it  possible  are  calculated  by 
perturbation  method  or  (it  is  more  accurately)  method  of 
character! st ics. 

In  the  perturbation  method  (small  parameter  method)  of 
I 

first-order  disturbance/perturbation  of  the  components  of  the  rate  of 
pressure,  and  so  forth  they  satisfy  within  the  Hach  cone  of 
undisturbed  flow  the  two-dimensional  equation  of  Laplace,  but  outside 
him  - to  one-dimensional  wave  equation. 


' ; V"  Tf  ■ 
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The  deteraina t ion  of  higher  approach/approxiaations  of  outside 
Bach  cone  (i.e.  in  the  which  interests  us  doaain)  is  reduced  to  the 
solution  of  heterogeneous  one-diaensional  wave  equations,  and  A. 
Avdonin  [173]  found  here  the  third  approach/approxination  in  the 
locked  for*  (see  also  (174]). 


fig.  58. 

Pig.  59. 

K# j;  (,i).  characteristics.  (2).  shock  wavs.  (3).  coaical-soaic  lines. 
(4).  Shock  wavs. 
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Page  218. 

J 

Method  of  characteristics  for  conical  flows  was  proposed  by  S. 

Vallander  in  work  [175],  If  body  is  arrange/located  relative  to  flow  j 

so  that  above  one  of  its  sides  the  flow  is  expanded,  then  for  this 
side  of  wing  flow  will  be  siaple  conical  wave  (see  [98],  [ 100]). 

I 

For  the  case  b of  figure  58,  position  is  considerably  more 
coaplex,  since  near  the  leading  edge  of  body  is  foraed  a ■ 

conical-subsonic  zone,  and  for  deteraining  flow  near  edge  it  is 
necessary  to  solve  the  conical-transonic  problea. 

For  a rounded  edge  this  problem  can  be  solved,  for  exaaple,  by 
the  method  of  straight  lines  (see  [109]).  For  the  pointed  leading 
edge*  but  streaalined  at  high  angle  of  attack,  so  that  shoe*  wave 
cannot  be  that  which  was  connected,  apparently,  better  to  utilize  a 
nethod  of  integral  relationship/ratios  (see  [ 176,  177]).  After  the 
deterainat ion  of  flow  in  the  vicinity  of  leading  edge  for  the 

I 

calculation  of  the  reaaining  conical-supersonic  part  of  the  flow,  can 
be  used  the  aethod  of  characteristics. 


12.2.  Method  of  characteristics.  As  initial  let  us  take  the 
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equations  (1 . 1 7) - ( 1. 20)  , which  are  most  close  to  the  equations  of  the 
flat/plane  eddy  of  gas.  'flie  unknown  values  are  here  the  components  of 
velocity  u,  v,  w along  the  axes  of  the  Cartesian  system  of 
coordinates  Ojxyz  (see  Fig.  2)  and  specific  enthropy  S. 

As  is  known,  system  performances  of  differential  equations  they 
are  called  also  the  curves  for  which  certain  linear  combination  of 
initial  equations  contains  the  derivatives  of  the  unknown  functions 
only  along  these  curves. 

In  the  form  of  equations  '1.18)  » (1.20)  immediately  it  is 
possible  to  say  that  the  flow  lines#  defined  by  equation 
ar*  dual  system  performances  of  equations 
(1.  17)  - ( 1.  20)  . Along  these  lines  are  fulfilled  the  obvious  equalities 

l du  + i)  dv  + dw  = 0,  (12.1) 

dS  = 0.  (12.2). 

Page  219. 

The  other  two  characteristics  are  defined  by  equation  (1.43) 

yl(T)')*  - 2Br\'  +C  = 0 

(see  point/item  1-8),  where  V - — an  angalar  coefficient  of 

characteristic. 

After  elementary,  but  bulky  and  long  calculations,  it  is 
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possible  to  write  the  relationship/ratio  between  the  differentials  of 
the  Unknown  values  along  the  characteristics*  determined  by  equation 
in  the  fora 

(Idu  dr  + du-)lw(('  - Br\')  -f  a\(rl  - UTi)I  + 

J (C  - Br]')TdS  + 

+ [c  - T)U’—  T)'(u  — £u>))  (C  dv  -1-  At]'  du)  — (I,  (12.3) 

where  A«  B*  C are  given  by  formulas  (1.30).  Belationship/r atios 
(12-  1)  — (12-3),  (1.43)  are  valid  for  eddy  and  the  inadequate  gas.  If 

q}  1 

gas  ideal,  then  T in  equation  (12.3)  should  replace  by  ^ (see  ‘ 

point/item  1.3). 

l 

If  the  flow  of  gas  is  irrotationa  1,  then  dS  = 0,  J lu  ♦ dv  ♦ 
dw  = 0,  and  relationship/ratio  (12.3)  is  converted  into  Civ  ♦ 

0,  which  can  be  written  in  the  form 

dr  A , 

diT  c~  8 • 

If  one  considers  that  ’ll  •»)-  — C/A,  then  finally  we  will  obtain 


where  • rl-  they  are  located  from  equation  (1.43).  Furthersore, 

dw  = — (\du  +i)di>).  (32.5) 


For  irrotational  conical  flow  the  calculations  according  to 
method  of  characteristics  differ  from  analogous  calculations  for 
two-dimensional  gas-dynamic  problem  only  in  the  facts  that  after 
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determination  a*  v,  for  example  in  thirds  to  point,  from  assigned 
values  in  two  others,  w it  is  deterained  at  the  third  point  with  the 
aid  of  foraula  (12.5).  For  the  vortex/eddy  conical  flows  in 
comparison  with  of  flat/plane  vortex/eddy  problems  of  gas  dynamics, 
is  obtained  certain  complication,  since  dw  enters  in 
relationship/ratios  on  characteristics  along  with  du  and  iv. 

Page  220. 

Furthermore,  conditions  on  shock  wave  and  the  surface  of  the 
streamlined  body  are  here  more  complex. 

for  this  reason  let  us  examine  the  basic  operations  of  method  of 
characteristics  (first  approximation)  for  conical  flows.  Let  are 
known  to  u,  v,  w,  s at  two  points:  (t , ; 'll).  (£,;  r|,);  it  is  required  to 
find  u,  v,  w,  s in  close  point  (»<:  1»)-  Indices  1,  3 let  us  designate 

function  values  at  these  points.  Pron  equation  (1.43)  we  find 

(n')i<  Ol-)i  and,  replacing  the  arcs  of  characteristics  by  segments  of 
tangent,  let  us  find  point  (*,;  n>)  (Pig*  60a). 


purth«r  through  forstla  tl’  ~ { me  find  angular  coefficients 
7i't  and  ^ the  flow  lines,  passing  through  points  1 and  2 (Pig. 

60a) • also,  with  the  aid  of  linear  interpolation  on  the  cut  straight 
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v liner  connecting  point  1 and  2#  we  find  point  4,  for  which  the 

tangent  to  flow  line  is  passed  through  point  3.  At  point  4 with  the 
aid  of  linear  interpolation  we  define  u,  v,  w,  s.  Then  S3  o S4. 
Replacing*  now  differentials  by  finite  differences,  fron 
relationship/ratios  (12.1),  (12-3)  we  obtain  the  systen  of  three 

linear  equations  for  u3,  w3,  w3: 

£,(u,  — u*)  + - t>4)  j_ , vt  — wA  --=  0,  (12.6) 

Ui(h,  - u,)  -f  r),(r,  — v,)  4- it,  _ - B,^),  J 4 

+ (*>,!,  - «,»),)}  -f  1C,  - B1(r}:)l]T1(Si  - 5,)  + 

+ It'i  - »|,»fc  - (»);),(«,  - E1u>,)J!C1(i;I  - Vt)  + 

+ - «,)1  = 0,  (12.7) 

l*l(UX  — M 1)  — f,)  If,  — tf,l{lf,|C,  — 

a?(n-)jM5  - ",*1,)}  ici  - ).)Ti 

is»  ~ st)  + U-,  - ij, if,  - (ni),(,/a  - 5^-,)]  irt(,.,  _ t,t) 

t — w,)J  0.  (12.8) 


r 


I 


I 


w 
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Page  221. 

Method  of  characteristics  is  well  known,  so  that  here  and  throughout 
we  are  not  stopped  on  the  guestions  of  the  refineaent  of  solution, 
being  interested  only  in  fundanental  side  of  natter. 

Let  the  point  of  3,  figure  60b  is  locate  on  the  surface  of  the 
streaelined  body.  Since  points  2 end  3 lie/rest  on  one  flow  line, 

S*  = St.  l^u%  — ut)  -l  - vt ) -f-  u-,  - irt  =-  0. 


r 
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Furtheraore,  »>*  — tu**',  - (»lt>)»(u»  — £*“’>)•  where  (o*»)»  the  known  angular 
coefficient  of  the  surface  of  the  streaalined  body  at  point  3.  One 
Additional  condition  is  obtained  fro*  relationship/rat io  on 
characteristic  1-3,  this  is  an  equation  (12.7). 


Let  the  point  of  3 figure  60c,  lie/rest  on  the  surface  of 
leading  shock  wave.  Let  us  exaaine  the  case  of  ideal  gas,  then 
conditions  on  shock  wave  are  assigned  by  the  foraulas  ( 1.  4 7)  - ( 1.  49) , 
which  for  our  case  are  conveniently  written  in  this  fora: 


u,=  uM—  (n.)*  P» . v,  = vx  + Pf 
u.'t  — u'x  + — Tll*^>»’  (Tli=="2|~)’ 


2 [_ aJ» 

T + 1 Lp00  — Vco  + " oo  (Sli  — V 1 + *1 + <^n,  — »1f 


T + l 


— yin 


2 + (T-<)?n 
(7  + 1)  V*  II, 


9‘a’oo  = l^eo  - u»rw-b « „(£n;  - + ni,+(5tu-’i.)*l‘1. 

(12.9) 


la  foraulas  (12.9)  the  paraaeters  of  undisturbed  flow  are  designated 
in  index  and  their  values  for  point  3 have  an  index  "3". 


Page  222 
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The  position  of  point  3 on  shock  *a»e  »ill  be  determined  by  the 
intersection  of  tangent  to  characteristic  at  the  point  of  2( figure 
60c,  and  tangent  to  shock  wave  at  point  1.  For  deterainati on  S](  u3, 
va,  wa  (Tl>)>  are  five  relationship/ratios  (12.8),  (12.9).  The  solution 
of  this  systen  five  of  nonlinear  equations  is  conducted  iteratively. 
After  conducting  through  the  point  of  1 figure  60c,  tangent  to  flow 
line,  we  find  point  4 on  the  cut  of  characteristic  2-3.  Through 
values  S4  mt  St  and  Sj.  by  linear  extrapolation  is  found  zero 
approxiaation  for  £»*’•  substituting  ST  and  u3,  v„  w3  by  formulas 
(12.9)  into  equation  (12.8)  > and  we  again  find  more  precise  value 
(g.')».so  forth,  after  which  compute  u3,  v3,  w3  by  formulas  (12.9). 

For  irrotational  approach/approximation  the  calculation  strongly 
is  simplified,  since  equation  (12.8)  here  assumes  the  form 

(".  - *>t)  (Hi).  + (u,  - uj  - 0.  (12.8a) 

12.3.  Fine/thin  wing  with  sharp  leading  edge.  As  an  example  let 
us  examine  order  of  calculation  of  flow  near  the  fine/thin  wing  with 
sharp  leading  edge,  depicted  on  Fig.  6 i.  Let  the  wing  be  placed 
into  flow  in  such  a way  that  about  its  upper  surface  is  the  flow  of 
evacuation/rarefaction,  and  about  lower  - a flow  with  attached  shock 
wave. 


Page  223 
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The  equation  of  the  upper  part  of  the  surface  let  us  take  in  the 
for*  = tw(£),  lower  *1  = »!«(£) • Since  leading  wing  edge  supersonic  and 
the  bo*  shock  is  connected  to  it,  flows  about  the  upper  and  lower 
parts  of  the  surface  do  not  interact  and  can  be  designed  separately. 
Let  us  examine  first  flow  about  the  upper  part  of  the  surface,  on 
leading  edge  (point  1 in  pig.  61)  appears  centered  siaple  conical 
wawe  (see  Section  2.17),  in  which  the  conical  potential  P is 
represented  in  the  forn 

+ Ft. 

.-m 

l — v 

a the  components  of  velocity  u,  v,  w are  located  through  formulas 
(2.78) 

u = <D  — fd>\  v = G>',  w — Ft  — 5,u  — d>'  = . 

If  we  orient  axis  Otx  in  direction  of  undisturbed  flow,  then  Pt  * Vt. 

Substituting  u,  v,  w by  formulas  (2.78)  into  the  equation  (2.79),  we 

will  obtain  the  relationship/ratio 

flJll  + t*  + (£,  - tq,)*]  - - n,)  - ut  + vl*  - 0, 

(12.11) 

which  is  differential  first-order  equation  for  deterainiagd>  = 0(1)  a *4 
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easily  can  be  solved  relatively  <!>'• 

to 

Let  us  designate  by  t4  value  of  t for  the  characteristic,  which 
separate/libecates  undisturbed  flow  froa  centered  wave,  then  with  t = 
t» 

w = F„  u =•  0,  v * 0,  a = flj.  (12.12) 

Froa  foraulas  (12.12),  (2.78)  it  follows  that  with  t * t|  ' 

<t>  — <t>'  = 0,  aad  vaia«  tt  w ill  be  located  froa  t he  equation 

«?1  + <+(5,-  *,%)*!  - IVt(6,<.  - vh)J*  = 0,  (12.13)  ; 

which  is  obtained  by  aeans  of  substitution  (12.12)  in  (12.11). 


page  224. 


Further  is  conducted  the  integration  of  equation  (12.11)  with  the 
initial  condition  t = tt,  <I>  = 0 to  auch  a t = t*  by  which  is  satisfied 
the  equality 


rt 


aeaning  that  the  velocity  vector  with  t * t,  is  parallel  to 
tangential  plane  to  the  body  surface,  constructed  for  points  leading 
edge.  It  is  possible,  of  course,  to  use  by  those  by  the  fact  that  for 
an  ideal  gas  oblique  flow  of  Prandtl-Hayer  is  described  by  known 
foraulas.  Characteristic  t * tf,  it  adjoins  further  the  region  of  the 
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siaple  conical  wave  whose  calculation  can  be  produced  by  the 
short-cut  method  of  characteristics. 

An  characteristic  t = t2«  is  taken  point  2 (see  Pig.  61)  near 
body  surface;  for  it  it  is  located  (Tl- )*.  is  carried  out  the  cut  of 
characteristic  2-3  to  point  3,  which  lias  on  body  surface,  and  here 
are  determined  flow  parameters  (see  Section  12.2).  Then  is  calculated 
(«K),  and  through  point  3 is  carried  out  rectilinear  characteristic 
4-3,  on  which  flow  parameters  the  same  as  at  point  3. 

Further  on  characteristic  3-4,  is  taken  point  4,  is  Located 
value  (n  )i  and  they  are  determined  the  position  (and  flow  parameters) 
of  close  point  5,  which  lies  on  the  body  surface  and,  etc. 

In  the  problem  of  the  flow  about  the  lower  part  of  the  surface, 
let  us  examine  only  order  of  calculation  near  the  leading  edge,  since 
the  subsequent  operations  are  examined  in  p.  12.2.  Just  as  in 
two-dimensional  problen  of  gas  dynamics,  the  small  section  of  the 
airfoil/profile  of  the  body  of  1-8  figure  61  is  replaced  by  tangent, 
carried  out  at  point  1.  Then  the  section  of  head  impact  oxen  1-6  is 
rectilinear,  and  flow  in  domain  1-6-7-8,  where  6-7-8  is  a rectilinear 
characteristic,  it  is  uniform.  The  angular  coefficient  of  shock  wave 
(t)<)i  in  point  1 will  be  located  from  the  condition  that  after  shock 
wa ve  the  velocity  vector  is  parallel  to  tangential  plane  to  the  body 
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surface,  constructed  for  point  1.  This  condition  takes  the  torn 

'•«  ’ll"'*  ~ (’Ih)i  (".  - Si"’.)- 

Page  225. 

Substituting  here  values  u«,  v4,  v * from  formulas  ^1.47),  where  it  is 
necessary  index  "2"  to  replace  by  index  "6"  and  to  place  ot  * v,  = 0, 
*•  s 7,#  we  will  obtain  the  algebraic  equation  of  cube  for  (>/),.  one 
of  roots  of  which  it  corresponds  to  the  unknown  weak  shock  wave. 
Further  order  of  calculation  does  not  differ  fron  such  for 
two-dimensional  problem  gas  dynanics. 

It  is  necessary,  however,  to  keep  in  nind  that,  unlike 
two-dimensional  problem  where  the  flow  about  the  airfoil/profile, 

} r. 

depicted  on  Fig.  as  61,  will  be  supersonic  at  the  points  of 
airfoil/profile,  in  conical  flows  can  be  net  the  cases,  when  in 
certain  point  of  the  airfoil/profile  of  the  section  of  body  by  plane 
z - 1 appears  a conical-sonic  point  and  further  calculation  according 
to  method  of  characteristics  it  becomes  impossible.  This  situation 
appears,  for  example,  if  jump  1-6  (see  Fig.  61)  sufficiently  intense, 
and  airfoil/profile  - fine/thin  and  little  bent). 

These  cases  are  examined  in  section  C. 
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c.  fhe  flow  about  the  conical  bodies,  which  partially  protrude  from 
the  Mach  cones  of  undisturbed  flow. 

§13.  Classification  and  observations  about  the  diagrams  of  the  flow 
about  the  conical  bodies. 

1 

I 

l 

13.1.  Classification.  In  section  C will  be  examined  the  cases  j 

when  the  streamlined  bodies  ace  partially  arrange/located  outside  the 
Mach  cones  of  undisturbed  flow,  constructed  for  apex/vertex  bodies 

1 

downstream.  Here  ace  not  examined  the  cases,  when  bodies  fill  entire 

interior  of  Hach  cones  and  partially  they  lie/rest  outside  then, 

. 

since  conical  flows  under  these  conditions  can  arise  only  at 
hypersonic  speeds  ( H , ^ 1) . Thus,  are  examined  conical  bodies  of  the 
type  "wing",  "wing  with  fuselage",  "fuselage  with  tail  assembly", 
that  have  supersonic  leading  edges,  in  the  unifora  flows  of  gas  with 
moderate  values  of  Hach  numbers  Ht  > 1.  The  leading  edges  of  bodies 
we  assume  in  the  majority  of  cases  acute/sharp,  since  the  blunting  of 
edge  is  led  to  the  local  effect  on  flow  (neat  edge) which  is  examined 
into  §12. 
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Angles  of  attack  6 will  be  assuned  to  be  those  Mho  were  Moderated, 
with  those  so  that  the  bow  shocks  would  be  connected  to  the  leading 
sharp  edges  of  bodies. 

Hill  be  also  examined  separately  the  flow  about  the  triangular 
plate  at  high  angles  of  attack* 

13.2*  Observations  about  diagrams  of  flow  about  conical  bodies. 
The  chief  characteristic  of  the  flow  about  the  bodies  in  the  cases, 
component  section  C,  is  a ccnical- transonic  pattern  of  the  appearing 
flows.  (About  the  part  of  the  surface  of  the  streaelined  body  the 
flow  of  a conical' supersonic,  and  about  another  part  - 
conical-subsonic,  Moreover  to  flow  paraneters  in  a conical-subsonic 
doaain  affect  the  flow  paraneters  of  the  part  of  a conical-supersonic 
zone  of  flow). 

These  facts  were  already  noted  by  A.  Ferri  (see  [178]).  Are  well 
known  the  difficulties,  connected  with  setting  and  solution  of  the 
problens  of  the  transonic  flow  about  the  airfoil/profiles.  For 
conical  flows  these  difficulties  are  aggravated,  since  although  the 
unknown  values  depend  here  on  two  variables  (£■  or  8,0),  flows  bear 
all  the  saae  three-dine nsional  nature.  The  construction  of  the 
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diagrams  of  flow  and  the  setting  of  the  corresponding  boun dary- value 
problems  for  the  equations  of  conical  flows  for  the  cases  of  section 
C is  by  no  means  trivial  matter.  At  moderate  values  of  Hj  and  6, 
conical-transonic  flows  occupy  the  significant  part  of  the  domain 
where  the  flow  is  agitated  by  the  streamlined  body;  when  N,  ^ 1 these 
domains  also  can  play  noticeable  role,  besides  flows  in  the  simplest 
cases,  which,  for  example,  is  the  case  of  triangular  plate. 

Each  concrete/specific/actual  body,  for  example,  delta  wing,  the 
crossed  wing,  requires  special  approach,  but  there  are 
common/general/tot al  features,  which  are  inherent  in  the  conical 
flows  of  section  C.  For  this  reason  into  §14,  are  examined  in  detail 
the  diagram  of  flow,  the  setting  of  the  appearing  boundary -value 
problems  and  other  questions  for  the  triangular  plate  which  served  as 
the  object  of  a large  quantity  of  investigations.  In  the  subsequent 
paragraphs  are  examined  the  diagrams  of  the  flow  about  other  conical 
bodies  (taking  into  account  the  results  of  §14)  and  the  methods  of 
the  solution  of  the  corresponding  problems  of  flow. 

Page  227. 


§14.  Diagrams  of  the  flow  about  the  triangular  plate  (deltoid 
flat/plane  wing). 
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I 

14.1.  Lead-in  observations.  Let  us  examine  a triangular  plate 
with  sweep  angle  Ai  placed  without  slip  into  the  supersonic  flow  of 
gas,  determined  by  speed  V,,  by  Mach  number  H,  (by  speed  of  sound 
a»). 


Axis  Otz  of  the  Cartesian  system  of  coordinates  Otxyz  it  is  1 

directed  along  the  line  of  the  symmetry  of  wing,  the  angle  of  attach  j 

of  wing  let  us  designate  by  6 (Fig.  62).  It  is  assumed  that  the  wing  j 

edges  supersonic,  i.e.,  the  component  V!  in  the  plane,  perpendicular 
to  leading  wing  edge,  are  more  aa. 

The  H*ch  number  of  undisturbed  flow  and  angle  of  attach  for  flow 
in  the  plane,  perpendicular  to  leading  edge,  arc  expressed  by  the 
formulas 

Mi n = M,  cos  A Y 1 4-  sin*  6 tp*  A, 

Consequently,  is  examined  the  totality  of  such  values  of  f!  6, 

which  satisfy  the  inequality 

M,cosA  1^1  + sin26tg*  A>  (.  (14.2) 


Aajloo  of  attack  6 (with  those  who  were  fix/recorded  let  us 


I 
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- divide  into  two  classes;  for  the  first  class  is  fulfilled  inequality 

0<6<6d,  for  the  second  6 > 6d,  where  6d  is  the  angle  of  attach  at 
which  occurs  the  departure/withdrawal  of  bow  shock  froa  the  leading 
edge  of  plate.  Aff iliation/ accessory  6 with  a defined  class  is 
establish/installed  as  follows.  For  plane  flow  is  well  known  the 
dependence  of  the  aaxinua  angle  of  rotation  of  flow  in  oblique  shock 
wave,  &kim  then  the  Hach  number  cf  undisturbed  flow. 

y 

n. 


Fig-  62. 

Page  228. 

Substituting  the  value  of  B,,  6 into  foraulas  (14.1),  we 

deteraine  M,.v,  6*;  if  A*  < 6Kp,  where  dnp  it  is  found  by  the  foraulas  of 
oblique  shock  wawe  for  M]A,  then  6 belongs  to  the  first  class 
otherwise  - to  the  second  class. 
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If  6 < 6d,  then  the  shock  wave,  which  appears  during  the  flow 
about  pressure  side  of  wing,  will  be  connected  to  leading  edge; 
conical  flows  about  upper  and  pressure  sides  of  wing  do  not  interact 
and  they  must  be  calculated  separately.  (Suction  side  of  wing  we  call 
here  that  part  of  the  surface,  about  which  the  flow  is  expanded). 

Subsequently  there  will  first  be  examined  the  case  6 < 6d,  and 
then  - case  6 > 6«j- 

Case  6 < bd  is  set  forth  in  essence  from  B.  Bulakh's  works  [9, 
104,  106,  179-183],  case  f>  > - on  the  basis  of  A.  Bazzhin's  works 

[176,  177]  and  G.  Chernogo  [184];  references  to  other  authors's 
results  are  given  in  the  text  of  the  corresponding  point/items. 

14.2.  Flow  about  upper  surface  of  delta  flat/plane  wing.  Let  us 
examine  the  flow  pattern  of  the  upper  surface  of  triangular  plate  in 
the  case  t>  < td  on  plane  £tj;  on  the  strength  of  the  symnetry  of  flow 
this  picture  we  depict  for  f > 0.  On  plane  the  wing  is  depicted 
as  the  cut  of  0-3  axes  Of  (Fig.  63) . 


DOC  = 78026611 


PAGE  33= 


Fig.  63. 


Page  229. 

The  boundary  of  the  region,  in  which  the  flow  is  agitated  by 
wing,  is  determined  by  the  construction  of  the  envelope  of  the  Mach 
cones  of  undisturbed  flow  with  apex/vertexes  at  the  points  of  leading 
edge.  It  consists  of  the  arc  of  Bach  cone  1-2  (with  apex/vertex  at 
point  o | ; Fig.  62)  and  the  plane  of  Mach  2-3,  passing  through  the 
leading  edge.  Here  and  in  further  by  Hach  cone,  the  plane  of  Bach  and 
so  forth  are  understood  the  images  of  these  surfaces  on  plane  5*i- 
i.e.,  traces  from  the  intersection  of  these  surfaces  with  plane  z 3 
1. 


During  the  flow  about  the  sharp  leading  edge  of  plate,  is  formed 
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oblique  flow  of  prandtl  **  flayer  (centered  siaple  conical  wave), 
which  continues  until  velocity  vector  becomes  parallel  to  the  surface 
of  plate.  This  flow  has  a beaa  of  rectilinear  characteristics  of 
equation  (1.29),  passing  through  the  point  of  3 figure  63  (see 
point/iteas  2.17,  12.3).  Characteristic  3-6  is  the  boundary  of  the 
flow  of  prandtl  - flayer  after  whoa  follows  the  uniform  flow,  which 
adjoins  the  wing  surface,  above  the  wing  center  section,  there  is 
conical  flow  of  the  general  view,  in  which  flow  paraaeters  are 
complex  functions  € and  . This  flow  is  separate/liberated  froa 
undisturbed  flow  by  the  arc  of  flach  cone  1-2,  which  is  conical-sonic 
line  or,  otherwise,  the  parabolic  line  of  equation  (1.29)  and  its 
characteristic.  Further  the  flow  of  general  view  is 
separate/libera  ted  froa  the  flow  of  prandtl  - flayer  by  the  curved 
characteristics  of  this  flow,  which  eaerges  froa  point  2,  and  by  the 
cut  of  rectilinear  characteristic  6-5  for  a uniform  flow  about  the 
wing  surface.  Point  5 is  parabolic.  It  appears  at  saall  angles  of 
attack  6.  If  angle  of  attack  is  sufficiently  great,  then  angle  £ in 
figure  63  becoaes  acute/sharp  and  rectilinear  characteristic  6-9  nust 
be  continued  to  the  wing  surface.  But  if  parabolic  point  is,  then 
further  boundary  with  unifora  flow  is  the  arc  of  its  flach  cone  4-5. 

For  the  inclusion  into  the  boundary  of  arc  4-5  are  basis/bases 
both  physical  and  nath»natical  nature.  If  arc  4-5  is  is  not  included 
in  boundary,  then  when  6 0 conical  field  of  general  view  would 


1 
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fill  entire  region  0-1-2- 3-0. 

Page  230. 

Furthermore,  for  determining  the  conical  potential  F in  the  vicinity 
of  point  9 Me  would  obtain  the  problem  in  which  on  characteristic  5-9 
was  assigned  the  function  and  its  normal  derivative,  but  on  segment 
4-9,  - normal  derivative  O,  This  problem  has  the  unique  solution, 
which  corresponds  to  uniform  flow,  since  the  characteristics  of  the 
second  family,  constructed  for  the  points  of  cut  5~9  near  point  9, 
intersect  cut  4-9.  (Characteristics  of  uniform  flow  in  region 
3-6-S-4-3  are  depicted  on  Fig.  as  63  broken  lines).  Thus,  if  the  flow 
about  the  upper  surface  of  triangular  plate  occurs  without  shock 
waves,  then  for  determining  the  conical  potential  F in  region 
0- 1-2-6- 5-4-0  is  obtained  the  following  boundary- value  problem: 
required:  to  find  the  eolation  to  equation  (1.29), 

L\F]  = AFix  + 2BFU  + CFnii  = 0,  in  the  class  of  the  functions,  which  possess 
piece-wiee  continuous  second  derivatives  in  terms  of  € and  in 

terms  of  the  boundary  conditions:  on  cuts  0-1,  0-4  respectively 
Ft  = 0,  F,  = 0;  on  arcs  1-2,  2-6,  6-5,  5-4  they  are  assigned  F,  Fly  F 
satisfying  conditions  strips  (dF  = F*dl  +Fjdr\)  and  to  the  conditions, 
which  are  satisfied  on  the  characteristics  of  equation  L [F]  = 0 (see 
point/itea  12.2) • Previously  it  is  known  that  equation  L [F]  = 0 
changes  its  type  from  elliptical  in  the  part  of  the  region,  which 
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contains  point  0,  by  hyperbolic  in  the  vicinity  of  boundary  2-6. 

Furthermore,  AC  - B2  = 0 on  arcs  1-2,  4-5.  At  present  the  uniqueness 
theorems  and  existence  for  similar  problems  do  not  exist. 

Hill  be  further  given  considerations  in  favor  of  the  fact  that  , 

the  formulated  above  problem  is  redetermine/redefined  and,  therefore, 
the  unstressed  flow  about  suction  side  of  wing  is  impossible  already 
with  small  6.  These  considerations,  although  they  are  not  completely  1 

strict  from  the  viewpoint  of  mathematics,  sufficiently,  in  our 
opinion,  are  convincing.  \ 

i 

Happy  fact  is  that  into  boundary  of  the  region  0-1-2- 6-5-4-0  in 
Fig.  63  enters  the  cut  of  rectilinear  characteristic  6-5-  According 
to  theorem  2 of  p.  2.17  to  characteristic  5-6,  must  adjoin  simple 
conical  wave  (region  5-6- 7-8  in  Fig.  63).  This  simple  wave  must 
somehow  be  clamped  with  the  remaining  part  of  the  flow. 

Page  231. 

Here  there  are  these  possibilities:  all  the  curved  characteristics  of 
simple  wave,  6-7,  5-8  and  others,  converge  into  one  point; 
characteristic  7-8,  it  adjoins  the  range  of  the  uniform  flow, 
detached  from  common  type  flow  by  Mach  cone.  Let  us  examine  the  first 
possibility.  The  point  into  which  converge  the  curved 
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characteristics,  must  be  siaultaneously  parabolic  point  and  the  point 
of  the  envelope  of  the  rectilinear  characteristics  of  siaple  wave, 
since  otherwise  curved  characteristics  cannot  eaerge  one  point.  All 
attempts  to  construct  so  coaplex  singular  a point  were  finished 
unsuccessfully  and,  aost  probable,  that  this  point  does  nst  exist. 

So/such  unlikely  an  opportunity  arises  when  characteristic  7-8 
adjoins  unifora  flow,  hence  it  is  possible  to  draw  the  conclusion 
that  the  siaple  wave  cannot  close  with  the  flow  of  general  view  and, 
therefore,  continuous  flow  in  region  0- 1- 2-6-5-4-0  does  not  exist, 
unlikely  existence  and  the  generalized  (in  any  sense)  solution 
previously  foraulated  boundary- value  problea,  since  in  the  point/itea 
2.17  was  deaonstrated  theorem  1,  according  to  consequence  of  which, 
during  motion  along  the  characteristics  6-7,  5-8  and  other  curved 
characteristics  of  siaple  wave  inside  region  0- 1-2-6-5-4- 0 
encountered  Parabolic  points  cannot  fora  continuous  parabolic  line. 

(There  is  another  a series  of  the  considerations,  which  indicate 
the  impossibility  of  continuous  flow  above  suction  side  of  wing,  see, 
for  exaaple  [12,  183]).  To  the  existence  of  swallowed  shook  with  6 
— ► 0,  indicate  also  asymptotic  theories  [10]#  [182].  It  is 
presented  briefly  the  results  [182].  When  6 0 arc  2-6-5  in  Fig. 

63  disappears  and  all  the  flow  is  deterained  by  arcs  1-2,  4-5. 
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within  region  0- 1-2-6- 5-4-0  parameters  of  flow  can  be  expanded 
in  series  according  to  degrees  6.  The  first  term  of  this  expansion  is 
giTen  bY  usual  linear  theory*  Expansion  in  terms  of  6 near  the  Mach 
cones  and  weak  shock  waxes  is  examined  in  point/item  5.2.  Let  us 
allow  now  as  the  possible  boundary  of  the  flow  of  general  view  along 
with  Mach  cones  1-2,  5-4  weak  shock  waves,  located  near  these  curves. 

Page  232. 

Let  us  take  the  first  terms  of  expansions  in  terms  of  6,  that  occur 
within  region  0-1- 2-6- 5-4-0,  and  let  us  attempt  to  connect  them  with 
the  first  terms  of  the  expansions  in  terms  of  6,  which  are  the 
parameters  of  flow  near  Mach  cones  1 -2»  4-5  or  near  the  weak  shock 
waves,  which  pass  about  these  cones.  Thus  establish/installed  that 
various  expansions  can  be  connected  only  in  such  a case,  when  the 
boundary  of  the  conical  flow  of  general  view  is  the  Mach  cone  1-2  and 
the  weak  shock  wave,  which  passes  near  Mach  cone  4-5.  (See  analogous 
reasonings  in  point/item  5.3).  With  large  6 the  impossibility  of 
shock-free  flow  follows  from  the  fact  that  characteristic  2-6  in  Pig. 
63  is  bent  so/such  strongly,  that  cut  6-9  the  secant  of  the  symmetry 
of  flow  0-1.  This  will  occur  for  example,  at  = 6,  6 = 20°,  A = 60° 
(see  [185]).  Prom  preceding/previous  it  follows  that  during  the  flow 
about  the  upper  pert  of  the  surface  of  plate  is  formed  the  swallowed 
shock,  but  the  question  of  its  relatively  position  and  form  requires 
separate  examination. 


I 
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Here,  of  specific  help  can  be  the  analogy  with  the  pcoblea  of 
the  flo^  about  the  symmetrical  airfoil/ profile  at  zero  angle  of 
attack  by  the  subsonic  flow  of  gas  with  the  f or mation/educat ion  of 
local  supersonic  zones.  It  is  known  that  continuous  flow  of  such  type 
about  the  airfoil/profile  of  "arbitrary"  for*  does  not  exist  in  local 
supersonic  zones,  as  a rule,  appear  shock  waves.  It  is  also  known 
that  for  the  assigned  Mach  number  of  the  incident  flow  it  is  possible 
to  fit  the  airfoil/profiles  flow  about  which  is  continuous.  If  we 
compare  the  problems  of  deteraining  the  velocity  potential  * in  flow 
of  approximately  one  half  of  airfoil/profile  (after  supplying 
boundary  condition  on  the  axis  of  the  symmetry  of  flow)  and 

the  problem  of  determination  F in  region  0- 1- 2-6- 5-4-0,  then  the  role 
of  local  supersonic  zone  here  plays  the  part  of  the  region,  which 
adjoins  arc  2-6-5.  in  both  problems  boundftry  conditions  are  assigned 
on  the  "locked"  ducts,  and,  if  it  is  additional  to  boundary 
conditions  to  assign  one  additional  function*  connected  with 
solution,  then  solution  in  the  vicinity  of  boundary  completely  will 
be  determined. 

Page  233. 


Since  boundary  of  1-2  is  determined  by  undisturbed  flow,  and  boundary 
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l 2-6-5-4  Pig.  63  is  determined  by  flow  in  region  2-3-4-5-6-2,  it  plays 

the  problem  of  determination  P in  region  0- 1-2-6-5-4-0  role  of  the 
airfoil/prof  He  of  the  assigned  form  in  two-dimensional  problem. 
Belying  on  this  analogy,  it  is  possible  to  expect  that  are  possible 
two  versions  of  the  location  of  swallowed  shock  in  the  problem  of 
delta  wing. 

In  the  first  version  the  shock  wave  begins  at  point  2 and 
continues  to  the  wing  surface  at  the  point  of  10  figures  64a. 

In  this  case  the  problem  of  defining  F in  region  0-1-2-10-0 
corresponds  to  the  problem  of  determination  * for  the  airf oil/ prof ile 
whose  surface  is  previously  unknown#  and  it  is  establish/installed  so 
as  to  assure  continuous  flow  with  local  supersonic  zone.  In  the 
second  version  the  shock  wave  11-12  (Pig.  64b)  is  partially 

! 

arrange/located  in  region  0-1- 2- 6- 5- 4-0,  moreover  the  passage  of  jump 
inside  this  region  is  completed  at  certain  point  on  characteristic 

► 

6-5.  This  case  corresponds  to  the  flow  about  the  airfoil/profile  with 
shock  wave  in  local  supersonic  zone. 

I ' 

\ 

[ 


V 
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The  diagrams  of  flow,  depicted  on  Fig.  64,  were  proposed  by  B. 
Bulakh  in  works  [9,  179,  181].  Is  curious  the  history  of  question. 

Por  the  first  tine  the  problen  of  delta  wing  examined  S.  Naslen 
[186],  but  he  did  not  understand  that  the  unstressed  flow  about 
suction  side  of  wing  is  inpossible.  Then  the  author  in  [9]  proposed 
diagran  a of  Fig.  64.  In  this  diagran  additionally  was  introduced 
"possible  shock  wave"  about  Mach  cone  1-2  (see  also  [179])  . This  junp 
was  included  in  diagran  because  at  that  tine  were  known  only 
axisynnetric  flows,  adjoining  the  Hach  cone  1-2,  which  could  not 
close  with  other  parts  of  flow.  Furthernore,  if  this  junp  is  absent, 
then  during  the  solution  of  problen  it  autonatically  degenerates  into 
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the  arc  of  Mach  cone  1-2.  It  was  later  explained  that  there  is  no 
this  juiip  and  it  was  replaced  by  Mach  cone  1-2  (see  [106]  and  [182]). 
L.  Fauell  [187]  instead  of  characteristic  2-6-5  erroneously  accepted 
as  the  boundary  of  conical  flow  of  general  view  the  parabolic  stream 
line  of  Pr andtl-Meyer  and  examined  continuous  flow.  Shock  wave  in  it 
appeared,  when  angle  of  attack  became  more  than  certain  critical 
angle.  Diagram  b in  Fig*  64  was  proposed  by  the  author  in  work  [181]. 
This  same  diagram  was  later  proposed  in  [188].  Here  it  is  not 
mentioned  the  small  errors  and  the  changes,  which  concern  diagram  a 
Fig.  64.  The  existence  of  swallowed  shock  during  about  tha  upper 
surface  of  triangular  plate  was  for  the  first  time  confirmed  L. 
Fauell’s  experiments  [187],  who  by  the  measurement  of  pressure  field 
found  that  the  jump  appears  already  at  low  angles  of  attack,  which 
completely  corresponds  to  the  diagrams,  depicted  on  Pig.  64. 
Subsequently  in  the  experiments  of  a number  of  the  authors  [ 188,  189, 
113],  this  shock  wave  was  also  found  by  pressure  aeasuremant  in  field 
of  flow.  In  addition,  d.  Pierce  and  D Treadgold  [190]  with  the  aid  of 
the  optical  shadow  method*  developed  specially  for  the  visualization 
cf  conical  flows,  knew  how  to  photograph  jump.  Specifically,  it 
turned  out  that  about  the  wing  surface  the  jump  slightly  is  split, 
having  lambda-shaped  fora. 

If  relative  to  the  existence  swallowed  shock  of  thera  are  no 
doubts,  then  relative  to  its  form  and  the  positions  of  information 
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still  little;  therefore  which  diagram  one  should  give  preference,  a 
or  b Fig.  64,  the  determined  judgments  cannot  be  made. 

Page  235. 

The  existing  experimental  data  ([187],  [188])  they  show  that  at  high 
angles  of  attack,  apparently,  is  realized  diagram  b.  Fig.  64.  to  Fig. 

65,  undertaken  work  [188],  shows  form  and  and  the  shock  position, 

A 4.V; 

found  by  the  measurements  o£  pressure  field  for  a wing  when  A 6s 
14.20;  fl,  = 2.96. 

By  marks[T)(  in  Fig.  65  is  noted  the  shock  position  at 

different  distances  from  the  apex/vertex  of  wing;  by  marks  x - the 
position  of  characteristic  3-6;  by  marks  ♦ - the  position  of  leading 
shock  wave.  The  fact  is  that  when  6 * 14.2°,  MlAr  = 2,15,  6*  = 19®40' , 

and  the  apex  angla  of  the  plane-wedge  profile  cf  model  in  the 
section,  perpendicular  to  leading  edge,  is  equal  to  8°,  that  in  sum 
is  somewhat  more  than  6^^  25-26°  for  MlJV  = 2,15.  Because  of  this  the 
shock  wave,  available  about  pressure  side  of  wing,  will  move  away 
from  leading  edge,  which,  as  can  be  seen  from  Fig.  65,  does  not 
disrupt  the  common  picture  of  flow.  Let  us  note  also  that,  according 
to  [188],  the  force  of  swallowed  shock  first  grow/rises  with 
renoval/distance  from  wing,  and  then  falls.  During  the  flow  about  the 

sharp  leading  wing  edge,  appears  the  small  separating  zone,  which 

Fig.  IS  shove. 
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Let  us  aake  in  conclusion  several  observations  of  the  relatively 
boandary-value  probleas,  which  correspond  to  the  diagraas  of  the  flow 
about  Pig.  64.  For  circuit  b,  the  transonic  character  of  problea  is 
evident;  for  circuit  a at  snail  values  A this  is  also  not  difficult 
tc  show.  Por  large  values  A,  possibly,  and  will  be  net  the  cases, 
•here  the  flow  in  region  0- V2-10-0  conical-subsonic.  At  point  2 in 
Pig*  64a,  b are  connected  the  flows  of  different  nature,  therefore, 
these  points  aust  be  special.  The  possible  construction  of  solution 
in  the  vicinity  of  these  points  is  exaained  in  point/itea  3.4.  After 
shock  waves  2-10  (Pig.  64a)  and  12-11  (Pig.  64b)  flows  vortex/eddj; 
they  are  connected  with  irrotational  flows  along  flow  lines  with 
respect  to  0-2  and  0-12.  In  the  vortex  flows  the  flow  lines  converge 
iato  points  0,  where  there  are  Perr7*s  special  feature/pec ulia riti«s. 
The  discontiauity/iaterruptioa  of  accelerations  will  propagate  i aside 
the  ceaicel  fields  of  general  vies  along  the  characteristics,  which 
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eaerge  from  points  6 in  Pig.  64a,  b. 

14.3.  Flow  about  lower  surface  of  delta  flat/plane  wing.  Let  us 
exaaine  bow  the  flow  pattern  of  the  lower  surface  of  a delta  plate  in 
cases  whea  b < bd. 

Unlike  the  circuit  of  the  flow  about  suction  side  of  wing,  the 
circuit  of  the  flow  about  the  lower  surface  of  plate  on  the  whole  is 
siaple.  on  leading  wing  edge,  is  foraed  the  step  shock  of 
packing/seal  3-14  (Fig.  66)  after  which  follows  the  unifora  flow, 
which  adjoins  the  wing  surface.  The  range  of  coanon  type  conical  flow 
is  separate/liberated  from  unifora  flow  by  its  Mach  cone  14-15. 
Beginning  froa  point  14,  shock  wave  14-16  is  bent,  and  at  point  16 
tangential  plane  to  the  juap  is  perpendicular  to  the  plane  of  the 
syanetry  of  flow  0-16.  Along  flow  line  0-14,  occurs  coabination  of 
irrotational  flow  after  Mac*1  cone  14-15  and  vortex/eddY,  that  is 
foraed  behind  shock  wave  14-16.  At  point  0,  is  Ferry's  special 
feature/peculiarit  y. 
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Page  237. 

iith  decrease  of  Ht,  region  0-15-14-16-0  (see  Pig.  66)  is  expanded 
and  within  liait  can  fill  entire  region  0-3-14-16-0. 

The  circuit,  depicted  on  Pig.  66,  was,  apparently,  used  for  the 
first  ti*e  by  S.  Haslen  [ 186]  during  the  numerical  solution  of  the 
problea  of  the  flow  about  the  plate.  To  the  iaportant  role  of  flow 
line  0-14  (Pig.  65),  was  directed  attention  in  work  [180].  This  flow 
line  is  characteristic;  therefore  during  the  passage  through  it, 
suffer  discontinuity/interruption  not  only  derived  S,  but  also 
derivatives  the  coaponent  of  velocity.  Neglect  of  this  fact  in  works 
[186],  [178]  led  to  appearance  in  the  nuaerical  solutions  of  this  and 
analogous  probleas  of  conical-supersonic  zones  near  Hach  cone  14-15, 
what,  however,  be  cannot;  see  point/itea  2.18  and  [180]. 

The  further  refineaents,  which  concern  diagraa  in  Pig.  66,  are 
aade  in  work  [106]  in  which  is  exaained  the  construction  of  flow  in 
the  vicinity  of  point  14.  In  this  work  it  is  shown,  that  point  14 
aust  be  person,  since  if  one  assunes  that  acceleration  at  point  14  in 
different  directions  frcs  the  range  of  irrotaticnal  flow  0-14-15-0, 
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then  the  joining  of  irrotational  and  vortex  flows  in  the  vicinity  of 
point  14  is  impossible.  Are  not  Known  at  present  the  singular  points, 
which  ensure  the  joining  of  flows  in  the  vicinity  of  point  14.  The 
possible  way  out  is  a change  in  the  circuit  of  flow  in  the  vicinity 
of  point  14.  in  worK  [106]  is  proposed  one  such  circuit  of  flow, 
which  contains  additionally  the  weak  shock  wave,  which  passes  near 
Bach  cone  14-15#  and  local  flow  of  the  type  of  the  flow  of  Prandtl  - 
Bayer;  flow  line  0-14  is  in  this  circuit  the  line  of  contact  rupture. 

It  is  possible  to  expect  that  in  range  0-15-14-16-0  (Fig.  66) 
the  flow  will  be  conical-subsonic,  with  the  exception  of  the  vicinity 
of  point  14,  where  the  position  not  is  clear. 

14.4.  Flow  about  a delta  plate  at  high  angles  of  attack.  If  we 
fix  value  of  B i and  to  increase  angle  of  attack  6*  then  the  range  of 
a conical- subsonic  floe  0- 1#- 14- 15-0  in  Pig.  66  will  increase,  also, 
when  6 is  snoewhat  swaller  ft„  it  will  fill  entire  range  0-3-14-16-0, 
where  the  flow  is  agitated  by  wing. 

Page  238. 

Vhea  ft  > 6,  the  bow  wave  will  iove  away  froa  the  leading  edge  of 
piste,  which,  however,  strongly  does  not  change  the  flow  patters  of 

the  upper  part  of  the  wing,  if  6 considerably  does  not  exceed  ft, 

(Fig.  67). 
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About  pressure  side  of  wing,  appears  a conical-transonic  zone  of 
flow.  United  by  curvilinear  shock  wave  19-20-16,  by  the  plane  of  the 
synaetry  of  flow  16-0,  by  the  surface  of  wing  0-3  and  by 
characteristic  3-19.  (conical-sonic  line  3-19  and  by  characteristic 
3-19.  (Conical-sonic  line  3-19  is  depicted  as  broken  line).  Flow  in 
range  0-3-19-16-0  does  not  depend  on  the  flow  of  gas  in  other  ranges 
and  nust  be  calculated  separately.  The  characteristic  feature  of  flow 
in  this  range  is  the  presence  of  point  18  where  the  flow  branches: 
the  flow  lines,  which  lie  to  leading  edge  are  nearer  than  separating 
line  18-20,  they  intersect  sonic  line  3-19;  other  flow  lines  converge 
into  point  0,  where  there  is  Ferry's  special  feature/peculiarity  (see 
Fig.  67a,  b)  . 

For  this  reason  the  value  of  specific  enthropy  on  pressure  side 
of  wing  previously  not  known  is  determined  by  the  junp  of  entropy  on 
shock  wave  at  point  20  Fig.  67b,  see  [176],  [184].  After 
characteristic  3-19,  flow  is  expanded  during  the  flow  about  the  sharp 
edge  and  occurs  flow  breakaway  at  point  3;  then  flow  again  is 
connected  near  leading  edge  with  the  fornation/education  of  weak 


shock  waves 
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Page  239. 

All  these  phenomena  change  the  flow  pattern  of  the  upper  surface  of 
plate  as  compared  with  case  6 < 6„  only  near  the  leading  edge  and  Pig. 
67  shows.  Let  us  note  that  a bow  shock  wave  19-17  appears  near 
characteristic  2-3  above  the  upper  surface  of  plate;  see  also  Pig. 

65. 


With  an  increase  in  the  angle  of  attack  6#  the  flow  line  18-20 
is  moved  to  the  side  of  the  line  of  the  symmetry  of  wing  0-16  (Pig. 
68a)  and  can  with  it  merge  (Pig.  68b) ; then  at  high  angles  of  attack, 
flow  occurs  according  to  circuit  68b. 

The  circuits  of  flow,  depicted  on  Pig.  68,  were 
establish/installed  by  A.  Bazzhin  [ 176]  and  by  G.  Charn  [18k], 
moreover  in  work  [184]  it  is  noted,  that  if  A <A*  (M,),  then  there  is 
realized  only  circuit  of  flow  a pig.  68,  otherwise  - circuit  a and  b. 

With  an  increase  6,  the  role  of  separating  phenomena  on  the 
leading  edge  of  plate  increases  and  above  the  upper  part  of  the  plate 
is  forned  complex  vortex  flow,  one  should,  however,  note  that  the 
high  angles  of  attack  are  encountered  within  the  fraaework  of  conical 
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flow  theory  only  at  the  hypersonic  speeds  when  with  good  accuracy  it 
is  possible  to  place  pressure  on  the  upper  part  of  the  plate  equal  to 
zero  (see  [184]). 

In  the  experiaents  of  H.  Bertraa  and  A.  Henderson  (low-order) 
[191  ]»  carried  out  with  Ht  = 9. 6, A = 75°, where  was  conducted  the 
visualization  of  flow  lines  on  the  lower  surface  of  the  delta  plate, 
was  observed  the  exchange  of  all  the  described  aode/conditions  of  the 
flow  about  the  plate  with  an  increase  6 froa  0°  to  60o.  * t saaller 
values  of  (1,#  the  experiaents  also  confira  the  given  circuits  of  flow 
around  of  the  wing. 


Pig.  68 
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$15.  Circuits  of  the  flow  about  other  conical  bodies. 

15.1.  Circuit  of  flow  about  delta  ia  plan/lay out  wing.  Siace 
coapiling  the  circuits  of  the  flow  about  the  coaical  bodies  of 
sectioa  is  significant  setter,  will  be  further  given  the  circuits 
of  the  flow  about  sone  conical  bodies.  Let  us  first  of  all 
disasseable  those  changes  in  the  circuit  of  the  flow  about  the 
triangular  plate  which  appear  because  of  the  finiteness  of  the 
thickness  of  body.  In  Fig-  69  represented  delta  in  plan/layout  wing 
with  sharp  leading  edges  which  flows  itself  at  such  angles  of  attack 
6#  when  on  the  one  hand  of  wing  flow  is  expanded,  and  on  the  other 
hand  - it  is  coapressed.  The  circuit  of  flow  is  depicted  on  Fig.  70. 
The  circuit  of  the  flow  about  the  upper  part  of  the  wing  as  coapared 
with  the  circuit  of  the  flow  about  the  triangular  plate  changes  as 
follows.  Instead  of  the  range  of  the  unifora  flow,  which  adjoins  the 
wing  surface,  appears  the  range  of  siaple  wave  3-5-4*  3 Fig.  70  (it  is 
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examined  body  with  con»e*  surface),  boundary  of  which  is  its  curved 
characteristics  5-4.  Por  a caabered  wing,  the  acceleration  in  siaple 
conical  wave  non- vanishing;  therefore  on  characteristic  2-4-5, 
according  to  the  theorea  of  1 point/itea  2.17,  parabolic  point  be  aet 
cannot. 
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Just  as  in  the  case  of  triangular  plate,  one  should  expect  the 
appearance  of  a swallowed  shock  7-8  (see  Pig.  70).  The  circuit  of  the 
flow  about  pressure  side  of  wing  will  change  sore  significantly. 
Leading  shock  wave  3-11-12  is  bent  on  section  3-11,  where  the  point 
of  11  figures  70  is  parabolic  or,  it  is  better  to  say  that  a 
conical-sonic  point  of  flow.  Conical  field  above  the  wing  center 
section  11-12-13-15-11  is  separate/liberated  by  characteristic  11-15 
(curved  11-14  is  a conical-sonic  line,  curved  11-16  - the  second 
characteristic) , and  flow  bears  here  transonic  character,  which 
complicates  the  solution  of  the  problea  of  flow  *. 
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FOOTEOTE  ».  This  difficulty  disappears,  if  we  use  the  wethod  of 
establishment  (see  [29]),  but  in  this  case  the  picture  of  flow  in  the 
vicinities  of  lines  11-15,  11-13  it  will  be  obtained  "greased". 
EVDPOOTVOTE. 

15.2.  Circuit  of  flow  about  edge  of  rectangular  plate.  Let  us 
examine  now  the  circuit  of  the  flow  about  the  edge  of  rectangular 
plate  at  the  aoderate  angle  of  attack  6 (Figs.  71,  72)  according  to 
[10,  179]. 

Outside  the  range  of  the  wing-tip  effect  plate  flows  itself  also 
as  infinite-span  wing.  During  the  flow  about  the  upper  part  of  the 
plate,  is  formed  the  flow  of  Prandtl  - Mayer  whose  rectilinear 
characteristics  6-12,  7-11  and  others  are  depicted  on  Fig.  72. 
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The  flow  of  ^randtlya  - Mayer,  follows  the  range  of  uniforw  flow 
11-7-8-9-1,  which  adjoins  the  surface  of  plate.  During  the  flow  about 
the  lower  part  of  the  plate,  is  foraed  the  step  shock  of  packing/seal 
2-3  after  which  the  flow  is  unifora  (range  1-4- 3-2  in  figure  72)  . 

The  range  of  fringe  effect  of  plate  is  separated  froa 
undisturbed  flow  by  shock  wave  3-5  and  by  the  arc  of  Mach  cone  5-6; 
froa  the  flow  of  Prandtl  - Hayyer  - by  characteristic  6-7;  froa 
unifora  flow  - by  rectilinear  characteristic  7-8  and  by  the  arc  of 
Mach  cone  8-9;  froa  unifora  flow  in  range  1-2- 3-4  - by  the  arc  of 
Mach  cone  for  this  flow  3-4.  Just  as  in  the  case  of  triangular  plate. 
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In  the  vicinity  of  boundary  6- 7- 8- 9 one  should  expect  the  appearance 
of  a swallowed  shock  6-10  (or  10-14).  During  the  flow  about  the  flank 
edge  of  plate,  tha  flow  blows  away,  forning  conplex  vortex  flow.  Plow 
lines  are  depicted  as  dot-dash  lines. 

15.3.  Circuit  of  flow  about  crossed  wing.  Let  us  exaiine  now  the 
circuit  of  the  flow  about  the  crossed  wing,  forned  by  two  identical 
flat/plane  delta  wings,  which  intersect  at  right  angles  (Pig.  73). 

le  assune  that  the  flow  about  wing  synnetrical  (velocity  vector 
Vt  lie/rests  at  plane  yOtz),  angle  of  attack  6 noderated,  with  those 
so  that  the  appearing  on  the  leading  edges  bodies  of  shock  wa»e  would 
be  connected. 

On  the  strength  of  last/latter  condition  flows  about  the  parts 
of  the  wing.  United  it  is  reduced  to  the  construction  of  the 
circuits  of  the  flow  about  three  T-shaped  wings.  Let  us  c&ll/nane 
conditionally  these  wings  upper,  lateral  and  lower. 
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Pig.  73. 


Page  243. 

If  the  Mach  nuabec  of  undisturbed  flow  Ht  and  angle  of  attack  6 are 
such,  that  the  Hach  cone  with  apex/vertex  at  point  0,,  constructed 
for  an  undisturbed  flow,  intersects  the  plane,  passing  through  the 
leading  edges  of  upper  (lower)  T-shaped  wing,  then  the  circuit  of  its 
flow  in  principle  will  be  the  sane  as  circuit  of  the  flow  about  the 
corresponding  side  of  triangular  plate. 

Vith  an  increase  Hs  with  that  which  was  fia/recotled  6 the 
solution/opening  of  the  aentioned  Hach  cone  decreases  and,  beginning 
with  certain  value  Ht,  Hach  cone  lie/rests  below  (above)  the  plane. 
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passing  through  the  leading  edges  of  upper  (lower)  V-shaped  wing.  The 
circuit  of  the  flow  about  the  crossed  wing  for  this  case  is  depicted 
on  pig.  7*. 


On  the  strength  of  the  syaaetry  of  flow,  this  circuit  is  given 
only  for  f > 0. 


Figures  74  wing  depicts  the  line  segments  0-1,  0-13.  Let  us 
exanine  first  the  circuit  of  the  flow  about  the  upper  V-shaped  wing. 
On  leading  sharp  wing  edge,  is  foraed  the  flow  of  Prandtl  - Bayer, 
range  1-2-3  in  Pig.  74;  it  follows  the  range  of  uniforn  flow 
1-3-4-5-1  where  arcs  3-4  and  4-5  are  a respectively  rectilinear 
characteristic  and  the  Bach  cone  of  this  flow.  Bange  2- 3-8-2  - 
interaction  region  of  the  flows  of  Pr an d.t  1-Bay er,  which  are  forsed  on 
the  leading  edges  of  V-shaped  wing;  curved  2-3  and  3-8  - 
characteristic  of  this  flow.  Bange  8-3-4-6-S  is  occupied  with  sisple 
wave;  curve  4-6  there  is  the  curved  characteristics  of  sia pie  wave, 
which  eeerges  froa  parabolic  point  4.  In  range  6-7- 8-6,  flow  is 
unifora.  This  circuit  is  obtained  during  continuous  flow,  but  near 
curve  5-4-6- 7 passes  shock  wave  18-19,  which  "cuts  off"  the  part  of 
tones  of  flow  aentioned  above. 


f 


I 
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Ducing  the  flow  about  the  lower  T-shaped  wing  on  its  leading 
edge,  is  for wed  the  step  shock  of  packing/seal  13-16  after  which 
follows  the  range  of  Unifors  flow  13-15-16-13.  Line  16-17  is  a 
curvilinear  part  of  leading  shock  wave;  curved  15-16  - a part  of  the 
Mach  cone  for  a unifora  flow  in  range  13-15-16-13.  hre  possible  also 
the  aode/conditions,  in  which  occurs  the  regular  or  Hach  reflection 
of  rectilinear  juap  13-16  froa  the  plane  of  syaaetry  0-17.  During  the 
flow  about  the  lateral  T-shaped  wing  on  one  of  its  edges,  is  foraed 
shock  wave  1-9,  on  another  - the  flow  of  Prandtl  - flayer  11-12-13-11. 
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i Line  9-11-12-14  depicts  the  curvilinear  part  of  bow  shock;  line 

9-10  is  an  arc  of  Bach  cone  for  a unifora  flow  in  range  1-9-10-1. 

Flow  lines  are  designated  in  Fig.  74  in  dash  line. 

15.4.  Circuit  of  flow  about  triangular  plate  with  fuselage  in 
the  fora  of  half  of  cone.  As  a last/latter  exaaple  let  us  exaaine  the 
circuit  of  the  flow  about  the  triangular  plate  to  which  is  attached 
the  fuselage  in  the  fora  of  the  half  of  round  cone*  at  the  aoderate 
angles  of  attack  (Fig.  75). 

Thus  far  bow  shock  is  connected  to  the  leading  edge  of  body,  the 
upper  part  of  the  wing  flows  itself  just  as  in  the  case  of  triangular 

i 

plate.  The  circuits  of  the  flow  about  the  lower  part  of  the  body  are 
depicted  on  Fig.  76  (see  [ 8 ]) . 

Wing  on  plana  Sn  is  depicted  as  cut  0-1-2.  Qn  its  leading  edge 
appears  the  step  shock  of  packiag/seal  2-3  after  which  there  is  a 
range  of  uniforn  flow  1-2-3- 1,  which  adjoins  the  wing  surface. 

I 4 

Fuselage  excites  shock  wave  4-3-1.  At  point  3,  juaps  intersect  and  is 
foraed  the  line  of  contact  rupture  3-6,  at  point  6,  is  Ferry's 
special  feature/peculiarity,  see  Fig.  76a. 
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Fig.  75. 


Page  245. 

lith  an  increase  in  the  angle  of  attack,  the  shock  wave  1-3  is 
attenuate/weakened  and  is  shift/sheared  to  the  leading  edge  of  plate 
(Fig.  76b)  . 

In  order  to  better  understand  the  picture  of  flow  in  the 
vicinity  of  point  3 in  Pig.  76,  let  us  turn  to  analogy  with 
two-diaensional  problea  of  gas  dynamics  and  let  us  exaaine  the  flow 
about  the  circular  cylinder  to  which  is  attached  the  fox  tail  (Fig. 
77). 


■ere  line  5-6- 1-2  depicts  cylinder  and  tapered  plate.  On  its 
leading  edge  appears  the  shock  wawe  2-3.  Line  1-3-4  depicts  the  basic 


< .y  •»  • yr  _ 
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h«ad  shock  wave,  excited  by  cylinder.  Point  3 on  Pig.  77  lie/rests  at 
the  subsonic  part  of  the  flow  about  cylinder  and  is  the  analog  of 
point  3 in  Pig.  76  (sonic  line  it  is  designated  in  broken  line). 

§16.  Bethods  of  the  solution  of  the  probleas  of  the  flow  about  the 
conical  bodies. 

16.1.  Lead-in  observations.  Por  the  solution  of  the  probleas  of 
the  flow  about  the  section  B they  are  applied  both  nuaerical  and 
analytical  nethods.  Basic  analytical  nethoti,  snail  paraaeter  nethod, 
is  utilized  for  the  deteraination  of  the  second  (irrotational) 
approach/a pproxination.  its  basic  features  are  described  in  §§  5t  6 
sections  A;  the  special  feature/peculiarities  of  its  application/use 
for  the  cases  of  section  B will  be  exanined  further. 


Lf(<0 
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Pm q«  24*. 

It  for  tk*  probleas  of  section  k saall  paraneter  aethod  (perturbation 
aethod;  coaid  coape te  with  nuaerical  by  aethods,  and  in  certain  cases 
it  was  the  only  possible  at  present  aethod  of  the  solution  of 
probleas,  then  for  the  probleas  of  section  B position  another.  If  we 
look  to  the  circuits  of  the  flow  about  the  conical  bodies,  depicted 
on  Pig.  63-76,  then  attenticn  is  drawn  to  such  features  of  the  flow 
about  the  bodies  which  were  not  in  the  probleas  of  section  A.  This  is 
a transonic  character  of  flows,  the  severe  strain  of  the  boundaries 
of  the  region  of  conical  flow  already  at  low  angles  of  attack,  the 
appearance  of  ranges,  which  contain  sinple  conical  waves,  and  the 
ranges  of  their  interaction.  Furtheraore,  the  eddying  of  flow  plays 
noticeable  role  already  at  low  angles  of  attack,  for  exaaple,  for  a 
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triangular  plate  - at  »,  > 3,  6 > 5°  (see  (192]).  Small  parameter 
method,  in  which  linear  equations  for  the  velocity  potentials  of 
disturbance/perturbation  are  eliptic  equations  within  cona  of  the 
Hach  of  undisturbed  flow  (or  in  the  allied  range  in  the  method  of 
PLG) , in  principle  cannot  consider  either  the  transonic  character  of 
flows*  or  the  appearance  of  siaple  waves.  (The  discussion  concerns 
plnne  V<\  ) 

For  these  reasons  the  saall  parameter  method  has  in  the  problems 
of  section  B having  and  aain  role  belongs  to  numerical  net  hods.  Of 
coarse*  can  be  obtained  so  that  extrapolation  of  the  results  of  small 
parameter  method  for  sizable  angles  of  attack  gives  good  results,  for 
example*  for  the  distribution  of  pressure  on  wing*  but  this  already 
natter  of  the  case.  Numerical  methods  are  bulky  and  require  the 
application/use  of  electronic  digital  computers*  but  they  give 
reliable  results.  In  the  opinion  of  the  author*  it  will  be  more  right 
occupied  by  interpolation*  having  numerical  results  for  the  discrete 
set  of  the  parameters  of  undisturbed  flow  and  streamlined  body*  than 
by  extrapolation  into  the  range  where  this  method  of  solution  is 
unsuitable. 

16.2.  Survey/coverage  of  results,  obtained  by  saall  parameter 
method  and  by  other  analytical  nethods.  In  vies  of  that  which  was 
presented  in  point/itern  16.1*  in  point/itea  16.2  is  given  only 
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survey/coverage  of  the  results,  which  relate  to  the  deter ■ inat ion  of 
the  second  approac h/approxination  for  the  problems  of  section  B 
(first  approximation  it  is  given  by  the  usual  linear  theory). 


Page  247.  ( 

Let  us  examine  first  of  all  those  difficulties  which  appear 
during  the  use  of  a snail  parameter  method  for  the  solution  of  the  1 

problems  of  section  B.  Let  us  assume  that  flow  irrotational  let  us 
present  its  conical  potential  r in  the  fora  F * f*  [ 1 ♦ f (r,  •) ],  r * 
ci|,  at  * (11*1-1)*/*#  r#  9 - polar  plane  coordinates  If  axis 

0,x  is  directed  along  the  speed  of  undisturbed  flow,  then  of  the 
interior  of  the  (iach  con®  of  this  flow  c°rresponds  circla  r 1.  If 
gas  ideal,  then  equation  for  the  conical  velocity  potential  of 
disturbance/perturbation  f(r,  0)  can  be  written  in  the  fora 

{Mr*  - (r  -))[/-  r/r  + | (/  - r/r)«  + 1 m«/»  + 

+ Y '"?'"*/#])  (»*/,,  -f  + r’/rr)  = 

* T [mVrTr  + ^ - (1  + / - r/r)  r X I 

X [m*/J  + m*»-‘/S + (*.+  / — rfr)'\ 

or  in  the  fora 

{l  _ r*  _ (T  + 1 ) M?wiV* [/  - rfT  + !(/  - r/r)*j  - 
- (T  - 1 ) M*  [/  - rfr  + 4 (/  - */#)*]  + 

+ y I(r*  + m?)  (/*  f r */J) ) + 2Mjr/r  ( 1 + / - r/r)  - 
- M*m*/?}  frr  + II  - (T  - 1 ) M*  (/  - rfr)  1 (r-‘/,  + r*fn)  - 
-2M*(r-7.-r'/r,)/#  + ---  = 0,  (16.1) 
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where  the  dots  designated  cubic  terns  (for  exaaple.  /»/ r«).  not 
containing  lr,-  The  velocity  conponents  along  the  axes  of  the 
Cartesian  systes  are  detersined  froa  the  forsulas 


w=VA\  +/-r/r). 

v = sin  0 4-  r~l/»cos6),  | (1C. 2) 

u = m,V,(/rc°a0  — r*V,sin0).  ) 


Page  2*8. 

Let  us  nos  search  for  f in  the  fora 

/ = /i  + ft  + h + " (16.3) 

where  /«  is  distnrbance/pertnrbation  of  order  k,  which  appears 
because  of  the  effect  of  the  streaslined  body.  Substitutiig  (16.3) 
into  equation  (16.1)  and  equalising  the  terns  of  identical  orders,  we 
obtain  the  sequence  of  equations  for  /»: 

(1  — r*)/lrr  + ~/lr  + -Jr/lM  = 0,  (16-4) 

(1-r«)  /irr+4/,r+^r/„,  ■ [quadratic  terns  in  (16.1).  in  which  f it 

is  replacad  by  ft]  so  forth  (16.5). 
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Equation  (16.4)  is  a usual  equation  foe  the  conical  velocity 
potential  of  distu rbance/perturbation  in  linear  theory. 


When  r — ) 1,  linear  theory  gives  for  ft  and  fir : 


/=  Z>(0)  rh  C(0)(r  — 1)  -h  0(|r  — 1 |*]  (r^l), 

fr  = C(0)j-B(0)(r-\)‘'‘+O(r-i)  (r>i), 

/r  = C(e)  + A(0)(l-r)','  + 0(1  -r)  (r<  1), 


(16.6) 


«h«re  1(0)  , B(0),  C (0)  , D (0)  is  sose  functions  0 (see  [10]). 


In  the  right  side  of  equation  (16. 5)  is  the  nenber 

firr  I — (V  + l)MXr-  Ui  - rfu)  ~ (v  - 1 )AA?(/,  - r/Ir)  + 

+ 2M*r/lr|.  (16.7) 

Since  the  streanlined  body  partially  lie/rests  outside  nach  cone 
for  an  undisturbed  flow,  with  r > 1 are  final  perturbation  rates, 

c (0)  4 D ( 0)  ^ 0,  and  expression  (16.7)  with  r — > 1 goes  to 

infinity  *s  (1-r)  ~ */*.  Because  of  this  fu  is  a value  of  the  order 
of  the  square  of  perturbation  rates  only  if  r not  close  to  unity,  but 
with  r — 1 /lr  = O [ (1-t)  * V^*]#  and  second  tern  in  expansion 
(16.3)  exceeds  the  here  first.  For  subsequent  a as  bars  of  expansion 
(16.3)  the  position  is  aggravated,  for  exaaple,  f*r  = 0 [ (1-r)  “ ^] 
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with  r — * 1 so  forth. 

Page  249. 

This  aeans  that  expansion  (16.3)  is  unsuitable  in  vicinity  r = 

1. 


For  the  correction  of  position,  N.  Lighthill  in  work  [10] 
proposed  his,  now  widely  known  aethod,  called  the  aethod  of  PLG 
(Puankare  - Laytkhilla  - Go)  or  the  aethod  of  the  strain  of 
independent  variables. 


The  essence  of  this  aethod  consists  in  the  fact  that  along  with 
f in  a series  is  decoapose/expanded  independent  alternatiag/variable 
r,  and  solution  searches  for  in  the  fora 


r = /f+  r(0)  - R -|  r,(0)  + r,(8)  +r,(0)  4 -.1 

/ - /,  (/?,e)  +/,(*.»)  + M«, 0)  + ...,  I 


(10.8) 


where  rh  (0),  just  as  /nffl,1*),  is  value  of  order  k.  After  the 
substitution  of  expansions  (16.8)  into  equation  (16.1)  is  obtained 
new  equation  with  independent  alternating/variable  R and  9. 


The  coefficiaat  when  /WJ,  la  it  (or,  it  is  aore  precise,  the 
coefficient  when  /,««  + ftmi  +•••)  can  be  aade  equal  to  xero  with  F * 1 
to  any  degree  of  accuracy  with  the  aid  of  the  following  process: 


( 

l 
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1.  Is  deteruined  ft.  [This  function  takes  the  sase  fsri,  as  in 
alter  sat  ing/variable  r#  • * since  terns  rt  (0)  , r2(0)  so  forth  they 
appear  in  equations  for  /*,  only  with  k > 1 ]. 

2.  It  is  detarnined  by  r*  (•)  fron  condition  that  first-order 
terns  in  coefficient  nhen  !hh  turn  in  zero  with  R = 1. 

3.  It  is  detarnined  by  f2. 

t.  It  is  detarnined  r2  (0)  fron  condition  that  terns  af  second 
order  in  coefficient  when  /**  turn  in  zero  with  R = 1 so  forth. 

Equations  for  /*  take  the  forn  of  equation  (15.3)  , where  r 
is  replaced  by  r,  bat  the  right  sides  of  these  eqnations  will  be 
already  regular  functions  (1-R)  V*  and  0,  since  terns  fm  with  j < 
k are  noltiplied  by  the  coefficients  which  turn  in  zero  with  ft  « 1. 
Therefore  /*«  they  will  also  be  regular  functions  (1-B)  */*  and  9, 

i.e.#  increases  in  the  order  of  special  feature/peculiarity  with  R = 

1 no  longer  occurs*  and  expansion  (16.8)  it  will  represent  f also  in 
vicinity  R * 1. 

Page  250. 
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N.  Lighthill  [ 10]  used  his  aethod  for  the  determination  of  the 
force  (and  of  position)  of  shock  waves  in  conical  flows,  le  showed 
that  range  R > 1 and  R < 1*  constructed  according  to  the  solutions  to 
equation  (16.4) * they  overlap*  if  we  pass  to  alternating/var iable  r 
and  0,  and  in  the  range  of  overlap  was  found  shock  wave 
(specif ically*  it  it  can  be  zero  force)  by  the  satisfaction  of  noraal 
conditions  on  shock  wave.  Sending  away  the  reader  after  details  in 
[10]*  let  us  note  just  H.  Lighthill  showed  that  the  appearance  of 
shock  waves  can  be  predicted  on  the  basis  of  the  behavior  of  usual 
linear  solution  with  R — » 1. 

By  the  combination  of  the  aethod  of  PLG  with  the  aethod  of 
canonical  systeas*  described  in  point/itea  1.7*  it  is  possible  to 
give  the  problem  of  the  determination  of  the  second 
approach/a pproxiaa tion  to  the  problem  of  the  solution  to  the 
two-dimensional  equations  of  Poisson  in  the  range*  which  is  the  part 
of  unit  circle*  in  the  sane  way  as  this  was  done  in  p.  6.2.  One 
should*  however*  note  that  the  process  of  obtaining  the  second 
approach /approximat ion  is  very  laborious*  and  main  difficulty 
composes  obtaining  particular  integral  for  the  appropriate  equation 
of  Poisson. 
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For  >oae  problems  it  is 
the  connection  of  asynptotic 
laborious  as  aethod  PLg. 


possible  to  also  utilize  the  aethod  of 
expansions  (see  [182])  which  just  as  is 


The  further  developaent  of  second-order  theory  pass  within  the 
fraaework  of  the  theory  of  "three-diaensional*  flows.  Foe 
"t hree-diaensional"  flows  velocity  potential  he  is  record/written  in 
the  fora 


<1>  = F,  [z  + <p  (x,y,z) |, 

where  the  velocity  potential  of  disturbance/perturbation  A searches 

for  as  expansion 

= <Pi  (*.  V.  2)  + <ft  (x,  y,  Z)  -f  ....  i 
z = Z + z i (x,  y,  Z)  + Z|  (x,  y,  Z)  + ...  J ' ' ' 


here  (x,  y,  Z)  and  zk  (x,  y,  Z)  they  are  of  the  order  of  3aallness  k. 
Functions  zh(x,y,Z),  just  as  rk  (0)  in  expansion  (16.8),  they  are 
selected  so  as  not  to  allow  an  increase  in  the  orders  of  special 
feature/peculiarities  in  higher  approach/approx iaations  naar  special 
lines  and  the  points,  available  in  linear  solution.  Function  #, 
satisfies  the  t wo-dinensional  wave  equation: 


function  Vk  »i 


equations 


V 
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whose  right  sides  depend  on  p4 qvi.  z,_,  end  their  derivatives 

in  teres  of  x,  y,  Z. 

Page  251. 

Since  the  detereination  of  the  particular  integrals  of  equations 
for  q*  is  aore  coupler  problea,  then  in  the  case  of  conical  flows, 
were  found  only  approxiaate  particular  integrals  in  the  fore  of  the 
coabinations,  containing  4t  and  derivatives  of  this  function.  H.  Sugo 
in  work  [129]  proposed  this  integral  for  and  exanined  is  an 
exaaple  the  problea  of  triangular  plate,  mother  approach  to  the 
solution  of  the  problea  of  the  second  approach/approxiaati on  proposed 
D.  Clark  and  D.  Wallace  [193],  which  found  in  analytical  fora  the 
distribution  of  pressure  on  triangular  plate  with  supersoi ic  edges  in 
the  second  approach/approxiaat ion  with  the  aid  of  the  intagral  aethod 
of  the  turned  flow  for  supersonic  flows. 

The  essence  of  this  aethod  consists  in  the  fact  that  along  with 
the  field  of  perturbation  rates,  which  appears  during  tha  flow  of 
unifora  flow  about  the  assigned  body,  which  has  speed  Tt,  the  Hach 
nuaber  H»,  density  pa,  is  exanined  the  field  of  the  perturbation 
rates  about  this  or  allied  body  (both  bodies  have  identicii  Planfor*) 
during  its  flow  in  opposite  direction,  i. e.,  by  the  flow,  which  has 
the  paraaeter8  - V,,  lt,  pt.  The  first  flow  he  is  called  straight 
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line,  and  the  values,  which  relate  to  it,  are  noted  by  ini  ex  F;  the 
second  flow  he  is  called  that  which  was  turned;  this  flow  parameters 
have  index  R. 

For  a triangular  plate  as  the  turned  flow,  is  taken  the  flow 
about  triangular  plate  with  arbitrary  angle  A„  of  the  taper  of 
leading  edge  (Fig.  78)  . 

(If  in  direct/straight  notion  angle  of  attack  is  6P,  then  in 
the  turned  notion  it  can  be  different:  6*.j 

Let  us  construct  now  Mach  cones  for  the  points  of  eijes  0,P, 
OtOj  in  direct/straight  notion  and  flach  cones  for  the  points  of  edge 
0*P  in  the  turned  notion;  their  envelopes  together  with  the  surface 
of  plate  Unit  certain  voluae  T;  its  surface  let  us  designate  by 
letter  S,  internal  standard  to  S - by  letter  n. 
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It  is  nore  precisa,  is  exanined  the  range,  liaited  by  the  projection 
of  wing  on  plane  z = 0 and  of  the  envelope  of  Each  cones,  which 
eaerge  froa  the  edges  of  this  projection. 

Let  now  T * i«u  ♦ j«v  ♦ k«w,  N * u«i  ♦ v»j-n*tw*k,  where  V is  a 
di aensionless  velocity  vector  of  disturbance/perturbations  in 
direct /straight  or  reverse  notion;  then  the  correctly  following 
integral  identity: 

^(P/FFn-n  + V RWrn  — Vr-WKn)dS  = 

= ir,v-w„+  rRv.w,-wR  x(V  x f»  - 

-W,-X(Vy.r„)]dT,  (16.10) 


•here  v = 4-^  is  an  operator  of  Maailton,  which  is  the 

corollary  of  £aassa  - Ostrogradskiy. 


*4 


If  the  velocity  potentials  of  distur bance/perturbation  # in 
direct/atraight  and  turned  notions  are  represented  in  the  fora  of  the 
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expansions 


<p  = <Pi  (*,  y , z)  + (*.  y. z)  H — . 


than  let  as  hearth  V F understand  the  second  approach/ap proxiaation 
for  the  velocity  vector  of  disturbance/perturbation,  i.e., 

Fjr=V(«p,  + <p»)f , and  hearth  F*  - first  approximation,  i.e., 

Fh  = V (<?,)*• 


If  se  as  the  streaslined  body  during  the  turned  notion  take 

plate  at  an  angle  of  attack  then 

«*  = " - "V*  VH  = K'  W*  - (1  ~ "V* 

nu  = tg - (V  XF*=  0,  V-IFr  = 0). 

Function  #,  is  known  fros  the  usual  linear  solution  of  problea; 

V x Vr  = 0,  V IF,  = <?,  where 

$ = Mj  |mj  — l)<p?x  + <Pi»  + Visit  • 

M = (y  ♦ 1)H*,/2a*1;  index  F is  here  lowered. 

Page  253. 

Let  us  designate  bf  SF  and  SH  those  parts  of  surface  S, 
which  are  the  envelopes  of  Bach  coses  ia  direct/straight  and  turned 
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notions.  The  flows  before  SF  sad  S „ a re  not  agitated;  therefore 

there  respectively  Vr  = 0,  V K - 0.  Analyzing  boundary  conditions  on 
Sr  and  Sr.  Clark  and  Wallace  coae  to  the  conclusion  that  the 
integrals  in  terns  of  Sr  and  SH  in  identity  (16.10)  can  be 
placed  equal  to  zero.  (This  - one  of  the  central  places  of  net  hod) . 
Then  equality  (16.10)  after  scalar  suit ipl  icat  ion  by  Va  can  be 
converted  to  the  f ors 


1 


f (?»,  + *««) 
i (i-V)" 


(it  -! 


P <?„,  + *»>  M = 

\ c - •Vo* 


— — 5-irWrfr- 


(16.11) 


where  a * tg  \y,  index  P in  equation  (16.11)  is  lowered.  Since  the 
condition  of  the  nonseparated  flow  of  plate  they  are  record/written 
in  the  fore  <hy  = 6,  q>.,  = &Pi«  — *«Piw  with  y ■ 0#  in 
relationship/ratio  (16.11)  enters  only  one  unknown  function  (r2z. 
through  which  it  is  expressed  pressure  coefficient  on  wing  in  the 
second  approach/approx isation: 

C,=  ~ 2 (<p„  + q.M)  “ ~ <t\  4-  »?¥•*,. 

Xf  we  consider  nR  as  independent  variable,  then  relationship/ratio 
(16.11)  it  is  singular  integral  equation  for  <Pt>  Vithout  going  into 
particulars  of  tha  solution  to  this  equation,  let  ns  sots  that  for  D. 
Clark  and  D.  Wallace,  in  the  final  analysis  it  was  ascessiry  to 
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search  for  the  particular  integral  of  eguation  for  #*,  that  the 
equivalently  to  the  solution  to  corresponding  equation  of  poisson. 
This  particular  integral  was  found  by  the  set  hods  of  the  theory  of 
coupler  variable  functions  and,  as  note  the  authors,  earlier  it  was 
obtained  by  F.  Hoore  [123].  Thus,  actually  integral  eguation  was  used 
for  the  deteruinat ion  of  the  "suppleaenta ry"  solution  to  the  already 
boaogeneous  equation  which  nade  it  possible  to  satisfy  tha  conditions 
of  flow  on  wing. 

Page  254. 

The  obtained  analytical  expression  for  <p*«  on  wing  possessed  on  the 
Mach  cone  of  Undisturbed  flow  the  special  f ea ture/peculiac it y of 
square  root,  since  net  hod  plg  was  not  applied.  However,  after  <j2, 
was  found,  was  carried  out  the  correction  of  solution  by  t he  nethod 
of  PLG.  Nunerical  results  for  Cp  on  wing  with  nt  * 3.0;  7 - 1.4;  n 
* 0.35;  6 * 4°  render/showed  in  good  agreeueut  with  the  calculations 
of  L.  Fauell  [187]  for  pressure  side  of  wing. 

The  integral  nethod  of  the  turned  flow  was  also  used  in  work 
[194]  for  calculation  in  the  second  approach/approx ination  of 
interference  between  the  triangular  plate  and  the  fuselage  in  the 
fora  of  senicone.  In  this  case,  it  was  assuned  that  are  previously 
known  the  fields  of  the  disturbed  paraneters  in  the  second 
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approach/a pproxiaation  foe  the  isolated/insulated  body  and  a wing. 

Besides  the  perturbation  aethod,  in  which  as  aain  flow  is 
accepted  the  uniforn  undisturbed  flow,  are  applied  nethods  of  the 
type  of  aethod  of  "linearized  characteristics".  In  work  [195],  where 
was  examined  flow  near  the  lower  part  of  the  triangular  pLate, 
equation  of  notion  they  were  linearized  relative  to  the  uniforn  flow, 
close  to  flow  after  the  step  shock  of  packing/seal  on  leaiing  edge. 

Besides  the  nentioned  analytical  nethods  in  which  is 
aaintain/withstooi  the  deternined  principle  during  obtaining  of 
solution  (for  exanple,  during  the  deteraination  of  the  second 
appro* ch/approxiaation  by  perturbation  aethod  hold  snails  of  the 
second  order  and  disregard  snails  of  higher  orders) , ther*  is  another 
series  of  the  nethods  which  bear  seai-enpirical  character.  In  these 
■ethods  daring  thn  solution  of  problen,  are  nade  several  assunptions 
which  knowingly  accurately  are  not  fulfilled,  but  which  on  the 
average  reflect  the  picture  of  flow  about  this 

concrete/specific/actual  body.  In  works  [196,  8],  is  exaaLned  the 
floe  about  the  lower  surface  of  triangular  plate  at  angla  of  attack 

6 <6,. 


In  work  [196]  is  utilized  the  polar  coordinate  systen  R,  0,  ♦, 
depicted  on  Pig.  79.  Of  the  wing  surfaces  corresponds  0 * 0.  Bain 
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assumptions  consist  in  the  fact  that  flow  parameters  are 
decoapose/expanded  in  series  of  fora  f (0,  #)  = f(  (#)  ♦ 0ft  (#)  ♦ 

0* f*  (*)  ♦ ...»  and  the  equation  of  the  shock  layer  above  the  range  of 
the  effect  of  the  apex/vertex  of  sing  is  approximated  by  the  parabola 
of  form  0 = 0O  ♦ a#*  ♦ ba*. 

Page  255. 

Of  course,  these  assumptions,  the  especially  first,  bear  the  very 
approximate  character,  but  the  pressure  on  the  surface  of  plate, 
designed  according  to  this  method,  corresponds  rather  well  to  the 
numerical  solution  of  problem  and  to  the  results  of  experiments. 

In  work  [8]  is  utilized  the  spherical  coordinates  R,  0,  ♦, 
depicted  on  Pig.  90,  anu  is  examined  the  flow  of  gas  on  wing  and  in 
the  plane  of  the  syMetry  of  flo»  (*  = 0,  v/2,  -w/2)»  Hera  w = 0, 
entropy  S is  constant  and  equations  of  notion  take  the  fot n 

“ (2— 7*‘)“ t,cl8e  + + iiFff ^ 0i 

these  equations  ate  distinguished  from  the  equations  of  axisymmetric 
flows  only  as  term,  which  conteiss  w%.  If  we  assign  by  any  fora 
i£.,  then  the  determination  of  pressare  on  wing  it  is  reduced  to  the 
integration  of  ordinary  differential  equation.  In  work  [8]  main 
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S 


effort/forces  are  applied  to  to  give  approximation  for  it,. 


However,  it  aust  be  noted  that  this  approach  to  the  solution  of 
problea  is  to  a considerable  degree  empirical,  since  the  value  of 
tors  with  w9  can  ba  agreed  to  only  by  solving  of  boundary-value 
problem  for  the  none  of  flow,  subjected  to  the  effect  of  the 
apex/vertex  of  wing. 


1 

16.3.  numerical  methods  of  solution  of  problems  of  flow  about  | 

conical  bodies.  It  was  historically  obtained  so  that  all  the  j 

numerical  methods,  existing  for  thte  solution  of  the  problans  of 
section  B,  were  dmveloped  for  the  solution  of  the  problem  of 

1 

triangular  plate  (delta  wing),  (see  [ 186,  187,  185,  192,  1 76,  177]).  ' 


Pig.  79.  Fig.  80. 


Page  256 


I 


t 
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t This  does  not  aean  that  these  aethods  are  used  only  to  the  problea  of 

triangular  plate,  but  are  conveniently  set  forth  then  on  this 
problea,  that  also  is  aade  subsequently.  Let  us  examine  first  case 
b <bd.  and  than  case  6 > bd. 

The  nuaerical  aethods  of  the  solution  of  the  problea  of 
triangular  plate  for  b < bd  are  the  aethods  successive  being  of. 

Host  ideal  of  thea  was  proposed  to  D.  Babaev  [185],  [192];  it  was 
applicable  with  any  b<bd  and  ■*  > 1. 

Is  presented  the  first  irrotational  version  of  Babaev *s  method. 
For  a wide  range,  the  flow  about  the  upper  part  of  the  triangular 
plate  can  be  considered  as  irrotational  (see  [185,  188]);  therefore 
for  this  flow  there  is  the  conical  potential  F,  which  satisfies 
equation  ( 1. 29)  . 

If  all  values,  which  have  the  diuensionality  of  speel,  are 
related  to  the  modulus  of  velocity  of  undisturbed  flow  V*  and  are 
introduced  the  conical  velocity  potential  of  disturbance/perturbation 
f,  then,  retaining  for  dine nsionless  quantities  the  same 

designations#  as  for  disensionai,  we  will  obtain 

Ahi  + 2W/t,  + C/,,  = 0. 

A — «’  (1  + l*)  — (u  — 

B = «*£t|  — (u  — lw)  (v  — qu>), 

C = a1  ( 1 + tj*)  — (v  — gw)*, 

' fl‘=  ^ + Ifi(1 

j u - /(,  v = /,,  to  = 1 + / - - q/,. 
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Let  us  assuae  now  that  during  tne  flow  about  the  upper  part  of  the 
plate  is  realized  scheaatic  a of  figure  64.  The  calculation  of  the 
ranges  of  siaple  wave  and  unifora  flow,  the  deteraina tion  of 
characteristic  2-S-5-4  do  not  represent  large  work  and  here  be 
exaained  they  will  not  be.  Let  us  turn  on  the  calculation  of  conical 
flow  in  the  range  of  0-1-2-10-0  figures  64a. 

Recall  the  boundary  conditions  of  this  problea. 

Page  257. 

On  cut  0-10  p = /„  = 0;  la  the  plane  of  the  syaaetry  of  flow  0-1 

u— f i = 0;  on  Bash  cone  1-2  u = /t  = 0,  v — - /„  = sin  6, 

w = t 1 — \f\  — Vn  = cos  A:  on  shock  wave  2-10  [see 

relationship/ratios  (1.47)]: 

U = /t  = U,  — Tfc/\  V = /„=!*♦  + P, 

•p  = l + / — — Vi  = “'<  + (In*  — *u)P<  ’i*  *=  • ( 

p _ _2_r «! ] 

T + * [ + v,  + «\  - n.)  *+%,+<5n,'-n,)*  J , 

(10. 13) 
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u,  v,  at  - the  coaponents  of  vector  of  speed  and  the  speed  of  sound 
during  before  the  shock  wave  2-10. 

Assignment  U,  v,  v on  curve  2-10  is  equivalent  to  assignaent  f 
and  its  noraal  derivative,  since  functions  f,  /{,  /„,  deterained  by  the 
foraulas 

/{  = U,  /,  = r,  / = w + gr  + lu  - 1 (16.14) 

satisfy  the  condition  of  strip  on  shock  wave  (see  point/itea  1.9). 

The  arc  of  Hach  cone  1-2  is  siaultaneously  parabolic  line  and 
the  characteristic  of  equation  (1.29);  in  its  vicinity  P,  it  is 
deterainel  by  expansion  (2.103),  that  contain  the  arbitrary  function 
which  has  high  value,  at  least  for  the  flows  in  which  the  velocity 
vector  deviates  to  saall  angle.  Because  of  this  the  values  of  the 
derivatives  of  P in  the  vicinity  of  Hach  cone  considerably  differ 
froa  their  values  by  Hach  cone.  Therefore  during  the  solution  of 
problea  by  finite- difference  aethod  it  is  expedient  to  assign  only  f 
on  Hach  cone  1-2,  satisfying  equation  (16.12)  in  internal  aesh 
points.  In  this  case,  of  course,  the  parts  of  flow  near  Hach  cone 
are  not  considered  in  solution-  Alternative  to  the  aforesaid  is  the 
use  of  a low  pitch  of  grid  in  the  vicinity  of  arc  1-2. 
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It  is  presented  now  the  idea  of  D.  Babaev's  aethod.  Let  be  known 
certain  approximate  shock  position  2-10  in  Pig.  64a,  given  by 
equation  *1  = n"  (£)•  Then  according  to  formulas  (16.13),  (16.14)  ve 
deter  line  values  of  f and  f\  when  q = tjJ:  / = (|), = u°  (£). 

Page  258. 

Let  us  find  further  the  solution  to  equation  (16.12)  f«  in  range  with 
the  f ixed/recordei  boundary,  that  satisfies  the  boundary  condition 


r-r  a)  with  i)  = qj  a), 


retaining  on  the  renainiag  parts  of  the  boundary  previous  boundary 
conditions.  If  the  shock  position  is  assigned  by  equation  q ~ n"  it 
is  correct,  then  when  q = q?  ft  = u°  (£).  If  this  condition  is  not 
satisfied,  then  is  selected  the  new  shock  configuration,  leternined 
by  equation  q = tj)  (5)  of  the  condition  thnt  •/?!,-,«  = uM),  where 
u*  (()  is  calculated  fron  fornulas  (16.13)  for  q=qi  (&).  Than  is 
located  f'($)  through  fornulas  (16.13),  (16.14),  it  is  deternined  f» 
(£,  t|).  again  is  checked  condition  = u‘(£)  so  forth.  Process 


I 


I * 


> 
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continues  until  within  the  liaits  of  the  assigned  accuracy  is  Bade 
equality  ri?  = n?M. 


The  virtually  described  process  is  fulfilled  as  follows.  Is 
assigned  juap  2-10  (Fig.  64a),  i.  e. , is  assigned  function  »)  = t)J  (l). 
Range  0-1-2-10-0  is  cover/coated  with  square  network.  Equation 
(16.12)  he  is  record/written  in  finite-difference  fora.  In  this  case, 
the  derivatives  are  approxisated  by  central  differences.  If  k - the 
space  of  network,  then  for  a point  with  nunbers  i = */h  we 

h 

have 


if.  — 2h  (Art.  * A-i.  *)'  fn  ~ ~2h  (A,  *n  — A,  *-i)> 
/«  ~ -p-  (Art,  * — 2/i,  k + A-i,  *)> 

A*  ~ "j^TtA-n,  *+i  — Art,  *-i  — A-i,  *rt  4-  A-i,  *-i)> 
A*  ~ (A,  *ti  — 2/n  + /i,  *+,). 


Equation  (16.12)  accepts  then  the  forn 

i4i,*(Art.*  4-A-i,*)  4-  JA,*(A, *<i  + A,*-i)~  2(^u  4- 
4"  Cl,  *)/i*  H Hi,  *(Art,  *rt — Art,  *-l — A-l.  *+l+A-l,  <-l)=0< 

Page  259. 


For  solution  by  iteration  the  latter  is  converted  to  the  fors 
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fi.h-  '2^4~  Mi.»(/i*l,*  ' /»— 1,  *)  “f"  Ci,  * (A.  *ii  + 

+ A,*  i)  + -y  (/«.!.  i l — A»l.*-I  — A |,  4, | + A-l.*-l)]  • 

(in.  i ."•) 

If  Me  write  equation  (16.15)  in  all  internal  node/units  of  the 
finite-difference  range*  which  corresponds  to  range  0-1-2-10-0,  to 
express  ia  finite- difference  fora  boundary  conditions  (after  assuaing 
/ i|  sind  ♦ coed- 1 on  the  arc  of  Hach  cone  1-2),  then  will  be 
obtained  the  systen  of  nonlinear  (cubic)  algebraic  equations  for 
deter aining  values  /?.*  in  all  aesh  points.  This  system  is  solved  by 
the  aethod  of  iterations. 


[Substituting  in  the  right  sides  of  the  equation  (16.15)  of 
value  of  n of  appr oach/approxia«tion,  they  obtain  as  a resalt  of 
value  n ♦ 1 of  appr  oach/approxiaation  ].  After  deter  aiaation  /?.»  is 
■ore  precisely  forsulated  the  shock  position  2-10.  For  this  purpose 
is  deterained  value  /?  oa  the  boundary  of  grid  range,  which 
corresponds  (E).  i.e.,  when  t|  r 1*.  and  they  coapile  an  equation 


[ — 

l *.  - v.  + ■>  (tn.  - n.) 

_ - v«<  + ».  <tnu  — *i.)  1 

1 + li*  + - a/  J ' 


(1G.  16) 


in  which  derived  g.  it  is  replaced  by  its  finite-difference 
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expression 


• ntM-n*  h_ 

* - !*„-**  • 


a the  values#  noted  by  cross#  are  calculated  on  the  boundary  of  grid 
range. 


In  equation  (16.16)  when  ij  — kh  enter  two  unknown  values, 

Ik  and  If  we  begin  the  refine nent  of  the  forn  of  junp  fron 

point  2 during  Pig.  64a  whose  position  is  known#  and  for  which 
k '+  l = + 1 = th/A,  then  into  equation  (16.16)#  written  whea  tj  = kji, 

will  eater  only  one  unknown  value  It,,- 

Page  260. 

solving  equation  (16.16)  relatively  £kl,  we  find  nore  accurately 
position  of  junp  when  r\  =^M- 

Knowing  the  position  of  point  1*..  = M on  shock  wave#  we 

find  in  a described  nanner  the  position  of  neighboring  point  on  junp# 
and  so  to  the  wing  surface.  Then  we  find  f*  so  forth. 

Before  transfer/converting  to  the  discussion  of  the  results  of 
calculations#  let  us  aake  one  observation  of  fundanental  order  of 
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relatively  this  method.  As  show  calculations  for  functions  f®,  f*  and 
so  forth,  equation  (16.12)  is  nixed,  elliptical-hyperbolic  type 
equation,  por  this  reason  the  boundary- value  problems  for  the 
determination  of  functions  f®,  ft,  ...  are,  generally  speaking, 
incorrectly  placed,  since  the  duct  on  which  are  given  the  boundary 
values  of  function  (or  to  its  normal  derivative),  it  is  the  locked 
duct-  (To  this  fact  focused  attention  A.  Mikol'skiy).  Consequently, 
if  we  are  unliaitedly  decrease  the  space  of  network  h,  then  as  a 
result  we  will  not  obtain  solution  for  f®,  f*  so  forth.  However,  as 
show  the  calculations  of  D.  Babaev,  in  all  examined  by  it  cases  the 
process  converged.  The  possible  explanation  of  this  fact  is  such.  To 
each  aaount  of  deflection  the  approximate  shock  position  from  the 
true  corresponds  value  h,  less  which  it  is  not  possible  to  select  the 
space  of  network  luring  determination  f®,  f*#  ....  With  a decrease  in 
the  deviation  of  the  approximate  position  of  jump  from  the  true,  this 
space  decreases.  Consequently,  D.  Babaev's  method  must  be  considered 
as  empirical  finite-difference  algorithm  of  the  solution  to  initial 
boundary-value  problem,  without  introducing  as  intermediate  stage 
boundary-val ue  problems  for  f®,  f*  so  forth. 

Pi g ares  81a,  b depicts  the  results  of  calculations  for  Bt  = 4.0; 
A.  = 60°;  8 » 5*5  h = 0.02  [185]. 


Figures  81b  as  solid  line  depicts  the  results  of  the 
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calculations  of  pressure  coefficient  Cp  in  Babaev's  net  hod,  by 
broken  line  in  linear  theory.  Broke*  line  in  Pig*  8 la  is  parabolic 
(conical-sonic)  line  of  equation  (16.12). 

Page  261. 

Shock  wave  is  only  near  the  wing  surface,  degenerating  at  point  2' 

into  characteristic.  The  defect  of  solution  is  that  the  part  of  the 

boundary  of  the  region  of  conical  flow  is  the  cut  of  rectilinear 

characteristic  2*- 6.  On  the  appearing  in  connection  with  this 

difficulties  see  point/itea  14.2.  It  is  possible  that  thi3  defect  was 

the  consequence  of  the  disregard  of  the  rupture  of  accelerations, 

which  was  being  spread  inside  range  0- 1-2- 6-2* - 10-0  along  the 

characteristic,  emerging  froa  point  6.  it  is  not  excladei,  that  with 

the  given  paraaeters  of  undisturbed  flow  and  wing  is  realized  circuit 
a 

b,  while  not*  Figure  81. 

Let  us  exaaine  now  D.  Babaev's  aethod  for  vortex  flow  in  an 
exaaple  of  the  flow  about  the  lower  surface  of  triangular  plate  (see 
Pig.  65).  As  the  unknown  functions  are  accepted  the  coaponents  of 
velocity  «,  *,  v along  the  axes  of  the  Cartesian  systen  and  specific 
enthropy  S.  These  functions  they  satisfy  systen  of  equations 
(1. 17) - ( 1. 20) . Ve  assuae  that  gas  ideal.  If  all  values,  which  have 
the  diaensionality  of  speed,  are  related  to  the  nodulus  of  velocity 
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of  undisturbed  flou  Vt,  and  instead  of  S are  introduced  the  function 

,=-* fTln  MM. 

T<T  — *)  l (p/p,)*  J 

th at » by  retaining  for  dimensionless  quantities  the  sane 
designations,  that  also  for  dinensional,  systen  of  equations 

(1.17)- (1.20)  aftar  son*  conversions  can  bs  led  to  this  fora: 

(u  — £u-)  + (i;  — »!«,•)  «r„  -j-  l ( u?  -1-  ’2  + v-a  + 

+,(j±±4±^)_+..to+v,,_o. 

» (T]^  + h\  + w,)  + w {ux  — v{)  + a2sx  = 0, 

U'(T)«r1+i«4  + tCt)  + p(yE  — H,)  + a*S5  = 0,  } (16.17) 

/ t , /u*  4-  r*  -f-  «,2\  i / , tu*  4- 1’2  4-  w'\  t 

(u  - iw)  ( 2 j-  + ~ nw)  ( 2 T— )„  + 

+ a2  (&«>5  + tjuv,  — Ui  — i>„)  = 0, 

«*  = + — s*— n,-w»). 

Mi 


rig.  81 
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Conditions  on  shock  wave  14-16  in  Pig.  66  are  given  by  £oraulas 

I 

(1.47)  - (1. 49) . Tha  essence  of  method  for  vortex  flow  renains  the  I 

same,  as  for  an  irrotational  flow,  only  all  operations  become 
bulkier.  Therefore  primary  attention  let  us  pay  those  to  the 
supplementary  facts  which  are  connected  with  the  eddying  of  flow. 

If  «•  assign  approximately  shock  wave  14-16  Pig.  66,  by  equation 
»1==tI?(£)-  then  from  formulas  ( 1. 47)  - ( 1. 49)  they  are  determined  by  u,  1 

v,  «,  » when  n = q!  (E):  j 

u = u*  (l),  v = I-  (t),  w — (l),  s = (|).  (16.18)  \ 

Assuming  that  at  the  points  of  the  shock  front  are  satisfied  the 
equations  (16.17),  with  the  aid  of  (16.18)  let  us  find  hare 

= x?  <E).  *>.  = xj  (E).  ^ = x",  (E), 

* = X2  (E).  (16.19) 

This  always  can  ba  made,  since  line  14-16  is  not  system  performance 
of  equations  (16.17). 

Let  us  emphasize,  that  even  so  equality  (16.18),  (16.19)  are 
written  in  the  form  u = u®(f),  «„  = x?  (S)  «o  forth,  thair  right 

sides  are  known  functions  q,,  v 
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page  263. 


Just  as  in  irrotational  problen,  range  0-15-14-16-0  is 
cover/coated  with  rectangular  network  and  systei  of  equations  (16.17) 
is  replaced  by  their  finite-difference  equivalent.  Further  is  solved 
problen  in  range  with  fixed  boundary  loreover  boundary  conditions  on 
arc  14-16  are  assigned  by  relationship/ratios  (16.18).  The  solution 
of  the  Hatching  systen  of  nonlinear  algebraic  equations  is  conducted 
by  the  nethod  of  steepest  descent.  In  this  case,  it  is  considered 
that  the  flow  line  0-14  is  line  of  discontinuity  derived  u,  v,  w,  s 
with  the  aid  of  one-sided  difference  fornulas.  After  the 
deternination  of  zero  approxination  (u®,  v®,  w®,  s®)  the  refinement 
of  the  fora  of  juap  is  conducted  in  the  sane  way  as  this  it  was  aade 
in  irrotational  problea,  only  instead  of  equation  (16.16)  here  is 
utilized  the  equation 

(«!  - Xi)*  + (**  - x»)  * + K - x»)*+  (4  - X«)*  - o, 

(16.20) 

where  uj,  i\,  w\,  $\  are  calculated  on  the  boundary  of  grid  range,  which 
corresponds  = rtf  (E),  and  for  functions  X)  (j  * 1,  2,  3,  4)  are 
written  their  explicit  expressions  through  noraover 

derivative  »1*  is  replaced  by  its  finite-difference  expression 


*l».i  — *>*  ,l*»i  — 4, 

= _ S 


i 


\ 

I 

j 

| 

j 

i 
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the  refinement  of  the  shock  configuration  is  conducted  from 
known  point  14  in  Fig.  66  in  the  direction  of  the  plane  of  the 
synnetry  of  flow  0- 16.  in  view  of  the  approximate  character  Qf 
solution  nay  not  exist  value  *)*•  which  satisfies  eguation  (16.20); 
therefore  nore  precise  value  Ik  is  located  by  the  ninin izat ion  of 
the  left  side  of  the  equality  (16.20). 

Sending  away  the  reader  after  details  in  [192],  let  us  note  just 

in  all  the  checked  by  the  author  of  this  work  cases  this  nethod  was 

led  to  the  unique  solution  of  task  with  very  distinguishel  initial 

data  for  the  shock  configuration  and  functions  u,  v,  w,  s. 

Po^e  -2<p V. 

Relative  to  the  fundamental  side  of  matter  it  is  possible  to 
repeat  the  same  as  was  said  for  an  irrotational  problem,  only  here 

overdetermination  of  problem  with  the  fixed/recorded  boundary  was 
cbvjous  and  there  is  no  need  to  turn  to  the  properties  of  mixed  type 
equations* 

Thus,  during  the  use  of  Babaev's  method  it  is  necessary  to 
exhibit  precaution  when  selecting  the  space  of  network  for  problems 
with  the  fixed/recorded  boundary. 

Figure  82,  undertakes  work  [192],  depicts  the  designed  shock 
configuration  with  flt  ■ 6:  A = 60°;  • *10*. 


1 
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figures  as  83  solid  lines  depicts  distribution  of  coafficient  of 
pressure  Cp  on  the  wing  surface,  calculated  according  to  Babaev's 
method  for  N t * 4;  A = 50°;  6 = 5°,  10°,  15°;  broken  line  designated 
the  results  of  linear  theory. 

i 

For  the  calculation  of  flow  about  the  lower  surface  of 
triangular  plate  when  6 > f>d  A-  Bazzhin  [ 176,  177]  used  the  method 
of  the  integral  relationship/ratios  of  first  approximation , described  \ 

in  point/iten  11.2.  was  utilized  the  flow  spherical  coordinates, 
depicted  on  Fig.  84.  j 

The  system  of  equations  of  first  approxination  coincides  with 

i 

system  (11.13).  since  the  flow  about  pressure  side  of  wing  occurs 
with  flow  choking,  for  deternining  two  unknown  parameters  of  the 
problem  0°  (0) , u*(0)  [ d®4/d<j>  * ww*  0 with  0=0]  they  are  advanced 
the  following  conditions:  1)  at  point  3 in  Fig.  67,  68  speed  of  cross 
flow  is  equal  to  the  speed  of  sound;  2)  solution  is  regulir  at  the 
point  where  the  denoninator  of  the  expression,  which  stands  in  right 

! 

part  one  equation  of  system  (11.13),  turns  into  zero. 

In  all  cases,  examined  by  the  author  [176],  was  one  such 


singular  point 


Fig.  82.  Fig.  83. 


Page  265. 

The  formulated  conditions  Bade  it  possible  to  determine  first 
approximation  in  an  only  manner,  since  on  the  wing  surface  are  two 
lines  of  the  spreading  of  flow,  value  of  entropy  here  also  was 
selected  in  the  process  of  calculations.  Subsequently  Bazzhin 
improved  the  method  of  calculation  (see  [ 177])  and  ware  conducted 
systematic  calculations  in  ranges  Ht  = 4-10,  \ = 70°  h-  8.r)°,  6 = 

30°-60°.  Fig«res  35  depicts  the  dependence  of  the  coefficient  of  the 
normal  force  of  plate  Cn  on  angles  A and  6 with  = 6 [177]. 

The  method  of  the  integral  rela^ionship/ratios  of  first 
approximation,  as  it  was  already  noted  earlier,  makes  it  possible  to 
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solve  problen  with  good  accuracy  only  at  large  values  H,,  so  that 
this  method  is  related  faster  to  supersonic  regime  of  the  flow  about 
the  body,  than  to  supersonic  node/coaditions. 


- \ 
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Page  266. 


Chapter  3. 


Hypersonic  conical  flows  of  gas. 


A.  The  flow  about  the  conical  bodies  in  cases  when  bow  shacks  are 
connected  only  to  the  apex/ver texes  of  bodies. 


§17.  General  characteristic  of  the  properties  of  hypersonic  conical 
flows  and  methods  of  the  solution  of  the  problems  of  the  flow  about 
the  conical  bodies. 

17. 1.  Classification  of  problems  of  flo*.  jn  the  third  chapter 
are  examined  the  cases  of  the  flow  of  flows  about  the  conical  bodies 
of  gas#  which  possess  large  Hach  nusbers*  M,  >>  l.  The  coaxon 
properties  of  such  flows  are  well  known,  see  •).  Furthermore,  in 

p.  2.1  are  examined  in  detail  those  special  feature/peculiarities  of 
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the  flow  about  the  round  cones  (at  zero  angle  of  attack)  which  appear 
at  hypersonic  speads.  This  - nearness  of  leading  shock  wave  to  the 
surface  of  the  streaalined  body  (in  consequence  of  which  gas  aoves  in 
the  shock  layer  where  its  density  is  considerably  greater  than 
density  in  undisturbed  flow);  the  coaplication  of  the  equation  of 
state  of  gas,  since  with  high  teaperatures  are  excited  oscillatory 
degrees  are  free  the  aolecules  of  gas,  occurs  their  dissociation  and 
ionization. 

Mere  noted  aLso  those  factors,  which  one  should  consider  during 
the  use  of  a conical  flow  theory  for  the  flow-field  analyses  of  real 
bodies.  This  is  a possible  flow  irregularity,  the  powerful  effect  of 
saall  blunting  of  the  leading  edge/nose  of  body  and  thick  viscous 
boundary  layer  on  the  paraaeters  of  inviscid  flow  about  slender 
cones.  All  these  facts  occur,  also*  during  the  flow  about  other 
conical  bodies. 

Page  267. 

subsequently  we  will  set  forth  the  theory  of  the  hypersonic 
conical  flows  of  gas  with  the  basic  of  the  assuaption  that  Nt  ^1, 
the  disturbance/perturbations  of  the  paraaeters  of  gas  are  of  the 
order  of  the  valu»s  of  these  paraaeters  in  undisturbed  flow,  and  that 
the^e  is  equation  of  state  of  gas.  Value  M , beginning  with  which 
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flow  can  be  considered  hypersonic,  it  is  detemined  by  the  specific 
conditions  among  which  one  of  the  sain  places  belongs  to  the 
characteristic  angle  of  the  slope  of  the  cell/elenents  of  the  surface 
of  the  streanlined  body  to  direction  of  andisturbed  flow.  (The 
greater  this  angle,  as  those  at  smaller  values  Mi  flow  his 
properties  of  hypersonic  flows;  see  [*].). 

Since  when  M,  1 the  streamlined  body  almost  always  partially 
cr  completely  emerges  the  Bach  cone  of  the  undisturbed  flow, 
constructed  for  the  apex/vertex  of  body  downstream*  the 
classification,  accepted  for  supersonic  flows,  is  here  unsuitable. 

The  different  cases  of  the  flow  about  the  conical  bodies  when  Mi 
it  is  logical  to  divide  into  two  groups.  The  first  group.  A, 
compose  those  cases  in  which  the  bow  shock  is  connected  only  to  the 
apex/vertex  of  the  streanlined  body.  To  second  group,  B,  Let  us 
relate  the  cases  in  which  the  bow  shocks  are  connected  to  the  sharp 
leading  edges  of  the  streamlined  bodies.  In  the  group  A of  body,  they 
possess  chanfered  edges  (if  it  is  possible  to  speak  about  edges)  or 
by  sharp  edges,  but  the  flow  about  the  bodies  occurs  at  high  angles 
of  attack,  so  that  bow  shock  cannot  be  that  which  was  connected  to 
the  edges  of  body. 

17.2.  General  characteristic  of  nethods  of  solution  of  problems 
of  flow  about  conical  bodies.  In  the  third  chapter  will  not  be 
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examined  the  theory  of  the  slight  disturbances  for  hypersonic  speeds 
in  which  for  lain  flow  is  taken  the  uniforn  undisturbed  flow,  since 
the  results  of  this  theory  are  aost  interesting  for  three-dinensional 
conical  flows.  The  theory  of  the  slight  disturbances,  in  particular 
the  laws  of  hypersonic  siailitude,  they  are  set  forth  in  the  known 
books  of  G.  Cherny  [*•],  of  U.  Hayes  and  D.  Probstin  [ * ]. 

Also  will  not  be  considered  Newton's  theory,  based  on  the 
concept  of  infinitely  thin  shock  layer,  for  two  reasons.  First,  the 
results  of  this  theory  for  conical  bodies  are  obtained  fro  a the  aore 
coanon/general/tct al  theory  of  the  shock  layer  of  the  final  thickness 
which  will  be  exaained  further. 

Page  268. 

in  the  second  plaoe,  to  Newton's  theory  is  allotted  auch  place  in  the 
aonograph  of  0.  Hayes  and  D.  Probstin  [*],  and  also  in  Zh.  Guiraud's 
book  [«•«]. 

The  coaplication  of  the  equation  of  state  of  gas  at  hypersonic 
speeds  aakes  aore  laborious  the  process  of  the  solution  of  the 
probleas  of  the  fLow  about  the  conical  bodies.  (Fundaaental 
difficulties  in  this  case  do  not  appear). 
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But , on  the  other  hand,  appears  a number  of  factors  which 
substantially  facilitate  the  solution  of  the  problems  of  flow,  with 
hypersonic  speeds  about  the  windward  face  of  body  gas  mov»s  in  the 
comparatively  thin  shock  layer  where  its  density  is  auch  greater  than 
the  density  of  undisturbed  flow,  moreover  the  paraaeters  of  gas  are 
little  affected  across  shock  layer.  Exception  is  fine/thin  region  in 
immediate  proximity  to  the  surface  of  the  streamlined  body  - the 
vortex/eddy  (entropic)  layer  where  certain  the  parameters  of  gas,  for 
example,  the  specific  enthropy,  can  substantially  change.  However,  at 
hypersonic  speeds  vorticity  layers,  as  a rule,  are  very  fine/thin  and 
are  located  within  viscous  boundary  layers,  so  that  basic  interest 
are  of  the  flows  of  outside  these  layers.  The  solution  of  the  problem 
of  flow  in  vorticity  layers  is  required  aainly  for  the  substantiation 
of  the  solutions  of  outside  vorticity  layers  and  estimating  their 
thickness,  and  also  for  the  check  of  numerical  methods.  That  part  of 
the  body  surface,  which  is  located  in  aerodynamic  shadow,  does  not  in 
practice  affect  the  aerodynamic  characteristics  of  body  and  does  not 
require  calculation.  For  example,  with  calculation  of  the  lift  of 
triangular  plate  under  the  hum  of  attack  pressure  on  its  upper 
surface  can  be  placed  equal  to  zero.  Furthermore,  the  distribution  of 
pressure  on  body  surface  can  be  designed  on  the  basis  of  theory  for 
an  ideal  gas,  since  the  account  of  the  validity  of  gases  little 
changes  results. 
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As  a result  of  the  enumerated  special  feature/peculiarities  of 
the  flow  of  hypersonic  flows  about  the  conical  bodies  of  gas  siaple 
analytical  aethods  can  give  good  results,  aoreover  freguently  in  the 
locked  fora*  Por  example,  in  the  hypersonic  variation  of  the  theory 
of  Stone  for  a round  cone,  developed  by  Kh.  Chzhen  [•♦•],  pressure  in 
field  of  flow  is  expressed  in  eleaentary  functions;  to  net  hod  of 
"linearized  characteristics"  for  hypersonic  speeds  also  it  is 
possible  to  give  completely  analytical  fora;  see  work  [ ***  ]. 

Page  269. 

The  accuracy  of  these  aethods  is  obtained  acceptable  for  practice. 
Important  analytical  aethod  for  hypersonic  speeds  was  proposed  by  A. 
Gonor  £168.7].  In  this  aethod  of  shock  layer  the  low  parameter  is  the 
density  ratio  in  undisturbed  How  to  characteristic  density  in  shock 
layer#  and  the  unknown  values  are  decoapose/expanded  in  series 
according  to  the  degrees  of  the  low  parameter.  (Details,  and  also 
observations  about  history  of  this  aethod,  see  in  §18.). 

The  majority  of  numerical  aethods  at  hypersonic  speeis  gives 
aore  accurate  results,  than  at  supersonic  speeds.  Among  them  - the 
method  of  the  integral  relationship/ratios  of  first  approx inat ion, 
the  method  of  straight  lines,  the  reverse /in verse  aethod  of  two 
functions  of  current.  It  is  possible  to  expect  that  with  1 
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■ethod  of  establishment  will  give  less  accurate  results,  than  at 
supersonic  speeds,  since  at  hypersonic  speeds  vorticity  layers  are 
■ore  are  sharply  pronounced,  that  it  is  led  to  a reductioa  in  the 
accuracy  of  the  approximation  of  the  derived  unknown  values  by  finite 
differences  in  vorticity  layers. 

Among  semi-empirical  methods  let  us  note  the  method  of  the 
"equivalent  cone",  [154,  155,  199],  which  gives  excellent  results  for 
pressure  on  the  surface  of  simple  bodies  with  convex  cross  section. 

Subsequently  primary  attention  will  be  allotted  to  analytical 
methods,  since  the  numerical  methods  were  already  dismantl e/selected 
in  the  second  chapter. 


§18.  Method  of  shock  layer  for  a round  cone. 


18.1.  Lead-in  observations.  The  problem  of  the  flow  about  the 
cone  at  an  angle  of  attack  by  the  supersonic  flow  of  gas  is  one  of 
the  most  important  tasks  of  gas  dynamics.  At  the  moderate  values  of 
the  Mach  numbers  of  undisturbed  flow*  it  was  solved  by  perturbation 
■ethod  on  angle  of  attack  6 with  the  accuracy  for  values  0 (6s) 
inclusively  by  A.  Stone.  However,  this  solution  is  cumbersome  and  is 
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inconvenient  for  practical  use  even  in  the  presence  of  tables 

of  Z.  Kopala. 

page  270. 

Because  of  this  natural  was  the  wish  to  simplify  the  solution  of 
Stone  for  hypersonic  speeds,  after  using  this  specific  property  of 
hypersonic  flows  as  smallness  of  the  density  ratio  in  undisturbed 
flow  to  characteristic  density  in  shock  layer.  For  an  ideal  gas  with 
constant  heat  capacities,  this  relation  and  thickness  of  shock  layer 

vanish,  when  y > 1,  and  the  Mach  number  of  undisturbed  flow  Mj 

— » • (see  [ 46])  . 

For  this  reason  in  the  case  of  ideal  gas,  the  unknown  values  in 

the  system  of  spherical  coordinates,  connected  with  body,  are 

decoapose/expanded  in  series  not  only  according  to  degrees  6,  but 

(GT) 

also  according  to  the  deg  re**  c — Y^-j-^t  he  analogous  parameters.  In 
this  case,  product  (y  — l)MJ(0r  the  allied  value)  is  set/assuned  by 
constant. 

Without  being  stopped  on  earlier  works  (for  example,  see  [202], 
let  us  turn  to  Kh.  Chzhen*s  works  [148]  and  Ta.  Sapunkov  [ 203-205]  in 
which  is  obtained  the  most  complete  solution  of  a problem  of  this 
type.  Work  [148]  in  elementary  functions  gives  the  solution  of 
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problem  with  an  accuracy  0(  \a*  -f  6*)  inclusively  in  an  entice  region 
between  the  surface  of  leading  shock,  wave  and  the  surface  of  the 
streamlined  cone.  Furthermore,  pressure  and  the  circular/neighbocing 
velocity  component  are  found  with  an  accuracy  to  values 
inclusively  in  field  of  flow.  In  works  [203-205]  in  the  locked  form 
given  complete  solution  of  the  problem  of  round  cone  with  an  accuracy 
to  values  0 ($*  ♦ d *)  inclusively,  suitable  in  all  shock  layer,  with 
the  exception  of  small  vicinity  of  Ferry*s  special 

feature/peculiarity,  (in  this  case  were  corrected  the  inaccuracies  in 
the  computational  character,  available  in  work  [148].). 

Work  [205]  gLves  solution  for  the  case  of  the  inadeguate  gas. 
the  low  parameter  • is  here  the  relation  of  the  density  of 
undisturbed  flow  to  characteristic  density  in  shock  layer. 

The  basic  id*a  of  method  Ya.  SapUnko*  is  the  introduction  of  the 
auxiliary  function  £,  which  possesses  the  main  properties  of  the 
function  of  the  current  of  conical  flow,  but  at  the  sa*e  time  it 
makes  it  possible  to  obtain  for  it  uniform  approach/approximation 
everywhere  in  field  of  flow.  First  are  located  approximate  solutions 
for  the  parameters  of  the  flows  in  which  enters  unknown  function  C* 
and  then  are  constructed  successive  constructing  for  i,  evenly 
approximating  function  t in  vorticity  layer. 
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Page  271. 

Thus,  aethod  ya.  sapunkov  is  the  combination  of  the  nethoi  of 

j 

expansion  in  teras  of  the  saall  parameter  and  of  the  method 

successive  being  of.  | 

In  Stone's  theory,  eagle  of  the  attack  of  cone  6 is  considered 

(6  e,  ' 

snail /"\  where  «—  a half-angle  of  cona).  Virtaally  good  results  4 

6 <4- 

are  obtained  according  to  Stone's  theory  when  a This  fact  limits 

the  field  of  application  of  solution  of  Stone  (and  his  hypersonic  \ 

version).  Furthermore,  approach  itself  to  the  solution  of  problea 

befits  only  for  a round  cone  or  the  bodies,  which  differ  little  froa 

J 

round  cone.  New  approach  to  the  solution  to  the  tasks  in  which  are 
not  superimposed  substantial  liaitations  on  the  value  of  angle  of 
attack  and  the  fora  of  the  cross  section  of  cone,  proposal  A.  Gonor 
[168.7],  In  A.  Gonor's  nethod,  the  unknown  values  in  shock  laye 
decoapose/ex panded  according  to  the  degrees  of  peraaeter  a — 
independent  variables  they  a?e  takes  ® sad  “here  <J>  . there  is 
angular  coordinate  in  the  spherical  coordinates,  depicted  on  rig.  47, 
miT-  the  fnaction  of  current,  which  satisfies  equation  (10.2): 

rV,  4-  w cosec  (PF®  = 0. 

As  a result  A.  Gonor  succeeded  in  obtaining  the  first  teras  of 
the  corresponding  expansions  in  quadratures;  following  terns  also  are 


I 


f* 

I 
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expressed  in  quadratures  from  eleaentary  functions  (at  least  in 
principle)  . 


It  aust  be  nnted  that  A.  Gonor's  success  is  expiainai  nainiy  by 
selection  as  the  independent  alternating/variable  function  of  current 
J * Previously  analogous  aethod  Mas  proposed  ly  G.  Chern  (see  [69]) 
for  the  solution  to  two-dinensional  and  axisyaaetric  problems  of  the 
flow  about  the  pointed  bodies.  However,  transition  froa  flat/plane  \ 

and  axisyaaetric  flows  to  conical  flows  is  qualitatively  new  space. 

Has  soaewhat  later  explained  that  the  expansions  in  terns  of  degreescr— 
-i-py-4o  not  represent  the  solution  of  problen  in  all  shock  layer.  For 
lo*  angles  of  attack  6,  this  directly  follows  froa  the  hypersonic 
variation  of  the  theory  of  Stone,  which  in  its  initial  fora  does  not 
give  solution  in  vorticity  layer  about  body  surface. 


Page  272. 

The  understanding  of  that  fact  that  at  hypersonic  speeds  there 

is  new  type  vorticity  layer,  connected  not  with  the  saallness  of 

angle  of  attack,  but  with  the  saallness  of  the  density  ratio  in 

undisturbed  flo*  to  characteristic  density  in  shock  layer  (a  — T~? 
UOcLS)  ' T+  ' 

(Reached  in  the  works  of  B-  flel'nik  and  R.  Sheing  [206],  of  Rh.  Chzhen 

[148]  and  b.  Bulakh  [207].  in  work  [7]  A.  Goaor  found  in  quadratures 

the  first  terns  of  expansions  in  teras  of  degrees  a = J-=iL  f or  the 
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bodies,  having  "arbitrary"  cross  section.  This  solution  possesses  the 
sale  deficiency/lack,  as  solution  for  a round  cone.  A nunber  of  the 
authors  was  occupied  by  the  correction  of  the  solution  of  A.  Gonor  in 
vorticity  layers  about  the  surfaces  of  streamlined  conical  bodies 
[206,  204,  208-210].  Since  the  process  of  obtaining  the  first  terms 
of  expansions  degrees  « for  bodies  with  "arbitrary"  cross  section  is 
repeated  such  for  a round  cone,  and  account  of  the  inadequacy  of  gas 
is  not  introduced  fundamental  changes  into  this  process,  below  we 
will  disassemble  in  detail  in  an  example  of  the  round  cona, 
streamlined  with  ideal  gas,  the  different  facts,  connected  with  the 
method  of  shock  layer,  but  in  §19  it  is  presented  him  for  bodies  with 
the  "arbitrary"  cross  section,  streamlined  with  the  inadequate  gas. 

18.2.  Solution  of  probles  of  flow  about  round  cone  without 
taking  into  account  of  vorticity  layer.  Let  us  examine  round  cone 
with  half-angle  *.  streamlined  at  an  angle  of  attack  6 with  the 
hypersonic  uniform  flow  of  ideal  gas,  which  has  speed  V,,  number  naxa 
H| , density  pt,  and  so  forth. 


To  the  system  of  spherical  coordinates  I,  8#  <t>,  'Connected  with 
body  (see  Pig.  47)  , the  equations  of  motion  of  gas  can  be  written  in 
the  form  [ see  equations  (1.1)  - (1.5),  (1.8)] 
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Let  us  assign  the  surface  of  bow  shock  equation  e = e*  (<j>)  and 
designate  through  f "and  f*  the  value  of  function  f directly  do  shock 
wave.  Then  for  an  undisturbed  flow  they  occur  of  the  eguality 

u~  = r1(cosdcos0*  f-  sinfisinO*  cosd»), 

v~  = — V’i  (cos  6sin0*  — sin  d ’os0*  cn  d>).  (18.2) 

Uf~  — — F,s»ndsin<J>. 


r 


I 


( 


t 

I 

p 

) 


I 

f 


I 
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The  equations  of  consistency  on  shock  wave  let  us  write  in  the 

f orm 


»>*  »>-.  r;t  r:„  r:  v~- 


T I 


p* 

>n 

7 1 

p 

•r; 

' -ur 

p* 

-T 

( ny  t-.. 

p~ 

T + 1 

V a / T-(.| 

( P " = Pi-  P'  --  Pi.  « ^ a,), 


where  the  value  with  indices  n rt,  r2  represent  with  respect  to  the 
projection  of  velocity  vector  on  standard  even  two  mutually 
perpendicular  tangents  to  the  surface  of  shock  wave;  they  are  located 
through  the  formulas 


(18.4) 


Page  274. 

Following  A.  Gonor,  let  us  pass  in  system  of  equations  (18.1)  to 
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independent  alternating/variable  <l>  and  V.  where  the  function  of 
current  V satisfies  the  equation 

j-Yj  w cosec  0^®  = 0.  (18.6) 

Taking  into  account  that  Y = V [0  (V,  <D),<I>), 

VI*  _ 1 VI*  ^3* 

* 9 — ft  > I ® 5 ' 

U|jf  v vp 

we  will  obtain  formulas  for  transition  to  the  new  variables: 


df(a>,  y>  i 

dQ>  is  const 

0/(0,  «F) 

ae 


dt  6®  9j  _ . 0®  , 

~W  av-'®  er  lv 

_j f/_  _ 

ey  d'v  ~ 


After  the  replacenent  of  alternating/variable  and  sone 

trans  for  nations,  the  systen  of  equations  (18.1)  will  take  the  forn 


fin (pte0T)J®  -f  2-^-sfn0  = 0, 
w cosec  0n®  — v*  — tv*  = 0, 

»» + »» + w*  L y p 1+23 

2V*  r T-l  PVJ  2 

(PP  Y)®  = 0, 

w cosec  0i>®  -f  uv  — w*  ctg  0 = - 1 

P0<|r  1 

w cosec  80®  = v, 


(«) 

(6) 

(B) 

(r)  » 
(a) 
(•) 


P~(M\(r  -I)]-*. 


(18.6) 
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Equation  (18. 6e)  is  the  conM^uaict  of  aquation  (18.5)  and  serves  for 
determining  unknown  function  8=  (<J>,  T). 

aa  can  ba  seen  froa  relationship/ratios  (18.3),  density  behind 
shock  wave  p1  ia  of  tha  order  P"“rr.  i.e.  it  increases 
unliaitedly  whan  ?-►  1,M,  (y  — 1)  = const  and  ia  vary  great  at  values 

7,  close  to  unity. 

Page  275. 

The  flow  of  gas  under  these  conditions  occurs  in  thin  shock  layer, 
which  follows  froa  the  preservation/retention/naintaining  of  the  aass 
flow  rate  through  any  tube  of  flow.  Estiaating  with  the  aid  of 
fornulas  (18.3)  order  of  aagnitude  behind  shock  wave,  we  will  obtain 
that  the  unknown  functions  one  should  search  for  in  the  fora  of  the 
sariaa 

“ = “<«' + au«> + — p= 4~  p<°> +?<»+•  ••- 

v ” + °*r<»  + « - e i 38,,,  +-3*e(ir|-...,  g 

w — v'(0)  su’d)  + . . . , a - ■ ^ | , 

P ~ Pi o)  + SP(,)  f . . . , 


where  the  function  ^ thay  depend  on  (J)  aad 
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Subsequently  for  sinplif ication  in  the  recording  of  the  formulas 
of  function  /«»  we  will  designate  by  symbol  f0. 

Substituting  expansions  (18.7)  in  systen  (18.6)  and  assuaing 

that 


we  will  obtain  systen  of  equations  for  functions  with  iniax  zero  in 
the  form 


(*,J  (P(i“,#®«'f')J<i. -f  2-^-sine  -O, 
u’0  — cosec  e ut4>, 

+ K,*(1  -f  2(3) 

/ v **• 

(*).-«• 


•p.  ctg  e =■ 

P.eor 

*i'o0(/<r  — v0  sin  e. 


■Ptr> 


(6) 

(») 

(r) 

<*) 

(e) 


(18.8) 


The  eanation  of  leading  shock  wave  let  us  present  in  the  fore 

=.«  + 90o  («*)  4-  — 

when  3 -► 0 0*-«-e,  but  in  variables  4)  and  V on  shock 
ueue  V =.  «p*  (<D)  since  conical  stress  surfaces#  on  which  retains 


Page  276. 

After  the  substitution  of  expansions  (18.7)  into  relationship/ratios 
(18.3)  we  obtain  (taking  into  account  (18.4))  boundary  conditions  on 
shock  wave  in  the  fora 


Hare  valuaa  tt#i  ,,0i  u,0  arc  detaraiaed  froa  the  foraulas  (18.2),  in 
which  e*  is  replaced  by  *•  Proa  ralatioaahi  p/rati  os  (18.9) 

*#.  “»».  pi,  fi»  are  defined  as  faactioas  4>  (not  depending  oa  the  fora 
of  head  ahock  wave).  Only  unknown  previoasly  valae  ia  6»,  and, 
consequently,  r;. 


Let  us  find  now  the  solution  of  systee  °f  equations  (18.8),  that 


I 


3 
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satisfies  conditions  (18.9)  on  shock  wave*  i.e.*  when  V 4r*  (<!>),  and 
to  condition  r«  = 0 when  fl  — e.  The  function  of  current  V is 
detarnined  by  equation  (18.5)  aabiguously*  since  any  function 
tt’('F)  is  also  the  solution  to  this  equation  and  can  be  accepted  as  the 
new  function  of  current,  le  will  use  this  arbitrariness  aad  let  us 
assune  that  on  shock  wave  <p*  =r  O,  i. e.  the  value  of  the  function  of 
current  V equal  to  value  that  angle  <D,  with  which  this  flow  line 
enters  in  shock  layer.  [Then,  in  particular*  0j'  = ^ Y = <J>)  = 8*»  + 8,T.J 
From  equation  (l8.8d)  it  follows  that 

(is.io) 


Function 


in  which 


X*  0*0  ■ according  to  (18.9) 


*<▼>—“—  -7 


+ 23(W 


o 


necessary  to  replace  by 


is  detersined  fron  the  fornula 
(18.11) 
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iqeation  (18.8c)  »ill  take  now  the  fors 

«;  + = A?  (V)  = V\  (1  + 20)  - Xo  (V).  (18.12) 


Hence  it  follows  that  ua* 


wa  one  should  search  for  in  the  fora 


u,  = Ao^sinz, 


wt  ~ A • (V)  cos  z.  (18.13) 
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Substituting  (18.13)  into  equation  (18.8b)  , we  will  obtain  that 
= sine,  whence  we  find 

z = sine  <l>  + o.t  (V). 


Substituting  s in  (18.13),  we  obtain 

Mo  A.(M')sin  |sine<I>  -f  a(H')], 
w.,=  A.  (4')  cos  [sine<l>  + «(VF)). 


(18.14) 


Function  a.. (V)  is  determined  according  to  (18.9)  from  the  formula 

a.('l')  — (arctff — 1 sinedu  — 

\ “i  / 

— («rctJ?  — sined))^  (18.15) 


Thus,  functions  u„  w„  pj p,  ere  deter ained  independent  of  other 
unknown  values. 

Substituting  u«,  w0  by  fornulas  (18.14)  in  equation  (18.8a), 
after  obwious  t ran sfor net ions  we  will  obtain 

(In  (p,e,v)le  4-  tg  (sine  d>  a ,(¥)(  sine  = 0, 

whence,  integrating  by  <X>,  w«  find 


•-  y-r+'Jr'  - 


,y  J r 


■waMnsBn 


1 
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For  determining  function  U«(V)  we  will  awe  the  equality,  which 
occurs  on  shock  wave,  i.e.,  when  V = <j),  0j  = 0oa>  + 0*t.  fcoe  which  with 
the  aid  of  (18.9)  and  (18.8fl,  is  obtained  the  foreula 


— (,8") 


Page  278. 


Then  fron  formula  (18.7),  (18.9)  it  follows 


fi0(T)  = [ Pt)9,y 1 = 

[ co«  lsineO>4-aol'P))  J«d^t 

— — pi  sine! - ) . (18.18) 

lui"  CO*  [sin  t U>  + ) a*=T 


Equation  (18. 8e)  with  the  aid  of  fornulas  (18.16),  (18.14),  (18.18) 
is  converted  to  the  fore 


p v « u jc0  (T)  cos  (sin  e <D  + <x0  (T)]  ctge  = 

i cos  (sinr  <h  + ('F)I  ( vo  \ 

=r  pi  cos  ctr,  coe  |sin,  y + ao(r)|  ^ T 


"8- 
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Integrating  equation  (18.19)  for  V fro  the  surface  of  shock  wave, 

let  us  find  expression  for  p in  field  of  flow  in  the  fors 

P<  = (18  2°) 

First  ters  in  forsula  (18.20)  depends  only  on  $ anl 
corresponds  to  Newton *s  theory,  second  ters  considers  centrifugal 
forces  in  shock  layer. 


Pros  equation  (18.16)  with  the  aid  of  formulas  (18.13),  (18.18) 
we  obtain  the  relationship/ratio 


Got  = BoWXoWp^sco  fsineO  + a,(T)J  = 

= _PlSi  ueja-l W 

" 1 W)MI  + 9 (^-)’]'-T 


whence,  after  integration  for  Y*  fros  shock  wave,  we  fin] 

0.  = 6.  (<!>)- Pl  sine  (•»,)*  1 1 +2P(Vi/»;)*]  )®-r  ^ 
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Unknown  function  e’  (<p)  east  be  determined  from  the  condition  of  the 
flow 

«o  = 0,  f0  = 0. 

According  to  indisputably  the  correct  diagran  of  A.  Ferri's  flow 
about*  the  surface  of  cone  is  the  flow  line,  on  which  ¥ = n (see 
Fig.  48).  If  expansions  (18.7)  represent  the  soletion  of  problen  in 
all  shock  layer*  then*  after  assuaing  in  fornulas  (18.20),  (18.21) 

Mr  = n,  sa  will  obtain  respectively  p0  and  90  on  the  surface  of  cone 
as  functions  4>.  however*  this  it  is  not  possible  to  sate,  since 
integral  in  formula  (18.20)  diverges  when  V jt,  <D  n Md,  therefore, 
fornuls  (18.21)  becomes  neaningless. 

( lctualll*u>,(<l>,  n) --Ag(n)»in|.sinf(ji— 0>)J=f  0,  if  <D  ji,  but 

(u’;)®-v  = - V'i  sinV  — 0,  — - V,  cos  (e  + «)■£  0, 

when  Y+tt.]  It  hence  Immediately  follows  that 
expansions  (18.7)  do  not  represent  the  solution  of  problem  in 
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vorticity  layer  near  body  surface.  As  we  will  see  further,  the 
thickness  of  vorticity  layer  is  very  snail  with  snail  a,  therefore 
with  high  accuracy  conditions  *•  = 0*  =-  0 it  is  possible  to  satisfy 
on  its  outer  edge  where  ^ ^ (<*•)  1%.  — is  certain  function  <b,  to  be 

determined  ].  Subst itut ing  (<1>)  in  formula  (18.21)  and  equalizing 

the  expression#  which  stands  in  right  side,  to  zero,  “e  deternine  9*„  (*£) 


V®>  w | 
eJ (<!»)= P» sine  JJ  j- 


(«-;)•  [«  + 2p(ivt'0T] 


i. 


rfT, 

(18.22) 


after  which  to  expression  for  60  it  is  possible  to  give  the  forn 


'r*(®)  ( («n*  ) 

f !V_ J jar 

e0  = pi  sine  ^ po  \ (u,#)«[i  +2P(Ki/r;)»]  l®-* 


(18.23) 


reaction  is  located  by  the  satisfaction  of  relationship/ratio 

(18.  if;  shea  y (<l>),  where  we  aet/assune  that  v°  = °- 

Page  280. 


Since 


(8,,®)  =p,sine[-^-( ^ 1 ! 

* l * l (-o>’M  + 23  (V, /.-)»]  J®_r  Jv-i 
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that  satisfaction  of  relationship/ratio  (18.8-9,),  is  possible  only  on 
the  condition  that 

(«>o)'F=rb  = 0.  (18.24) 

Fro*  (18.24),  (18.14)  then  we  obtain  equation  for  sin  t + 

“of^t.)  = y>  which  according  to  (18.15)  can  be  presented  in  the  fora 

~^  + ^r  "='*  [(#LJ  <I8J5> 


Thus,  the  solution  of  problea  of  outside  vorticity  layer  is 
obtained  in  quadratures.  Since  the  vorticity  layer  is  fina,  pressure 
is  changed  across  layer  very  little,  and  foraula  (18.20)  when  ^ ^ (G*) 

is  deterained  p0  on  the  surface  of  cone. 


For  pressure  coefficient  on  the  surface  of  cone,  is  obtained 


foraula  [166]  q 


PiV*/2 


2 {(cos  A sin  e — sin  A cos  e cos  <J>)*  — 


▼ fe 

C r.  i /eosdeose  4- sia  A sin  s cos  Y \*1%  ...... 

)]  ,ln*,ID^x 

X cos*  [sin  e (<D  - Y)  - srctg(C0* * '£££*  ec°*y)]x 

X (cos  A sine  — sin  A cose  cos  ,F)rf'F},  (18.26) 
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which  it  predicts  sufficiently  wsll  distribution  C^p  on  body;  see 
[168].  The  position  of  leading  shock  ware  is  also  detersiaed  well  by 
the  solution  of  asbition;  see  [211,  212]. 

Page  281. 

If  we  disregard  thickness  of  vorticity  layer,  i.e.,  to  consider  that 
surface  of  cone  corresponds  the  valuey  V,,  that  with  the  aid  of 
fornula  (18.23)  it  is  possible  to  establish/install  [168]  that  the 
flow  lines(M/  const)  1 concern  the  surface  of  cone,  so  that  lsst/latter 
it  is  their  envelope  (what  in  actuality  no)  (Fig.  86). 

The  values  of  the  radial  coaponent  of  speed  "0  and  of  density 
Po  *henV  ^ (<J>)  also  cannot  be  identified  with  the  values  of  these 
guantities  on  the  surface  of  cone.  This  fact  it  is  easy  to 
esteblish/install,  since  values  u,  w on  the  sutface  of  cone  can  be 
found  with  the  aid  of  siaple  calculations  [207]. 

Let  us  present  0 in  the  fora 


0*(n)  = e -j-  + . . . , 

8*  = o'.  In)  --=  *in* 1 rm  (e  + l»‘n*  (6  -f «)  + 2p) 

’ sin* 6 sin  (6  + e) 

* II1 -M1  h 


X 


tin  6 
sin  c cos  (A  -f  e 


srl* 


(18.27) 


[Porsula  (18.27)  is  obtained  fron  fornula  (18.22)  by  passage  to  the 

Unit  ebon  ® = n with  the  aid  of  eleaeatary,  bat  cuaberaoae 

calculations . ] 
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SuxpctoM 

cna* 


(*) 

Map  no* 

OO/IHO  / 

<r  (3) 

\ Hunyc 


if 


Pig.  86. 


Key;  (1).  Boundary  of  vorticity  layer.  (2).  Shock  wave.  (3).  Cone. 
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If  we  writ*  the  conditions  on  shock  wave  (18.3)  when  = "•  : to 
consider  that  />p~Y  = conston  the  flow  line  in  question  and  to  exclude  p 
froa  equation  (18.  1c),  then  when  0 «=  f we  will  obtain  the 
relationship/ratio 

“*  + "'*  + -fjr  {-fr)  (t)  {t+t  sin*  i*  + e*  (*)i  - 
- mr  + ')}’{i  + - <n  2D)  r;. 

r <’*7rf}  c»28) 


>■  -*  y-  . 
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Equation  (18.1b)  Mh«n  e =e  (taking  into  account  the  fact  that  here 

v = 0,  w =f 0),  iS  record/  writ  tan  in  the  forn 

"="  stItT  (18.29) 


Let  us  assume  now  that  on  the  very  surface  of  cone  ur  v,  p it  is 
possible  to  present  in  the  form 


u — w*  + su?  + . . . , w — w£  -f  a w?  -f  . . . , 
P = Po  + opl*  + • • • 


(18.30) 


Substituting  (18.30)  and  e*  (n)  = e + od*  + ...  in  (18.28), 
decompose/expanding  result  according  to  degrees  a and  equalizing  the 

coefficients  with  identical  degrees  «•  we  ol>t*ia 

s’?  + w*2  - V\  C08*  (A  + e),  (18.31) 

w?w*  4-u.V  4-  Kj{d*coa(A  + e)sin(A-|-  e)  + 

H !.!„•(«  t-,)+2N|ln-.-^r-j-0.  ,18.32) 
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Substituting 


(18.30)  in  (18.29)  , analogously  we  obtain 


Wa  = >'X-  «.x  - — * 


sin  e 


“<*>•  < = ufo.  (18.33) 


Substituting  (18.33)  in  (18.31),  we  find  differential  equation  for 


“o 


XI  . 

u + 


A—  {-jir)  = F^coss(ft  + e)-  l18' 

sin' t V a*v  / 


34) 
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By  unique  solution  of  equation  (18.34),  to  the  satisfying  conditions 

of  the  syasetry  of  the  flow 


u.-„x  = 


1 f<* 
sin  e 


( M 

uvt>  - 0 npit  d)  - 0,  jt, 


Key:  (1).  with 


it  is 


uo  — l i COR  (6  -f  e)  =■  const, 
«'«x  — 0. 


(18.33) 
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From  relationship/ratios  (18.32)  , (18.33),  (18.35)  then  we  obtain 


uT-Fi 


- 0*  sin  (6  4-  e)  4 »jn‘ («+«>  + 28 
' ' cos  (6  + t) 


In 


Pil’j  sin5  (ft  +e) 


wx  _ _ y »»n*  (6  4-  e)  -f  23 1_  . 

1 1 sin  e cos  (6  + *)  Px  <<1* 


(18.31V) 


Formulas  (18.  30),  (18.35),  (18.36)  are  determined  a and  w on  the 
surface  of  cone  with  an  accuracy  to  values  0(a)  lnclasively , if  known 
pressure  P on  cone  with  an  accuracy  to  values  0(1)  (values  pi  are 
located  from  the  solution  of  A.  Gonor) . 

Since  on  the  outer  edge  of  vorticity  layer  according  to  (18.14) 

m#  = (O)  = A0  IVfc  (0>)J  =fc  const,  u-0  =-  0 

\ Uq  (0)  = V,  cos  (e— 6),  a,  (nHVtCoste+a)],  [ 

[specifically,  that  u substantially  changes 

within  vorticity  layer,  and  u- = 0(a),  i- is  really/actually  here  low 


value . 
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18.3.  Solution  of  problea  of  flow  about  round  cone  taking  into 
acc0unt  vorticity  layer.  Let  us  now,  solving  the  probfe*  of  c0ne#  t° 
take  into  consideration  vorticity  layer  in  that  measure  which  is 
necessary  to  evaluate  its  thickness  and  confiraation  of  that  fact 
that  the  solution  of  k.  Gonor  is  correct  outside  vorticity  layer  and 
correctly  deteraines  pressure  on  body. 


Since  v — 0(a) : in  shock  layer,  equation  (18.6b)  can  be  written  in 
the  fora 

w (i/q  — sine  w)  = O (a2).  (18.37) 

Page  284. 

Let  us  present  p and  p as  follows: 

P = Pm  + op( i)  -j-  0(3*), 

P = ~T  [p<o>  + ®P(d  + 0 (a1)]  • 


(18.38) 


Here  values  p< »>,  p<*>  are  of  the  order  1,  but,  unlike  expansions 

(18.7),  they  can  depend  on 


«. 
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Equation  (18. 6eL)  expresses  the  constancy  of  entropy  along  flow 
lines,  and  its  solution  h«  is  record/writ ten  in  the  fore 

Pp-T  = P+(pt)''  = X(V)-  (18.39) 


Here  the  superscript  "♦  "Beans  that  the  function  is  calculated  at  the 

intersection  of  shock  wave  fron  flow  lines  w = const.  Bliaiaa ting  p with 

substituting  here  (18.38)7) 

the  aid  of  (18.39)  fron  equation  (18.6c),/\as  a result  we  obtain 


u1  + It’1  -j- 


£[*+•( 

H(o)  \ 


1 +2 


p(0)  P( 0)  P(+)  / J 

+ O(0*)=K*(l  + 2P). 


+ 

(18.40) 


Let  us  introduce  the  designations: 

K*(1  +2p)  --%==  M(Y), 

P(0) 

1 + 21n^+^|)  — -2d,(’P)G(0>.  V), 
P&l  °«)  Pm  P»); 


then  relationship/ratio  (18.40)  of  signs  the  fora 

«*  + = AJ  (<F)  + 2a\0(V)  G(<t>,  V)  + 0(o*).  (18.42) 

Pros  (18.42)  it  follows  that 

u=  |A«(,F)  + aG(<b.'P)]smz(<I>.'F.a)-t-0(o)11  \ 

w=  [A#(r)  + oG(<D,,F)]cos*(<l>,'r,o)  + 0(a*).  ( (1843) 
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Substituting  expressions  (18.43)  in  equation  (18.37),  we  obtain 
equation  for  function  z (<I>,  V,  o) 

I(Ao  oG)  cos  z + 0 (o2))  {oG®  sinz  + (A„ 

+ oG)  cos  z (z®  — sine)}  +0  (o2)  = 0,  (18.44) 


where 


G®  — 


A0  ^ ^ ~3)  ( P(0)l  «1> 

A*  *<0) 


(«*rr"  ( 18.41 )) . 


Page  285. 

In  the  field  where  values  z differ  fron  •-£  by  finite 
quantities,  the  solution  to  equation  (18. 44)  it  is  possible  to  search 
for  as  expansion  uccor&ing  to  degrees  • 

z ^ z,  + ozt  -I (18.4.r>) 


Substituting  (18.45),  and  also 


6=  t + 00,,,  + ....  ffb  (18.  44)  , 


rf 

\ * 


k 
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equalizing  zero-order  teres  on  «,  we  will  obtain  equation  for  z0  in 
the  fore 

~o<v  — sin  e = 0. 


Its  solution,  -o  - sin  ed)  + a0  (V),  coincides  with  previously  obtained 
expression  for  z.  Let  as  ezaeine  now  the  solution  to  equation  (18.44) 

in  the  field  where  z is  close  to  w/2.  Let  us  present  z in  the  forn  z 

sin  2 = 1-)-  0(o2),\ 

= (w/2)-  #y . Then  c°s  z = ay  + 0(o*);  ^ anS  equation  (18.44)  after 

reduction  on  «*  will  take  the  fore 


1(1,  + oG)  y -!-  O(o))  {G4.ll  -i-Ofo2))  - (A,  - oG) x 

xly  4-  0(  a2))  I sin  it  4 0^4,  4 O(o))}  ) O(o)  0,  (18. M) 


If  we  exclude  the  vicinities  of  the  plane  of  the  syanetry  of  the  flow 
where  = 0,  w,  a G4,  = 00,  that  doainant  tera  for  y is  detarained 
without  integration  by  aeans  of  the  equating  of  zero-order  aeabers  on 
0 in  equation  (18.46): 


TKK-  + <*»>  - + «<•>■  <’8-47’ 


Then  in  the  field  in  question,  according  to  equations  (18.43) 
we  obtain 


u = A,  (V)  4-  oG  (<J>.  V)  4-  0 (o1). 


_ dS<Y)-V«(l  + 28)  frele  0(gt) 

° A,<40«iie  /><»>  ' ' 


(18.48) 
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[From  formula  (18.47)  when  ^ — * follow  previously  obtained  values  u,  w 
on  the  surface  of  cone;  see  (18.  35),  ( 18.  36)  ].  If  we  are  interested 
by  the  dominant  terms  of  solution  in  shock  layer#  then  from  formulas 

(18.43),  we  obtain,  that  for  u,  w they  are  determined  in  the  form 

« = A0  ('F)sin Zo  \-0 (o),  1 

w - A 1 ('F)cos  z0  -f-  0(3  coszo),  } (18.49) 

where  function  z0  satisfies  the  equation 

y-3Go> +(-£ :0j  (Zoo.  — Sin  e)  = 0 (18.50) 

and  the  boundary  condition 

<!>  — ¥,  =0  = sine  ¥ -j-  <*,(¥).  (18.  51) 

Equation  (18.50)  [or  equation  (18.44)]  can  be  solved  with  the  aid  of 
the  method  of  PLG,  but  we  by  this  be  occupied  will  not  be,  but  let  us 
focus  attention  on  the  fact  that  from  equation  (18.50)  it  follows 
that  in  the  range  where 

2 1 = — ) 0(am),  m <1, 

2,,,!,  — sin  t — 0 (1). 

This  means  that  the  solution  of  A.  Gonor  is  correct  outside  the 
range  where  according  to  (18.49)  w = 0(#). 

* low  it  is  not  difficult  to  rate/estimate  the  thickness  of 
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vorticity  layer  and  change  in  the  pressure  across  it. 

Let  us  integrate  equation  (18.6a)  for  from  shock  wave  where 
<J>  = V)  and  result  let  us  present  in  the  form 

P0r  = P+  0*-£-exp[$  ^-d<t>  j.  (18.52) 

In  field  of  flow  on  any  flow  line  Mr  const  when  0 < <D  < n are 
fulfilled  the  inequalities^)  < Vand  w < 0.  when  we  are  movad  along 
flow  line  V = const  from  shock  wave  and  fall  into  vorticity  layer#  then 
w becomes  the  value  of  order  0 (•) . 

Page  287. 

Then  froa  formula  (18.52)  we  obtain*  that  here 

exP  ( — 5")]-  c>0.  (18.53) 

0«F  =“  °[eXP\  — v)], 

0 --  ^ 04"^'  — t)j^oxp^ £-jj.  (18.54) 

Prom  equations  (18. 6d)  (18.53)  it  follows  that  in  vorticity  layer 

Pr  = Olexp(—  -^-)),  and  the  pressure  across  vorticity  layer  also  changes 
by  value  0 [exp  (-c/6)  ],  since  the  change  V in  vorticity  layer  is 
value  0 (1)  . 


The  given  estimations  for  a vorticity  layer  are  valid  outside 
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so«e  vicinities  of  the  stagnation  points  on  the  single  sphere  where  w 
= v = 0,  and  bear  asymptotic  character. 


18.4.  Comparison  of  theoretical  and  experimental  results.  The 
calculation  of  the  second  approach/approximation,  i.e.,  the 
determination  of  coefficients  of  Pu>  0 d}  so  forth  in  expansions 
(18.7)  * is  laborious  operation.  However#  A.  Gonor  [213-214]  kne*  how 
to  find  formula  for  p ^ on  the  surface  of  cone  for  0=0,  w . The 
formula  fro*  which  is  calculated  the  correction  for  coefficient  of 
pressure  Cp  in  meridian  planes  1*  1 0,  K * r on  the  surface  of  cone, 
takes  the  form 


x [(1  + t)  1.1  (1  +0-t][l  K 

L (T  — l)M;sm-(e±6 
- sin*  (e ± 6)  - ^ j + 2 r* 8in*(‘-f 6)  {‘4  + 3/2  ( 1 + t)  x 

X [ln(l  + «)-*]  + 3*(l +*■)[*  + TJ-r-21n(l+i)J- 


-(,  + *)*[<  + ifr(,  + 4<iTo)-31n(1_M)  >(,8-55) 


where 


Page  288. 


sin  6 


sin  e cos  (e  ± 6)  * 


Sign  is  related  to  the  windward  face  of  come  (<D  * r),  sign  to 

shadow  side  (<D  *0).  Figure  87,  a,  b,  c [213-214],  gives  the 
comparison  of  theoretical  and  experimental  results  with  |f a =4.  By 
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solid  lines  are  shown  the  theoretical  curves,  designed  by  formula 
(18.26).  Broken  lines  are  carried  out  taking  into  account  values  of 
the  correction  of  the  second  approach/approximation  with  <&=  0,  » and 
linear  interpolation  of  the  correction  between  these  values  for 
interaediate  angles  of  Experimental  data  are  shown  by  aarks  O.  111- 
Curves  in  Fig.  87a,  b,  c are  constructed  for  values  e.  equal  to 
with  respect  20°,  25°,  30®. 

From  curve/graphs  it  is  evident  that  in  windward  part  of  the 
surface  of  the  cone,  up  to  angles  <**  ^ 90®,  average  experimental 
values  do  not  differ  from  theoretical  data  first  approximation  more 
than  by  5-6o/o.  In  the  shadow  side  of  surface,  the  experimental  data 
will  move  away  from  the  theoretical.  However,  taking  the  correction 
into  account  of  the  second  approach/approxina tion,  coincidence 
everywhere  distinct. 

cmmm 


0 i5 


as  *>• 


so  no  bo  no  no  #* 
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It  must  be  noted  that  than  note  e,  the  lesser  the  disagreement  of 
first  appr oxiaation  with  the  results  of  experiment  that  and 

understandably  since  good  results  for  an  entire  surface  of  cone  it  is  i 

possible  to  expect  with  H*t  sin*  (e±6)  >1. 

J 

1 

The  shock  position  in  the  plane  of  the  symmetry  of  flow  can  be 

< 

easily  determined  by  shadow  method,  and  therefore  is  of  interest  to 

I 

compare  theoretical  and  experimental  results  for  9*  (0)  and  0*(w).  If 
we  designate  0*  (0)  = 0*,  0*  (»)  = 0*,  then  for  these  angles  occurs 
formula  [211] 

+ +0in(i  + 0-*]x 

X [*  +(  T -1) Musin’ (f±6>]  * 

. . gin  6 

- sin  e cog  (e  ± 6)  * 


j (18.56) 


'• 


* 
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In  Fig.  88,  taken  froa  work  [211],  solid  line  plottel/applied 
curve/ graph  0*+ for  y = 1.4,  by  the  broken  line  of  curve/9raPhs  0*j 
experiaental  points  with  Hi  - 4 for  the  windward  face  of  cone  are 
designated  in  sign  G.  for  shadow  - by  nark  0. 

As  is  evident  Fig.  88,  the  coincidence  of  theoretical  and 
experinental  data  good.  Certain  refineaent  of  foraula  (18.56)  is 
obtained  in  work  [212]. 


DOC  = 78026614 


PAGE 


I 

I 

§19.  Method  of  shock  layer  in  the  general  case. 


k 


19.1.  Lead-in  observations,  in  §19  will  be  examined  the  method 
of  shock  layer  in  connection  with  conical  bodies  with  the  cross 
section  of  "arbitrary”  form-  The  duct  of  the  cross  section  of  body  by 
plane  z = 1 is  assumed  to  be  that  having  continuously  variable 
chamber  (exception/elimination  they  can  compose  leading  edges  of 
body),  gas  - by  that  having  equation  of  state,  for  example,  i = i (p, 
S)  , where  i is  the  specific  enthalpy 

So  as  into  §18,  us  they  will  interest  dominant  terms  for  the 
parameters  of  gas  in  shock  layer. 

Role  0 (*  = 7 ~ 1/7  * 1 for  an  ideal  gas)  will  here  play  the 
density  ratio  in  undisturbed  flow,  pt , to  characteristic  density  in 

shock  layer,  P*,  i-e- 

then  in  the  shock  layer  o ~ = const; 

P 

P = ~P(e)  + P(i)  4-  • • • . (19.1) 

where  p^ 0)  P£iy...  * the  value  of  the  order  of  one. 
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Problea  let  as  solve  in  the  system  of  the  generalized  spherical 
coordinates  R,  0,  <t>.  depicted  on  Fig.  89,  and  we  will  use  the 

equations  of  motion  of  gas  ( 1.  2 1)  - ( 1.  25) . 

Since  the  vorticity  layer  at  hypersonic  speeds  is  very  fine, 
solution  outside  it  determines  pressure  on  body  surface  and  gives 
boundary  conditions  for  the  calculation  of  viscous  boundary  layer  on 
body.  (Thickness  of  vorticity  layer  is  less  than  the  boundary  layer 
thickness  under  normal  conditions  in  hypersonic  flight) . 

Page  291. 

The  set-forth  further  solution  belongs  to  A.  Gonor  [7].  (in 
basic  work  [7]  is  examined  the  case  of  ideal  gas,  but  generalization 
to  the  case  of  the  inadequate  9as  is  conducted  by  elementary  form; 
see  [215]).  Solution  of  problem  for  the  inadequate  gas  tating  into 
account  vorticity  layer  is  given  in  the  works  of  R.  Nel'nik  and  R- 
Sheing  [206]  and  Ya.  Sapunkcv  [205,  209].  There  it  is  possible  to 
find  the  information  about  the  different  an°malies,  which  appear 
because  of  the  degree  of  approximation  of  the  solution  of  problem; 
see  also  [ 162  ]. 

19.2.  Solution  of  problem  of  dominant  terms  in  shock  layer,  let 
us  examine  the  conical  body,  streamlined  at  an  angle  of  attack  6 with 
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the  hypersonic  unifora  flow  of  gas,  which  has  speed  V,,  tlich  nuaber 
(In  the  density  of  gas  px  and  of  so  forth  (see  Pig.  89).  In  the 
systea  of  the  generalized  orthogonal  spherical  coordinates  R,  e,  $ of 
the  equation  of  notion  of  gas  ( 1.  2 1)  - ( 1.25)  they  are  record/written 
la  this  fora: 

2P«  + • ^»,u  +“i7'7rl(*,i4*'*+  M»M  ^ °- 

(a) 


~ U»  + -j-  Uq,  — V*  — wl  = 0, 


<6) 


i(‘  + 


— (i  + » 2 1 

lit  M ' 2 ja> 


0, 


~k  s»  + x s+  - 0i 

p .ii’  (In 

^7^  + ^-r vw  ^ - 

.41 

i = i (p,  £),  — = I . 

r P *P  |S 


Mi 


■P». 


(») 

lr) 


(a) 
(e)  j 


(19.2) 
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(Recall  that  here  u,  ▼,  w are  coaponents  of  vector  of  the  speed  in 
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the  direction  of  an  increase  with  respect  to  R,  0,  S,  i - specific 
enthropy  and  enthalpy;  p,  p - pressure  and  density;  ki0  kt  - the 
coefficient  of  the  Laies,  who  are  known  functions  9 and  <D.) 


We  convert  systea  of  equations  (19.2)  to  independent 
alternating/variable  O,  V,  where  the  function  of  current 


satisfies  the  equation 


(19.3) 


As  a result  we  will  obtain  following  systea  of  equations: 


(19.4) 


[in  (p^utf,,)]^  + 2-£  At  = 0,'  (a)  1 

— v*  — w*  = 0, 

(^+-±4-— )a,  = 0’ 

i<L  — -~PK=  0,  (k)d 

u>  . , [ (In  -4i)(iile=const 

—vo+uv  + vw Tt 

(In  /42)8  1 , N 

uv‘ 

P = p (p,  i). 

0<t>  = —T~  (*K 


[When  deriving  the  equation  (19. 4d)  we  used  the  known  equality  T dS  = 
di  - dp/p,  where  T is  absolute  teaperatur e ].  On  body  surface  6 = e = const, 
v = 0.  Let  us  assign  the  surface  of  leading  shock  wave  by 
equation  0 = ••  (<D)  (▼  = <I>  in  alternating/variable  <D  and  ▼)  let  us 
designate  by  f~and  f*of  the  value  of  function  f directly  io  shock 
wave. 


y, 

* '• 


I 

I 
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Then  for  an  undisturbed  flow  they  occur  of  the  equality 


u*  = W 

(sin  6 Ry  + cos  6 R z) 

**  1 i 

1 grad  H I 

0=9*  ’ 

iT  =r  V\ 

(sin  6 Bu  +‘cos  6 0?) 

r i 

1 grad  0 | 

0—9* ' 

w — Vt 

(sin  6 <I*V  cos  6 <t>z) 

w 9 l 

| grad  <h  | 

0=9* ' i 

which  are  valid,  if  vector  Vt  lie/rests  at  plane  yOjZ  and  it  composes 
angle  6 with  axis  0tz.  The  conditions  of  consistency  on  shock  wave 
let  us  write  in  the  fore 

iTp-,  it- r:;,  v+-~rr.. 

/»’  -rp"0t)2 

(«T  + <»T  + K)-  , I'?  , . 

rj ll  -y  + *1. 

(p-  = p„  p-  Pi), 


where  the  value  with  indices  n,  vt,  t2  represent  with  respect  to  the 
projection  of  velocity  vector  on  standard  even  two  nutually 
perpendicular  tangents  to  the  surface  of  shock  wave;  they  are  located 
through  the  for aulas: 

vn  = M.V  - a1b*'»), 

- \A\+  A\ (e*')*J-V: (j;.4,0*'  + u-At), 

vT,  =u,  0=-«*. 


(19.7) 
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Let  us  search  for  the  solution  of  problen  in  the  fora 


u =-.  u0  -f  O (o).  p = — po  + 0(1). 

v - ar0  + 0 (os),  i — <„  + 0(3), 
w — u'o  0(a),  0 = e + a0,i  +■  0(ai), 

P = p0  4-  0(a)\  a — -p-  — const. 


Substituting  expansions  (19.8)  in  systen  (19.4)*  will  obtain 
systea  of  equatioas  for  the  doainant  teras  of  the  solution 

[in  (po^iU-oBor)]^  + 2 A , =•  U,  (a)  ' 

— .42m-u  = 0,  (i))» 

(w;-w«)®  = d,  (A*) 

'°®  = °’  1 1 9.91 

?to(ln-^)9  = -^T  Po-r.  (A)*! 

Po=3p  (/Wo). 


<Cq  n _ r. 

At  ”0',>  ~ At  ' 
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Here  and  throughout  coefficients  At*  A2  and  Att  are  calculated 
when  0 =eaad  are  functions  only  of  Q>.  On  the  shock  wawe  where  <T>  = V, 
froa  relations  hip/ratios  (19.6)*  (19.7)  we  will  obtain 


ui 

= «*s.  icj  = U'o, 

(•) 

pi 

— Pi  + Pi  (^o)!. 

vl 

At  Pi  _ 

- +~rv0, 

‘ *-  r0 

(W 

• * 

*0 

>'I  . (“«)“+(%)' 

“ 2 I-  **  2 

(W 

pi 

= op  (po,  i,). 

U* 

(19.10) 


Sere  values  Uq*  *o#  *e  are  deterained  froa  the  foraulas  (19.5)* 
in  which  9*  is  replaced  by  e-  Foreolas  (19.1  Ob*  d)  give  p^*  ij  as 


yr-  -♦.y  ' . ./  •».  e.- 

* ' /* 
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functions  <D  (or  since  on  shock  wave  <D  = ¥).  Equation  (19.10e)  is 

the  equation  of  state  of  gas,  written  in  the  for*  p = p (p,  i)  . Thus, 
only  unknown  previously  value  in  relationship/ratios  (19.10)  it  is 

e*'  - e0i<i>.y  = <dj  = (0o<i.  + 0ov)®^v- 

For  the  ideal  gas  of  relationship/ratio  (19.10)  they  take  the 

fora 


tto  =U0,  U>o=U>o, 


P*  — Pi  + Pl(^o)1. 

Ai  ..  f 2 a] 

v0  — — — w’oOo  +•'«  !+  ~ , . , • 

Ai  L (T-l)(«>o)  j 


(19.11) 


On  the  surface  of  the  streaalined  body 

0O  = e,  Vo  = 0.  (19.12) 
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The  solution  of  systea  of  equations  (19.9)  with  boundary  conditions 
(19.10),  (19.12)  is  conducted  of  analogous  with  the  case  round  cone. 


F^on  equation  (19.9c)  *e  obtain 


»i  - w * Aj  (Y). 


(19.13) 


where 


and  further 


i.m  = .i:/w:-(ir„)!^^(^  -(w;rU  V. 


u„ --  A„ (M')s*»n x0 («1>,  T).  J 

«•„  - Ao(M‘)cos  20(<1'.  T).  | 


(19.14) 


Substituting  (19.14)  into  the  equation  (19.9b),  we  find  equation  for 
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^48^ 


z n in  the  fori  =<■<»•  — Ai  0; 


solution  of  which  it  will  be  z„  --  [ a,,(M‘).  Substituting  z0  in 


(19.14),  we  obtain 


u„  =--  A„(,F)s'n 
uu  — A0  M')cos 


\ A j (/O'  -f  a„(T) 


) (19.1;,) 


Function  cra  (T)  is  determined  according  to  (19.10)  froa  the  foriula 

«,(▼)- (aretg  <1916> 

Now  one  should  select  sign  A0  (<P)  f row  the  condition  that 


w0  = wZ. 


Page  296. 


Substituting  u0#  «o  by  formulas  (19.15)  into  equation  (19.9a),  after 
obvious  conversions  we  will  obtain 


(ln(po^i60r)] 


0 + tg^-M‘b+M'nJ  >4,-0. 


whence,  integrating  by  <D,  «e  find 

P»/4«e#W 


f ^*»  + >0(Y) 


Lt 


= (19.17) 


For  deteniiiig  feictioi  o,  (V)  we  will  mee  the  equality#  which 
occurs  on  shock  wave,  i.e.,  when  ‘b  = ▼. 

8*  “ 6#e  +8,v. 
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fto.  which  with  thw  aid  of  (19.10).  (19.9g)  is  obt«i..d  the  forwula 


^o(T)  = 


r -t 

.-IJl  .JL 

— ) 

' \ Ai  w0 

(19.18)  it 

follows 

Po  4 10nr 

1?  1 

} Atd<V+  So  (9') 

Lr  J 

0>='F 

1 

i 

■f  co,a«<r)  J® 

• ( 

(19.18) 


(19.19) 


Equation  (19. e)  with  the  aid  of  formulas  (19.17),  (19.15)  and  (19.19) 
is  converted  to  the  fora 


_ _ «J(h»A»)«  ^ 

P°r  = A, Q» 


2 (hi  -42), 
— ~ Pi  *00 


_ - » 't’h 

— PiMJ0 


('K)cosJjl  .4jrfO  + a0(r)J=-= 
co«|ji  A,*DJ+a,(»)| 

J L.,i  = 

L "o  J<i>=v 


cos  a„  (V) 


At 


(*f§-L 


(19.20) 


Page  297. 


Integrating  equation  (19.20)  for  V froa  the  surface  of  shock  wave, 
let  us  find  expression  for  p in  the  fora 

(In  A ),  ? f .-I 

* - * - p,  — jp-  J [ .1,  ( 19.21 ) 

First  tera  in  foraula  (19.21)  depends  only  oa  <D  and  corresponds 
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to  Newton#s  theory;  second  tern  considers  centrifugal  forces  in  shock 
layer. 


Equation  ( 19.  9d)  has  the  solution 


• f v\  . + 

J«  - • i*(  1 ) — (*o )<t> - [-j-  " *1  n r' 


(19.22) 

Proa  the  equation  of  state  of  gas  pQ,  is  defined  as  function  <1>  and 


Po  = op  (Po,  <■«,)• 


(19.23) 


With  the  aid  of  foraulas  (19.19),  (19.23),  (19.15)  equation  (19.17) 

he  is  record/vritten  in  the  fora 


eor-%^7cos  + «,(▼)  ]• 

_ km 

P*-4'  J®_r’ 


(19.24) 


Integratinq  equation  (19.24)  for  V from  shock  ware,  «e  find 


The  unknown  function  9*0  (O)  will  be  deternined  froa  the 

condition  of  flow  0O  = 0*  vQ  = of  0.  in  the  exact  solution  of 
problea,  the  body  surface  is  flow  line  on  single  sphere  and  there 
'V  is  piecewise  constant  function. 


Page  298 


4 

if 


DOC  - 78026614 


PAGE 


Approximate  solution  of  problem,  determined  by  expansions  (19.8)  can 
be  unsuitable  in  vorticity  layer,  near  body  surface;  then  conditions 
do  = 0,  v0  = 0 we  are,  as  in  the  case  of  round  cone,  satisfy  on  the 
outer  edge  of  the  vorticity  layer  where  T (<1»).  Thus,  we  take, 

that  on  body  surface  (or  on  the  boundary  of  vorticity  layer) 

V - (O).  (19.26) 

If  vorticity  layer  isabsent,  then  ^ const,  other  wise  ’Pfc  - ^ (<V). 
Substituting  V - Vb  . in  formula  (19.25)  we  set/assume  90  * 0,  we  will 
obtain  formula  for  0*«(<!>)  in  the  form 


~ \ \ jr  fp^rl  0 !>-27) 

•1l  & h J<r»-  y 


Formula  (19.25)  can  be  now  presented  in  the  form 


0, 


, _ ±L  C 
°'  -4i  l 


Wl) 

?» 


! t -j 


L (“o)'  J 


rfT. 


(19.28) 


Of  functions  Vb  (<1>)  is  located  by  the  satisfaction  of  equation 
(19. 9g)  when  *p  = y,,  (d>),  where  placed  v0  = 0.  After  substitution 

(19.28)  in  (19. 9g)  , we  will  obtain 


' wfr‘  vlA  1 ^ 0 

. K)* 


•4iPo  (u 

Equation  (19.29)  allows  for  ti 


(19.29) 


klutioas: 

3_  = 0, 

d<  i» 


») 

2)  (»«)«-4-b  = °- 

To  the  first  of  them  corresponds  the  case  when  in  field  of  flow  there 
is  no  vorticity  layer.  This  is  possible  for  the  flows  where  w0  * 0. 
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For  bodies  with  chamfered  edges  Bust  be  determined  from  equation 

(i^o)®=Tj  = 0,  which  taking  into  account  (19.15),  (19.16)  caa  be  written 
in  the  fora 

it  - \ 

[ A.dd'  (arctg— ) . (19.:S0) 

vb  ' “o 

Pressure  on  body  surface  is  located  through  the  for aula 


Let  us  note  that  the  selection  of  the  concrete/specific/actual 
equation  of  state  of  gas  does  not  affect,  according  to  (19.31),  the 
distribution  of  pressure  on  body.  [This  effect  is  included  in  terms 
0 («)  ].  The  reaaining  parameters  of  flow  depend  on  the  selection  of 
the  equation  of  state  of  gas. 

For  the  bodies  whose  surface  is  convex,  -1  ,*  > 0,  and  pressure  on 
body  surface  pQ  is  less  than  behind  shock  wave,  p04;  for  concave 
surfaces  relationship/ratio  reverse/inverse.  Second  term  in  the  fora 
(19.31)  characterizes  the  effect  of  the  centrifugal  forces,  caused  by 
transverse  overflow  of  gas  in  shock  layer. 


r 
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The  value  of  the  solution  of  A.  Gonor  consists  not  only  in  the 
fact  that  it  deter  sines  pressure  on  body  surface  (this  can  be  sade 
and  is  simpler  than) , but  nainly  in  the  fact  that  it  gives  all 
parameters  of  flow  in  shock  layer. 

19.3.  Comparison  of  theoretical  and  experimental  results  for 
elliptical  cones.  Let  us  exaaine  the  conical  body,  by  cross  section 
of  which  plane  z = 1 is  ellipse  (Fig.  90).  The  equation  of  this 
ellipse  in  plane  In  takes  the  form 


Instead  of  assigning  of  semi-axis  a and  c,  usually  are  assigned  the 
para  mete  rs 


PlC)  qo. 
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in  work  [213]  on  formula  (19.31)  was  produced  the  calculation  of 
pressure  on  the  surface  of  elliptical  cones  with  different  values  of 
m,  h,  6.  (See  also  [7]).  without  being  stopped  on  the  details  of 
these  calculations,  let  us  make  a comparison  of  theoretical  and 
experimental  results.  In  Pig.  91a,  b,  taken  from  work  [214],  solid 
lines  plotted/applied  theoretical  the  distribution  curves  of  pressure 
coefficient  c,  on  th®  surface  of  elliptical  cones  when  = -. 

Pigure  91a  corresponds  to  the  case  6=0.  Experimental  points  with 
= 4 are  designated  as  follows: 

h — 1,16;  (>  — h — 1,16; 

A — m = 2,  >(  = 3,1;  o — n*  = 5,  A =1,16. 

Pig.  91b,  corresponds  to  case  of  m = 5,  h = 1.16.  Experimental  points 
are  obtained  with  6=6°  and  6 = 12°,  Hj  = 4;  they  are  designated  in 
marks  0~ 6 = 60,Q— 6 = 12°. 


In  work  [216]  produced  the  comparison  of  the  results,  given  by 
theoretical  methods,  including  the  method  of  shock  layer,  with 
experimental  data  for  elliptical  cones. 
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Key:  (1).  the  windward  face  of  body.  (2).  the  lee  side  of  body. 
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§20.  Method  of  shock  layer  for  delta  wings. 


20.1.  Lead-in  observations.  Let  us  examine  fine/thin  conical 
triangular  wing  with  sharp  leading  edges  and  sweep  angle  A,  placed 
without  slip  into  hypersonic  flow  of  gas#  which  has  the  Mich  nunbers 
H»  » 1 and  of  so  forth,  at  an  angle  of  attack  6 (Pig.  921#  b)  . 
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King  thickness  we  assuie  small  in  comparison  with  its 
spread/scope  2b  = 2 ctg  angle  of  attack  6 - by  such*  that  the 

leading  shock  wave  is  connected  only  to  the  apex/vertex  of  body.  At 
these  angles  of  attack,  the  flow  about  pressure  side  of  wing  occurs 
with  flow  choking*  and  pressure  on  the  upper  part  of  the  wing  is 
virtually  equal  to  zero.  He  will  use  the  method  of  shock  layer  for 
the  solution  of  the  problem  of  the  flow  about  pressure  side  of  wing. 
However*  immediately  it  is  clear  that  the  method  of  shock  layer  in 
that  form  in  which  it  is  presented  into  §19,  is  here  inapplicable. 
Actually*  if  we  fix  angle*  6,  A,  a o=-j£r  . to  fix  to  zero  (p*  - 
characteristic  density  in  shock  layer)*  then  bow  shock  at  certain 
value  • will  become  connected  to  leading  edges  (for  example,  see  the 
book  [ 46  ])  . 


Nach  angle  after  the  oblique  shock  wave*  deviating  flow  to  angle 
6,  is  of  the  order  6*/*  tg  6» 


rig.  92. 

Key:  (1).  shock  wave. 


I 
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So  that  the  bow  shock  would  be  connected  only  to  the  apex/ vertex  of 
b ctf?  A 

body,  ratio  ~>tg6  ~ a'^tga  nust  be  that  which  was  linited  with  6 

— > 0.  More  precise  exanination  for  a triangular  plate  and  the  ideal 
gas  where  o ~ -J-Vr  + — — p— r — — «kows  [217]  that  in  this  case  of  0 < 

T 1 (7  4- 1)  MJ  sin*6  *■  J 

Q < 2. 

Therefore  in  asynptotic  theory  it  is  necessary  to  nake  the 
supplementary  assunption  that  b — ? 0»  when  « — > 0.  Depending  on 

the  speed  of  tendency  b toward  zero  with  « — > 0,  are  obtained  the 

asynptotic  theories,  which  cover  the  different  intervals  of  angles  of 
v attack  6. 

In  the  work  of  Zh.  Koul  and  Zh.  Bray  nerd  [218]  is  exanined  the 
problen  of  the  flow  about  the  flat/plane  delta  low-aspect-r&tio  wing 
* at  angle  of  attack  6 = 90°.  The  surface  of  plate  is  divide/nar ked  off 

into  the  bands,  arrange/located  on  the  wingspan,  and  it  is  considered 
that  the  velocity  conponent  along  the  chord  of  wing  is  negligible. 
Then  the  problen  of  the  flow  about  the  nentioned  band  stops  to 

> 

equivalent  two-dine nsional  problen  of  the  flow  about  the  plate. 
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establish/installed  perpendicular  to  unperturbed  flow,  which  is 
solved  by  the  Method  of  shock  layer.  When  6 = 90°  flow  cannot  be 
conical#  but  for  values  6#  close  to  90°,  this  is  possible#  if  w 
sufficiently  little  (for  example,  see  [219]). 

For  this  reason  the  results  of  Zh.  Koul  and  Zh.  Braynerda  can  be 
considered  as  aaxiaua  for  conical  flows  with  Q = 0.  The  more  detailed 
study  of  problem  1217]  shows  that  the  spread/scope  of  wing  2b  must  be 
o (•)  with  « — * 0,  if  we  want  to  remain  within  the  framework  of 
conical  flow  theory#  since  with  b = 0 («)  of  equations,  valid  near 
leading  shock  wave#  they  cure  the  same  as  in  work  [218]#  but  near  the 
surface  of  the  streamlined  body#  must  be  taken  into  account  a change 
of  the  flow  parameter  chord  wise. 

In  A.  Hessiter's  work  [218]  is  examined  the  case  when  the 
spread/scope  of  triangular  plate  2b  is  value  o (•*/*)  i.e. 

q — — — — =-  const, 
a v*  tg  ft 

at  • — > 0,  moreover  0 < Q < 2. 

The  most  important  part  of  this  work  are  the  laws  of  the 
similarities  about  which  it  will  be  said  further. 
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K.  Hyde  in  work  [ 220]  propagated  t be  theory  of  Hessiter  to  the 
case  of  the  delta  wings  of  final  thickness  and  proposed  the  siaple 
■ethod  of  the  solution  of  the  reverse  problea  (was  assigned  the  forn 
of  the  leading  shock  wave,  unknown  it  is  the  fora  of  the  streamlined 
body)..  Specifically,  was  given  approxiaate  solution  of  the  problea 
for  a delta  plate  and  wings  with  a cross  section  of  the  type  of  lens 
and  rhoab.  However,  in  note  [221]  it  was  establish/installed  that  the 
account  of  those  teras  in  the  solution  to  the  problems  which  were 
reject/thrown  in  work  [ 220],  substantially  Bakes  theoretical  results 
worse  for  interval  of  1 < 0 < 2.  On  the  other  hand,  the  results  K. 
Hydes  for  a plate  will  agree  well  with  experiment  with  1 < Q < 2. 
Therefore  reverse/inverse  aethod  the  Hydes  for  values  Q,  which  lie  at 
interval  of  1 < Q < 2,  one  should  consider  as  seai-eapirical.  As  we 
will  see  further,  the  results  of  Hessiter  for  interval  of  0. 2 < 0 < 
0.5  are  distant  from  average  experimental  data  (possible  reasons  for 
this  phenoaenon  will  be  discussed  below).  Numerical  solution  of 
problea  is  given  by  Hessiter  only  for  interval  of  0 < 3 < 0.5.  Thus, 
at  present  there  are  no  reliable  guantitative  data  on  the  theory  of 
Hessiter  for  interval  of  0.5  < Q < 2.  Because  of  this  we  will  be 
restricted  to  setting  and  the  solution  of  the  problem  of  dominant 
teras  for  flow  paraaeters  in  shock  layer,  and  also  by  the 
conclusion/derivation  of  the  important  laws  of  siailarity  for  the 
case  of  triangular  plate  (it  is  wore  precise,  for  the  wing  whose 
lower  surface  is  plane  triangle  or  differs  little  froa  plane). 


Discussion  of  the  liaits  of  the  applicability  of  the  solution  of 
Hessiter  is  conducted  in  point/iten  20.2. 


20.2.  Nethod  of  shock  layer  for  triangular  of  plate.  In 

point/itea  20.2,  is  given  the  setting  and  solution  of  the  problea  of 

doainant  terns  for  the  paraaeters  of  the  flow  of  gas  in  shock  layer 

about  the  lower  surface  of  triangular  plate  in  cases  when  values 
b eta  A 

u = 1 .. , . ; = -r— — with  are  to  interval  of  0 < Q < 2 (aore 

S ’*  tg6  3 *tgs  * 

accurately  this  interval  it  is  deterained  below).  Gas  let  us  consider 
ideal.  (This  assuaption  is  unessential. 

Page  304. 

Furtheraore,  pressure  on  the  surface  of  plate  does  not  in  practice 
depend  on  the  equation  of  state  of  gas).  The  lo*  parameter  of  the 
problea  it  is 

T + 1 ^ tt+l)Mjain56  = T+fl"  (1  + 

where 

8=  (T  — 1)  Mj  «i.*8  =Can,t 


When  0 — * 0 thickness  of  shock  layer,  at  least  in  the  plane  of  the 

synnetry  of  flo»  ( < = 0) , is  of  the  order  0 (•)#  and  the  spread/scope 
of  wing  0(«i/*).  Therefore  within  liait  when  t ■ — > 0 (0  = const)  the 
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paraaeters  of  flow  in  the  range  between  the  surface  of  leading  shock 
wave  and  the  surface  of  wing  approach  values  of  these  paraaeters 
after  the  step  shock  of  packing/seal,  deviating  flow  to  angle  6, 
i.e.  0 

v 

-f7“  -*k  coafl, 

» l 

P — Pi 

-^77—sin'6,  P'-2) 

where  k - an  unit  vector  of  axis  04z  (see  Fig.  92)  . 


Following  A.  Hessiter  [217],  let  us  search  for  the  parameters  of 
the  flow  of  gas  in  the  which  interests  us  range  in  the  form  of  the 

expansions 


tr  sin*  6' 

TT  = co«6  + 3 “’*(**• ’’’>  + ■ 


Vi 


= 3 sin6  r®  (V\  i|®)  + -... 


■y-  = •s'1'  »in  6 u®  (5°.  1°)  + • • • . 

p — pi 


= sin’  8 + 3 sin’  8 pW,  rf)  + , 


(20.3) 


PiV\ 

Pi  I u«  + 2u>®  \ . 

— = o — 3J  (l  + P®  + i+2P  )+  ••• 

* ~ 3V'tg6  ’ ^ 3t*6  • 

Here  n,  v,  » - the  conponents  of  vector  of  speed  of  V along  the  axes 
Cartesian  systen,  depicted  on  Fig.  92;  in  each  fornula  in  dots  are 
designated  the  terns  of  higher  order  on  t,  than  given.  Last/latter 
equation  (20.3)  is  a consequence  of  Bernoulli's  integral  (1.8): 

2 + T_l  p - 2 [,+(7-1)Mjr 


■ 


i 


Page  305. 


It  is  assuaed  that  the  values  with  the  zero  and  their  derived  in 
teras  of  £°,  11"  are  value  0 (1)  at  « — 0.  The  equations  of  aotion 
of  gas  let  us  write,  according  to  point/itea  1.3,  in  the  fora 


f*  + ' n ~ Z" i — + ("  — Z'O  I'i  + (»  — ) f<,  --  I', 

<“  — + (V  — rji/ •)  »r  r=  — J_  _ 

fj 

(“  — 5u  ) IV  -f  (,  _ *iw)  rt  — - JL  p 

<“-?«)  (7-^7)  +(*-*!“)  (-7- -7-7-) -a 


First  equation  (20.4)  is  an  equation  of  continuity,  the  second  and 
the  third  - the  e]uation  of  aonentua  in  projections  on  the  axis  OjX, 
Ojy  respectively;  last/latter  - the  equation  of  energy,  i.  e. , the 
preservation/retention/aaintaining  of  entropy. 

If  the  equation  of  leading  shock  wave  is  written  in  the  fora 
4 ” n»  (?)  and  the  paraaeters  of  gas  iaaediately  after  shock  wave  is 
designated  by  index  s below  about  the  sign  of  function,  then 
according  to  foraulas  (1*47)  we  will  obtain 
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=>t  ~ \P'  r,  =■  *1  + p-  =*•"»+  (54,  - 4,)  p> 

■ f!k 

*>*-  d%  ' 

2 [ a] (20.5) 

— i + 1 L »,  - v»  + “» <5n,— v 

f»  — n.  »i  « i (S’!,  — *),)  1 

» + n?  + (5n,  - V*  J* 

Furtheraore,  f roa  relationship/ratios  (1.46)  it  follows 

P.  = » + »V.  1^.1 <2".6) 

where  the  noraal  to  shock  wave  coaponent  of  vector  of  speed, 

designated  >n.  is  determined  froa  the  for  aula 
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Page  306. 

The  condition  of  the  nonseparated  flow  of  wing  he  is  record/written 

in  the  forn 

ti  <=  0,  c = 0.  (20.8) 

Substituting  expansions  (20.3)  under  eguations  (20.4)  and  boundary 
conditions  (20.5)—  (20.8),  equalizing  there  the  terns  of  the  lowest 
order  on  we  will  obtain  as  a result  of  equation  and  boundary 
conditions  for  coefficients  with  zero  in  this  forn: 

(u»  - 5®)  «£.  + (f0  — n#) 

(«°  - V)  »i.  + (r*  - n#> = - p% 

(u*  - 5»)  w\,  + (r»  - if)  u>®.  = 0. 

With 

V = < «•). 

dlf 

1.°  = ^ 

= i£  -5’tf  -(<)’-«. 
p! = 2 -(<)*-» 


, 
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(Foraula  Cor  will  not  be  requited  and  is  not  here  extracted.)* 
With 


-0<C»<0, 
ctg  A 


Q = 


o '•  tg6 


(20.11) 


Besides  conditions  (20.10),  (20.11)  it  is  necessary  to  still 
require  so  that  the  conponent  of  vector  of  the  speed  in  the  plane, 
perpendicular  to  leading  edge,  would  stop  the  equal  local  velocity  of 
sound  on  leading  edge,  if  we  aove  over  the  wing  surface  to  leading 
edge. 


Since  on  the  surface  of  plate  v = 0,  this  condition  he  is 
record/written  as  follows: 

(u  sin  A — w co*  A)1  = «*,  5 -»  b,  »\  = 0. 

For  an  ideal  gas  a*  = r £.  and  froa  the  agnation  of  Bernoulli  it 
follows 

f -+■  w*  1 

«'  = <T-1)-j-[l  + 2M»*« ^ J. 

Page  307. 


Substituting  expansions  (10.3)  under  the  condition 
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* 

("  8 iD  A - “ r<’»  A;?  = (T  - 1)  -y-  | « + 23 sin-fl  + ~r?~  J 

when  5 -» 6,  t|  = o,  and  by  equalising  the  terns  of  the  snallest  order 
fron  0,  we  will  obtain  (u*  * II)*  = 1 or 

u“  = ± (1  + 0)  with  t]°  = o,  £»  + Q.  (20.12) 

On  the  strength  of  syanetry  problem  can  be  examined  for  0^5°;  then 
with  \ 

5°  0,  u«  = 0,  t|J'  = 0.  (20.13)  ; 

I 

Of  equalization  (£0.9a,  b,  c)  with  boundary  conditions 

j 

, (20.  10) - (20.  13)  they  make  it  possible  by  only  fora  to  deternine  u\  r»,  p®,  i,®. 

(After  the  deternination  of  these  values  w°  it  is  deternined  by 
integration.  For  the  calculation  of  pressure  on  body  »«,  it  is  not 
required  and  subsequently  be  deternined  will  not  be).  Equations 
(20.9)  possess  two  perfornance  characteristics.  The  first  of  then  is 

= const, 

the  fanily  of  flow  lines where  the  function  of  current 
satisfies  the  equation 

- 1#)  "** +(»•  — ,,»)  y«  _ n.  (20.14) 

This  fanily  exists  of  precise  equations.  The  second  fanily,  as  it  is 
easy  to  verify  that  that  consists  of  diEect/straight  = const.  It 
appears  because  of  the  approximate  fornulation  of  the  problen. 
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During  the  solution  of  system  of  equations  (20.9)  we  drop 
temporarily  the  zero  near  the  sign  of  the  functions  in  equations 
(20.9)-(20.l4),  since  this  can  not  cause  misunderstandings  and 
substantially  simplifies  the  recording  of  formulas. 


Method  of  the  solution  of  systea  (20.9)  the  sane  as  into  §19.  As 


independent  variables  they  are  selected  t and  'V,  in  which  regard  on 

» » 

the  shock  wave  we  assume 


the 


After  transition  to  independent  variables  H 


formulas 


a/K.'n  , , \ I L 

W~  V ’ ^ |-=.con»t  — v i* 


taking  into  account 


in  equations  (20.9a,  b,  c) , we  will  obtain 


nr"t-“vnt  -f  rT  = 0, 

"l=°. 

(“  - \)  ^nr  = - /v, 


»-n 

“-CV 


(«) 

<*> 

<*> 


(20.15) 


Page  308. 

When  deriving  the  equation  (20.15c)  is  used  the  foraula 
(20.15d),  which  is  the  consequence  of  equation  (20.14). 

on  the  shock  wave  where  v - t,  east  be  sade  conditions  (20.10), 
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aoreover 


d 

’l.  = “3f-  n (t.  5 = = nt  + v. 


In  the  exact  solution  of  problem,  the  surface  of  plate  is  the 

conical  flow  line,  on  which  v = const.  If  near  fairing  is  a vorticity 

layer,  in  which  expansions  (20.3)  do  not  represent  the  solution  of 

problea,  then  the  conditions  of  flow  (20.  1 1),  (20.  12)  must  be 

satisfied  on  the  outer  edge  of  the  vorticity  layer  where  <p  = h,6(^)  or 
U - I It  (V)- 

"^7 See,  §§18,  19.  Name  "vorticity  layer*  bears  here  conditional 
character.  ].  Let  us  now  look  at  the  solution  of  system  of  equations 
(20.15).  The  solution  to  equation  (20.15b)  it  is 


u(<T). 


(20.16) 


It  differentiated  equation  (20.  15d)  for  v,  taking  into  account 
equation  (20.15a),  we  will  obtain 

(“  - 5)  *iT5  + v = o, 


whence  let  us  find 


V 

id*) 


i won-u/'cn 

T 

n,(5)+  \ [«(Yi)-^i  /'  OPi)  rfVi. 


(20.17) 


where  f (V)  is  derivative  from  unknown  function  / (V).  Proa 
equations  (20.15d)  and  (20.17)  for  deteraining  » (t.  ▼)  is  obtained  the 


f 
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formula 


T 

* (5.V)  = tl,«)+  ^ [«(T»)-u(Y)]/'Cr,)rfYl  + 

+ ( « (V)  - 5 1 n (5)  - [ U (Y)  - 5)  [ U (5)  - 1 j /'  (5). 


Substituting  u,  v by  formulas  (20.16),  (20.18)  under  boundary 

conditions  (20.10a,  b)  let  us  find 


■ m- -n.cn. 

/'  on  = [u(r)-*]- 


Hith  the  aid  of  (20.19)  formula  (20.18)  is  reduced  to  the  form 


.**»-,«+ 1.  <*>-a 


(20.2(1) 


it  also  it  is  possible  to  write  as  follows: 


I);  — r ~JL  = ( ^ U (£) ! . (20.21) 
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roraala  (20.17)  will  take  the  fora 


-»•  ? r 


\ 

I 
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Equation  (20.15c)  taking  into  account  formulas  (20.  20)  - (20 . 22)  gives 


Py  = — 


|u(y>  — ^)»  r , . 

4T  “ ^ r - "FTt) _ $).•  j* 


(»'  Si) 


Integrating  (20.23)  by  >r  fron  shock  wave  and  taking  into  account  of 
formula  (2  0.10c),  (20.19),  we  will  obtain 


p ((.  = Zr\f  (()  + (I)  - «*  (5)  - 1 + 


[“  (Vi)  — II*  (21  '.24) 


In  fornulas  (20.  19),  (20.20),  (20.22),  (20.24)  only  unknown 
functions  is  ’»•  (ti-  it  one  should  deteraine  fron  the  conditions  of 
flow  (20.11),  (20.  12).  If  the  spreading  of  gas,  for  exaaple,  it 
occurs  at  point  0 (Pig*  92b)  and  worticity  layer  near  body  is  absent, 

!<.  nQ.it ss*«-^  i t)  - 0,  e = 

then  for  determination  *••(5)  ^(^^oainune^jxa  for  sale  (20.22)*  However, 

this  it  is  not  possible  to  sake,  since  integral  in  this  fornula  when  t=  o, 

y « (V)  - - 1.; (0)  y . . . 

^diverges,  since  with  snail'  ^ “ — s Hence  it  follows  that  near  body 

surface  is  a vortlcity  layer,  and  the  conditions  of  the  flow  about 
the  body  one  should  satisfy  on  its  outer  edge  where  u — UW 

y = ybK).  Pros  relationship  (20.22)  we  find 

lb(T) 


or 


■p  » (yo  — i 
9.--  \ 


'f  » (YQ  - 1 ^ 


(20.25) 

(20  26) 


’•»  j*-i»**r 
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Let  us  differentiate  equality  (20  . 26)  on  € and 
re latioash ip/ratio  (20.15d)  let  us  present  in  the  fora 


I*(T)-ti{ir7Cp-r+  { r>. 


Page  310. 


Ihen  5-^iis»  = o,  therefore  equality  (20.27)  can  be  fulfilled  only. 


u (▼)  = Eb  (V). 


(211.28) 


The  only  unknown  function,  entering  the  solution  of  problem,  is 
now  u(Y).  in  order  to  coapose  for  it  aquation,  let  us  substitute  into 

1 - Eb  (?)  = “ (y) 

foraula  (20.22)/^aad  let  us  differentiate  resalt  on  y.  Talcing  into 

account  that  h (Et.  V)  = u and  me  will  obtain  after  3iaple 

dY  r 

calculations  the  unknown  equation 


«(u('P)l  + 


u |U(V)1-  u(\ 


u(V) 

C d'Vx 

l [u(r,)-V,p' 


Equation  (20.29)  is  functional  equation.  It  aust  be  solved  under  the 


rj  conditions 


u (0)  ==  o. 


= o.  (•)  l 

1+0,  E-O.  (6)| 


However,  condition  (20.30b)  cannot  be  uade.  Actually,  when  we,  noving 


>-  -»  y~  . 


:.*»’***  - •• 


I 

J 

f ' 
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over  the  outer  edge  of  vorticity  layer,  we  approach  a leading  edge, 
then  tb->Q  and  according  to  (20.28)  u -»  Q a not  to  1 + Q.  Instead  of 
(20.30b)  A.  Bessiter  advances  the  following  condition: 


physical  sense  of  which  lies  in  the  fact  that  the  coaponen t of  vector 
of  the  speed  in  the  plane,  perpendicular  to  leading  edge,  reaches  the 
local  velocity  of  sound  not  on  leading  edge,  but  in  the  point  of 
shock  wave  when  5 * Q.  Thus  when  we  aove  over  straight  line  5=0 
froa  leading  edge  to  shock  wave,  the  coaponent  of  speed  u grow/rises 
froa  value  0 to  value  of  1 ♦ Q.  In  actuality  the  picture  aust  be 
reverse/ in verse,  since  during  the  flow  about  the  sharp  edge  sonic 
line  takes  the  fora,  depicted  on  Fig.  68. 


Finally  boundary  conditions  for  u are  taken  in  the  fora 

<1  (0)  = 0,  u (Q)  = 1 + Q.  , (20.32) 


Eguation  (20.29)  with  conditions  (20.32)  datarainas  unigua  solution 
u = U (V,  0).  <4^y~'Dif  far  satiating  agnation  (20.29)  for  y,  lnt  us 

acrlvo  at  tk«  agnation 


(2".33) 


which  with  boundary  conditions  (20.32)  was  solved  by  nuaerical 
aethods  by  A.  Nessiter,  [217]  for  Q,  belonging  to  interval  of  0 < Q < 


I 


' 
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Page  311. 

Furthermore,  for  Q < 0.005  to  them  was  obtained  the  analytical 
solution  to  equation  (20-33)  by  the  method  of  the  expansion  in  terns 
of  degrees  Q,  which  when  Q-?  0 coincide  with  numerical  solution. 

After  plotting  the  comparison  of  the  results  of  the  theory  of 
Nessiter  with  the  results  of  other  solutions  and  experiments  for 
later  period,  we  will  try  ourselves  to  determine  those  values  Q from 
interval  of  0 < Q < 2,  at  which  one  should  expect  the  disagreement 
between  the  solution  of  nessiter  and  the  exact  solution  of  problem. 

On  Fig.  93a,  b,  is  dapictad  the  typical  picture  of  the  distribution 

V — const 

of  tha  Unas  of  flow/^in  field  of  flow  and  the  form  of  shock  wave. 

The  solution  of  Hessiter  is  unsuitable  near  the  surface  of  plate 
in  vorticity  layer  and  in  certain  vicinity  of  leading  edge.  (This 
range  on  Fig.  93  is  separated  by  broken  line) . Pressure  across 
vorticity  layer,  undoubtedly  it  is  little  affected  and  here 
complications  be  it  cannot.  It  is  a different  natter  with  range  near 

front/leading  be  it  cannot*  It  is  a different  natter  with  range  near 

leading  edge.  If  the  value  of  the  parameter  Q is  low,  then  the 

solution  of  Nessiter  can  prove  to  be  unsuitable  in  the  significant 
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part  of  the  which  interests  us  range.  According  to  the  analytical 
solution  of  A.  Messiter  when  Q->  0 the  relation 


T).(°>  _ t|!<0)8V. 

6 Q 


[2  In 


2Q 


O (1) 


,1. 


»ith  fixing  « and  b -F  0,  in  consequence  of  which  Q—  0,  — j-- — °°-  This 
weans  that  the  range  in  which  are  valid  foraul as  (20.3)  with  snail, 
but  final  is  confined  when  Q 0 to  the  plane  of  the  symmetry  of 
flow  5 = 0,  since  the  first  terns  in  expansions  (20.3)  correspond 
approxinatel y to  the  parameters  of  flow  after  the  shock  wave, 
deviating  flow  in  the  plane  of  the  syanetry  of  flow  to  angle  6,  and 
shock  wave  considerably  differs  in  forn  fron  plane. 


Fron  the  aforesaid  it  follows  that  the  solution  of  Hessiter  with 
snail  Q can  give  the  quantitative  results*  distant  fron  the  true. 


Fig.  93. 


Key:  (1).  Flow  line.  (2).  Inpact  wave 
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Thus,  the  solution  of  Messiter  is  correct  not  in  all  interval  of 
0 < Q < 2,  but  only  with  0 > ft*>  0.  (Judging  by  the  experimental  data 
given  to  Pig.  94,  Q*~  0.7-0. 8./). 

Let  us  note  one  additional  fact,  connected  with  the  theory  of 
Bessiter.  At  values  Q < 0 **  the  point  of  the  spreading  of  flow 
°\  is  point  0 on  Fig.  93a,  but  if  q > qm*,  then  this  point  is 
shift/sheared  in  the  direction  of  leading  edge  (pig.  93b).  (With  Q ^ 
2 leading  shock  wave  becomes  connected  to  leading  edge  and  the 
solution  of  Messiter  already  is  unsuitable).  According  to  the  data 
[220],  where  obtained  approximate  solution  for  a plate  by 
re  verse/ in  verse  method  Q A*  1. 

20.3.  Laws  of  similarity.  Onder  equations  (20.9)  and  boundary 

conditions  (20.  11),  (20.12),  [(20.30)],  (20.13)  enters  tha  only 

V,  T)»,  P, 

parameter  Q;  therefore  a»,  *•,  *•,  p»#  «re  f auction th*t  nl*° 
is  actually,  the  expression  of  the  lav  of  similarity.  Specif icnlly, 
for  pr«ssure  it  is  possible  to  write 

12 p _ 2 

PiKj  TM» 


f 2»in*6  + <j2sin*6p«(6*,  Q)  + ...  (20.34) 
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set/assumi-ng  ,resS«r.  o.  the  upper  pert  of  the  pl.t,  egu.l  to  tero 
and  integrating  (20. 3«)  hr  the  lo.er  surface  of  plate,  after  di.ision 
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into  its  area,  we  will  obtain 

^ I* 

°y  = —jjjr  + 2 sin1*  f 23  sin2  6 o,  Q)dl 

2 ° 

^ ~^T  + 2 sin* 6 -f  2s sin*  p°( 0,  Q ) </£®,  (20.33) 

where  C¥  the  coefficient  of  noraal  force  Cn.  (elewentary 
area/sites  on  wing  are  taken  in  the  fora  of  triangles  with  single 
height/altitude  and  basis/base  d£.). 

pornula  (20.35)  can  be  rewritten  in  the  fora,  which  expresses 
the  approxiaate  law  of  siailarity 


Cn— 2 sin’  fl  — 

a sin*  6 


2 


TM* 


= F(Q). 


(20.36) 


where 


F(U) 


o 

4-5^«».o.Q)d6*. 

0 


Proa  rule  (20.36)  it  follows  that  for  the  calculation  of  the 
noraal  force  of  the  delta  wing  whose  lower  surface  differs  little 
froa  triangular  plate,  it  suffices  to  know  only  one  function  P = P (0) 
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(if,  of  course,  0 < 0 < 2).  This  function  can  be  determined  by 
calculation  or  by  processing  the  results  of  expedients.  In  exactly 
the  sane  aanner  for  the  coefficient  of  pitching  noneat  Cm  (relative 
to  axis  0a  X)  is  obtained  the  law  of  similarity  in  the  fora 


(20.37) 


To  Pig.  94,  undertaken  fron  work  [218],  is  given  the  coaparison 
of  the  results  of  the  experiments,  processed  taking  into  account  law 
(20.36)  for  the  range  of  parameters  0.2  < • < 0.4;  0.1  < b < 0.6;  0.2 
< 0 < 2,  with  the  results  of  the  calculations  of  Nessiter  [217],  Here 
is  plotted/applied  the  shaded  band,  into  which  fall  values  F (0) $ 
obtained  by  Bazzhin  [177],  by  processing  the  results  of  calculations 
according  to  the  method  of  the  integral  relatioaahip/ratios  of  the 
flow  about  the  triangular  plate  in  ranges  na  ■ h-10;  A = 708  ^ 85°,  6s 

= 30°-60®. 

page  314. 

For  experimental  values  for  Fig.  94,  are  accepted  the  following 
designations: 
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t 
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I 
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Q — M,-  4.07,  A =-0,33, 

0 _ M,  = 4,07;  A = 0,58, 

0 — M,  = 6,9;  b -=  0,36, 

V — M,  6,9;  A 0,231, 

Y — M,  6,9;  A 0,140, 

A-M,  3,36;  b 0,f>, 

^ — Mt  3,3;  A — 0,167, 

□ _Mt=-.r.,8;  A 0,138, 

£ — Mi  =-3,8;  A = 0,214. 


Numerical  values,  obtained  by  A.  Bessiter,  are  designated,  — x; 
result  of  Zh.  Koul  and  Zh.  Braynerda  [218],  [F(0)  - 1.8]  is 

plotted/applied  by  cross  — ®. 


Experimental  points  are  obtained  at  values  of  the  parameters, 
very  not  adequate/approaching  for  checking  the  las  of  similarity,  but 
also  they  have  a tendency  to  be  grouped  about  one  curve.  Hore 
reliable  material  are  the  results  of  the  calculations  of  A . Bazzhin. 
As  can  be  seen  from  Fig.  94,  width  of  shaded  band  does  not  exceed 
value  of  0.4,  which  provides  determination  Cn  with  accuracy 
1.5-2.  Oo/o,  if  sin  6 > 2.  (Inequality  B,  sin  6 > 2 is  equivalent 
to  the  condition  of  saallness  ,) . 


Thus,  is  observed  the  situation  which  fairly  often  is 
encountered  in  different  questions*  Asymptotic  theory  gives 
aediocre/satisfactory  quantitative  results,  but  it  leads  to  such  laws 
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of  the  similarities  which  are  fulfilled  well  even  beyond  the  limits 
of  its  applicability. 

§21.  Survey/coverage  of  the  results,  obtained  by  other  methods. 

21.1.  Lead-in  observations.  The  majority  of  the  methods,  1 

examined  in  the  second  chapter,  is  applied  for  the  calculations  of 
hypersonic  flows.  Pirst  of  all  this  observation  is  related  to 
numerical  methods,  to  which  are  dedicated  §§10,  11,  point/item  16.3, 
where  are  given  concrete/specif ic/actual  data  also  for  hypersonic 
speeds. 


Page  315. 

Therefore  we  will  give  here  only  survey/coverage  of  the  results  which 
follow  from  the  specific  character  of  the  hypersonic  flows  of  gas. 


21.2.  Method  of  "linearized  characteristics".  As  already  noted 
into  §17,  method  of  "linearized  characteristics"  at  hypersonic  speeds 
can  be  presented  into  analytical  to  form.  This  follows  from  that  fact 
that  for  a round  cone  at  zero  angle  of  attack  and  H»  » 1 it  is 
possible  to  obtain  simple  analytical  solution,  if  we  disregard  ratios 
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v2/a2,  v/a,  where  v - velocity  component  in  the  direction  of  an 
increase  in  the  angle  9,  (see  Pig.  5)  , a - the  local  velocity  of 
sound  (See  point/item  2.6).  If  we  moreover  to  assume  that  the 
half-angle  of  cone  £ is  small,  then  solution  is  obtained  in 
elementary  form,  respectively  the  solutions  to  equations  for 
disturbance/perturbations  are  represented  in  elementary  farm. 

In  work  [197]  solution  of  such  type  obtained  for  elliptical  \ 

cones,  in  work  [222]  - for  a triangular  plate  with  fuselage  in  the 
form  of  the  half  of  round  cone  (leading  edges  of  plate  are  assumed  to  < 
be  supersonic),  while  in  work  [223]  - for  conical  bodies  with 

rhombiform  cross  section.  I 

l 

i 

21-3.  Laws  of  similarity  for  extended  and  fine/thin  conical  | 

bodies,  streamlined  at  high  angles  of  attack.  V.  sichev  in  work  [224] 
will  derive  the  laws  of  similarity  within  the  framework  of  the  theory 
of  the  slight  disturbances  for  the  pointed  bodies,  streamlined  with 
hypersonic  flows  of  gas  at  high  angles  of  attack.  Conical  bodies  are 
a special  case.  Since  us  they  interest  conical  flows,  let  us  give  the 
conclusion/derivation  of  these  laws  for  conical  bodies. 

Let  there  be  the  conical  body,  streamlined  with  hypersonic  flow 
of  gas  at  an  angle  of  attack  6 (Pig.  95a)  . 


DOC  = 78026615 


PAGE 


Let  us  designate  the  spread/scope  of  wing  (in  plane  z = 1)  or 
the  thickness  ratio  of  the  body  by  Xi  (Pig.  95b)  . Let  us  assume  that 
the  Hack  number  of  undisturbed  flow  Ht#  and  angle  of  attack  6 are 
such,  that  H | sin  6 >>  1,  and  je<  1-  About  the  windward  face  of 

the  streanlined  body,  there  is  a powerful  shock  wave  after  which  the 
gas  noves  in  shock  layer,  the  flow  after  aaxinun  characteristics 
(broken  line  on  Fig.  95b)  not  affecting  flow  in  basic  part  of  shock 
layer. 

Page  316. 

(Plow  about  the  body  occurs  with  flow  choking  about  the  windward  face 
of  body.).  On  the  shadow  part  of  the  body  surface,  the  pressure  is 
virtually  equal  to  zero.  The  size/dinension  of  zone  of  flow,  limited 
by  aaxiaua  characteristics  and  leading  shock  wave  (Fig.  95b)  , is  of 
the  order  £ but  the  velocity  component  in  the  direction  of  axis  Otz 
here  differs  little  from  Vt  cos  6.  If  value  £ unlimitedly  is 
decreasedr  then  flow  in  the  which  interests  us  r»nge  on  plane  5,  Tj 
increasingly  will  be  less  and  less  characterized  by  from  flow  about 
the  cylinder,  which  has  the  sane  cross  section,  as  this  conical  body, 
and  streanlined  by  flow  with  not  disturbed  speed  V,  sin  6,  pressure 
Pi,  density  px  so  forth. 


Let  us  write  the  equation  of  the  surface  of  the  streanlined  body 
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in  the  fora 


1*  = t<6»). 


where 


(21.1) 


-1  < 50  < 1,  for  the  case  of  symmetrical  flow,  which  we  will  examine 
further  for  simplification  in  the  recording  of  formulas. 


Pig.  95. 

Key:  (1).  Nach  cone.  (2).  Impact  wave. 

Page  317. 


If  we  introduce  the  designations 
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K,  = * ctg  6,  Kt  — M,  sin  6, 


then  the  parameters  of  flow  in  the  part  of  the  shock  layer,  limited 
by  maximum  characteristics,  let  us  search  for  in  the  fora  of  the 
asymptotic  expansions: 


p ~ sin- 6p,l'?  I />0)  (£?■  '1°.  A j)4 

4-  KiP{t)(l°,  n0,  Kt)  + 0(t*)). 

()  = Pilc(0)(l°.  ’I0-  + K i(V,(!0.  V-  *»)  -i 

>0(e5)]. 

u -=  1'isin  6|i/(0)(4u,  if,  h't)  4- 

4-  K,u,,)(F.vr.K')  H i 0(b«)], 

v I-, •<in 6 |f(0)(ten'  ’|"t  6’j) + 

+ *.»„,  (6*.  if.  Kt)±D(t')), 
w-  V i cosft  [ 1 + /Cltg26i»(|)(6*,  if.  A,),-h 

+ 0(01, 


(21.2) 


Furthermore,  the  equation  of  bow  shock  let  us  present  in  the  form 

V = ’ll  (V,  Kt)  + A-.rrf,  (S*.  KJ  4-  O (e*).  (21.3) 

Substituting  expressions  (2 1.  1)  - (2 1.  3)  in  the  equations  of  motion  of 
gas  (20.4),  Bernoulli's  integral  (1.8),  condition  on  shoc't  ware 
(20.5)  -(20.7),  the  condition  of  the  nonseparated  flow  of  the  body 

rliy,  __  D - lb*' 

and  by  equalising  there  the  terns  of  identical  order  for  it  is 
possible  to  establish  that  equation  and  boundary  conditions  for 
functions  f (0  y f ^ (f  * u,  v,  w,  p,  p)  they  contain  the  only 


■ V y 
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parameter  K2.  (in  these  equations,  of  course,  enters  the  specific 
heat  ratio  of  7 ) . 


Hence  follows  the  validity  of  formulas  (21.2).  Specifically,  it 
is  possible  to  write 

= 2sin*MP(0)(l*-  < * *•  TW  A',Pi(1#.  VT>  AfT)H 
hW  +0(eJ).  (21.4) 


Page  318. 


If  we  as  characteristic  area  take  the  projected  area  of  body 

surface  on  plane  y = 0,  equal  to  £ then  the  coefficients  of  normal 

( 

force  C yj  ( of  axial  force  d ^ and  of  pitching  moment  according 

to  (21.4),  can  be  written  in  the  form  of  the  following  expressions: 

C.--& | a ” «"■  ‘ \ ip,.,  + 

V •>  +l 

c,  = \ —■  I \ K=  e sill • 6 ^ ( piB)  f A',/>(l))fc  | nX  I dln- 

-«pi  > -1 

C-m  — 4-  C„, 


Pfc  ~ PU"Wb(t) 

where  Kp  re*  sure  on  body  surface.  Coaverting  these  expressions  to  the 


fora  in  which  usually  are  represented  the  lavs  of  siailarity,  we  will 
obtain  the  foraulas 


\ 

k 


i 
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-%-  = At(Kt,  r)4-  KiB^Kf  T). 

sin-  o 

_gnr.^(if,.T)  + Jt.B.(<r-t).  , (21.5) 

c — ~c 

i-m  ^n* 

( jfj  = ectg  6,  A',  = M,sin6). 

AuBi  (l  = 1.2)  „ 

Pnnctions^can  be  determined  their  calculations  or  by  processing 
experimental  data.  During  an  increase  in  value  K2,  the  pressure 
rapidly  approaches  its  limiting  value*  and  the  essential  parameter  is 
K|.  Thus,  for  Ks  > k-5  formulas  (21.5)  are  simplified*  for  example* 

A^oo,  rJ  + AT^oo,  T). 

In  the  case  of  large  values  Hi,  the  gas  one  should  consider  as 
inadequate*  then  instead  of  y in  formulas  (21.5)  appear  px  and  pt; 
furthermore*  it  is  necessary  to  require  the  constancy  of  the  chemical 
composition  of  gas  in  undisturbed  flow. 

Page  319. 

The  laws  of  similarity  (21.5)  mrm  derived  with  an  accuracy  to 
terms  Oit1),  are  more  precise*  o (A'J),  ; therefore  they  are  used  in  the 
case  vhem  K,  « 1*  i. e.,  value  £ meet  be  much  less  than  value  of 
angle  of  attack  6. 
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To  Pig.  96,  undertaken  work  [177],  gives  the  results  of 
calculations  according  to  the  method  of  the  integral 
relationship/ratios  of  the  flow  about  the  windward  face  of  the 
triangular  plate,  processed  in  accordance  with  the  laws  of  sinilarity 
(21.5).  On  Fig.  96,  numbering  of  points  fro*  1 to  6 corresponds  to 
following  values  of  the  parameters 


NN 

A. 

M, 

6* 

1 

3,06 

4 

50 

2 

3,00 

6 

30 

3 

3,45 

4 

60 

4 

3.45 

5,37 

40 

5 

5,18 

6 

50 

6 

5.18 

8,05 

40 

As  can  be  seen  fro*  Fig.  95,  the  law  of  similarity  (2  1.5)  is 
fulfilled  well  for  Kj  < 1.  [Points,  which  possess  identical  values 
K2,  lie  down  to  the  single  line,  close  to  straight  line.  At  wish 
hence  it  is  possible  to  find  functions  kx  (Kx,  7)  and  Bt (K? , 7) . 


DOC  = 78026615 


PAGE  ^ 


Page  320. 


In  conclusion  let  us  discuss  the  viscosity  effect  of  gas  on  the 
foraulated  laws  of  similarity.  As  shown  in  work  [ 225],  this  effect  is 
substantial,  generally  speaking,  only  at  low  angles  of  attack. 

21.4.  Method  of  "equivalent  cone".  Pressure  on  the  surface  of 
conical  body  pb,  can  be  approxiaately  determined  according  to 
Newton's  theory  (without  taking  into  account  of  centrifugal  forces  in 
shock  layer),  by  the  foraula 

Pi,  — Pt~  nl* 

where  p1#  p1  - pressure  and  the  density  of  undisturbed  flan,  VBl 
is  normal  to  the  surface  of  the  body  of  the  component  of  the  vector 
of  the  undisturbed  speed  in  the  point  in  question.  V.  Zakkey  in  small 
note  [154]  proposed  the  simple  semi-empir ical  method  of  the 
"equivalent  cone",  which  gives  the  best  resalts  for  Pt, , than  lewton's 
theory.  For  the  given  point  of  body,  is  detersiaed  that  Fml)  sad 
then  is  located  the  seaiangle  of  "equivalent  cone"  from  the  condition 
that  for  this  cone,  streamlined  at  zero  angle  of  attack  with 
undisturbed  flow  with  the  previous  parameters,  the  component  of  the 


r 
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vector  of  the  undisturbed  speed,  norial  to  the  surface  of  cone,  is 
equal  to  Pressure  at  the  point  of  body  in  question,  Pb,  is 

taken  as  equal  to  pressure  on  the  surface  of  "equivalent  :one".  In 
comparison  with  Newton's  theory  in  the  method  of  "equivalent  cone" 
approxisat ely  is  considered  the  finiteness  of  Hach  number  Ht  and 
supplesentar y compression  during  the  particle  motion  of  gas  from 
surface  of  shock  wave  to  the  surface  of  the  streamlined  body. 
Centrifugal  forces  in  shock  layer  here  are  not  considered;  therefore 
the  method  in  question  let  us  use  in  cases  when  the  surface  curvature 
of  body  is  changed  smoothly.  The  comparison  of  the  distributions  Pb, 
calculated  according  to  the  method  of  "equivalent  cone",  with 
experimental  data  for  the  elliptical  cones,  which  refer  the  large  and 
semiminor  axes  of  the  cross  sections,  egual  to  1.39;  1.87  during  = 
6,  angles  of  attack  6 = 0.10,  20°,  will  show  their  excellent 
agreement.  (Reynolds  number  in  experiments,  calculated  according  to 
free-stream  conditions,  is  equal  to  0.31  x 10*). 

The  further  development  of  the  method  of  "equivalent  cone"  is 
made  in  works  [ 155,  199]. 

Page  321. 


B.  the  flow  about  the  conical  wings  in  cases  when  bow  shocks  are 


/ 
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connected  to  their  leading  edges. 


§ 22.  Surve  y/co  vec  age  of  the  results,  obtained  by  different  methods. 

22.1.  Numerical  methods.  during  of  conical  flows  by  nuaerical 
methods  one  should  distinguish  ranges  where  flow  conical-supersonic# 
and  range  where  flow  conical-transonic  (subsonic)  . Let  us  exaaine, 
for  a definition,  the  delta  wing  the  circuit  of  flow  about  which  is 
depicted  on  Pigs.  69,  70. 

In  conical-supersonic  ranges  2- 3-4-5- 2 and  3-11-15-3  (Pig.  70) 
the  flow  of  gas  can  be  designed  to  any  degree  of  accuracy  by  aethod 
of  characteristics  (see  point/iteas  12.2#  12.3).  Since  the  problem 
here  is  coapletely  analogous  to  two- dimensional  problem  of  gas 
dynaaics,  it  is  possible  to  utilize  the  seai-eapirical  simplified 
version  of  method  of  characteristics,  called  the  "aethod  of 
rarefaction  waves"  (see  [5]).  Since  on  the  shadow  side  of  the  surface 
of  the  streamlined  body  pressure  little  and  it  can  be  disregarded, 
basic  difficulty  for  calculations  is  the  range  of  a conical-transonic 
flow  12-13-15-11-12  (Pig.  70).  The  method  of  the  solution  of  the 
problea  of  flow  in  this  case  they  are  Babaev's  aethod  [192]  (see 
Section  163),  which,  however#  designed  only  flow  about  th»  triangular 
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plate,  where  the  flow  in  the  interesting  us  range  conical- subsonic, 
and  the  method  of  establishment  [29].  To  Fig.  97,  undertaken  work 
[226]#  depicts  the  distributions  of  pressure  coefficient  on 
triangular  plate  (windward  face)  for  values  of  the  parameters  nt  = - 
(1000);  A -45°;  6 * 10,  20,  30°. 

22.2.  net  od  of  shock  layer-  The  aethod  of  shock  layer, 
described  in  §19,  can  successfully  be  applied  for  the  flow -fie Id  1 

analyses  of  conical  wings  (for  example,  see  [ 227]),  but  at  the  same 
time  it  it  possesses  the  defect  of  fundamental  character.  Let  us  turn  \ 

again  to  the  case  of  delta  wing  (Figs.  69,  70).  When  <r  ->•  D j 

« 

size/diaensions  of  transonic  range  12-13-15-11-12  will  be  o (wl)j_  tg 
A),  where  A is  a sum  of  the  angle  of  attack  6 and  of  the  half  of 
angular  wing  thickness;  therefore  transonic  range  is  confined  into 
point  when  • ± 0. 

Page  322. 

In  actuality  this  range  can  occupy  the  significant  part  of  shock 
layer  (see  Fig-  97) . The  application/use  of  formulas  §19  to  an  entire 
wing  surface  indicates  the  extrapolation  of  these  formulas,  valid  in 
conical-supersonic  ranges,  to  transonic  range.  Especially  good  these 
facts  are  visible  during  solution  for  a triangular  plate  in  work  [7], 
where  it  is  obtained  on  two  members  in  expansions  (19.8)  for  an  ideal 
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gas.  In  this  solution  the  pressure  is  constant  on  an  entice  wing 
surface,  and  the  surface  of  shock  *ave  consists  of  two  plines,  which 
intersect  the  planes  of  the  symmetry  of  flow,  i«e»,  is  actually  found 
solution  for  uniforn  flows  behind  the  step  shocks  of  packi ng/seal, 
connected  to  the  leading  edges  of  plate,  since  the  pressure  is  little 
affected  in  transonic  range  (see  Pig.  97),  the  lift  coefficients  and 
resistance  for  an  entire  plate  will  agree  well  with  experimental 
data. 


Por  the  bent  wings  these  facts  are  veiled,  but  they  also  occur. 
During  the  more  exact  solution  of  problem,  it  is  necessary  to  utilize 
in  the  transonic  range  of  such  type  expansion,  as  into  §23,  however, 
to  do  this  is  complex. 


Pig.  *7. 
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1 

22.3.  Method  of  slight  disturbances.  In  perturbation  method  as 
main  streams,  are  utilized,  besides  the  undisturbed  uniform  flow, 
also  the  flows  about  other  bodies  whose  flow  about  can  be  designed 
sufficiently  simply  and  is  accurate. 

The  simplest  bodies  are  cone  and  wedge.  If  we  as  basic  accept 
flow  about  round  cone,  then  we  will  obtain  method  of  "linaarized  ' 

characteristics".  To  flow  disturbance  about  wedge  are  dedicated  [228, 

229,  195]. 

Work  [228]  examines  the  problem  of  conical  flow  about  the 
windward  face  of  two  flat/plane  quadrants,  streamlined  at  an  angle  of 
attack  6,  shifted  additionally  one  relative  to  the  other  to  angle 
• It  is  assumed  that  6 and  £ are  small,  so  that  problem  is 
reduced  to  the  determination  of  disturbed  flow  about  wedga,  moreover 
for  the  determination  of  flow  about  wedge  itself  also  is  utilized 
perturbation  method  where  as  basic  is  accepted  the  incident  to  wedge 
Uniform  flow  of  gas-  In  work  [ 229]  the  same  method  is  applied  for  the 
solution  of  the  problem  of  the  flow  about  the  windward  face  of 
triangular  plate  with  supersonic  edges,  in  work  [195]  t|»a  problem  of 
the  windward  face  of  triangular  plate  is  solved  without  assumption 
about  the  smallness  of  angle  of  attack*  moreover  is  allow/assumed  the 
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V slip  of  wing.  Since  for  main  flow  in  these  works  is  taken  certain 

uniform  flow,  pressure  in  the  range  of  the  effect  of  the  apex/vertex 
of  wing  is  the  harmonic  function  of  the  corresponding  independent 
variables;  but  essential  difference  from  usual  linear  theory  is  in 
the  fact  that  the  eddying  of  flow  after  leading  shock  ware  cannot  be 
disregarded,  and  that  the  form  of  the  latter  also  must  be  determined 
in  resolving  problem. 

22.4.  Final  observations.  In  the  preceding/previous  point/items 
are  examined  the  conical  flows  of  gas,  appearing  during  tae  flow 
about  solid  bodies  (or  walls).  However,  conical  flows  appear  also  in 
some  jet  streams  and  in  detached  flows  about  nonconical  bodies.  If, 
for  example,  uniform  supersonic  flow  of  gas  escape/ensues  in  the 
atmosphere  through  the  nozzle,  which  is  the  duct  with  rectangular 
cross  section*  cut  off  on  the  plane,  cOnponent  certain  anjle  *ith  its 
axis,  then  in  the  vicinities  of  the  points  of  inflection  of 
section/shear  appear  conical  fields. 
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In  work  [230]  is  found  the  dominant  term  of  all  conical 
irrotational  flows#  which  begin  fron  sonic  plane,  i.e.,  the  plane  on 
which  the  velocity  vector  of  flow  is  equal  on  the  aodule/ioduius  of 
the  local  velocity  of  sound  and  it  is  directed  along  the  normal  to 
this  plane. 

I 

Somewhat  not  expected  is  the  fact  of  the  eaergence  of  conical 
flows  during  the  flow  about  the  nonconical  bodies  with  flow 
breakaway.  However#  such  flows  were  reveal/detected  experiaentally 
during  the  longitudinal  flow  about  the  cylinder  with  needle  (for 
exaaple,  see  [231])  and  during  the  flow  about  the  nozzle  for  the 
aeasureaent  of  static  pressure  [232]. 

In  conclusion  let  us  note  one  additional  fact#  discovered  during 
the  study  of  conical  flows  and  the  being  of  interest  for  the 
coaaon/general/total  theory  of  the  flow  about  the  bodies  at 
supersonic  speeds. 

If  the  about  pointed  body  flows  the  uniform  supersonic  flow  of 
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gas#  then  the  leading  shock  wave,  connected  to  its  apex/vertex#  is 

i 

"weak",  in  the  sense  that  in  the  second  theoretically  possible 
■ode/conditions  of  the  flow  about  the  body  with  ’'powerful"  shock 
pressure  wave  behind  wave  front  is  higher  than  in  flow  conditions 
with  "weak"  wave. 

This  point  of  view  is  conventional  and  it  was  repeatedly 
confirned  by  experiments.  In  G.  Chernyy’s  work  [184],  apparently,  is 
reveal/detected  for  the  first  time  theoretically  (and  confirned  by 
experiments)  the  fact  that  in  a number  of  cases  during  the  flow  about 
the  narrow  delta  flat/plane  wings  at  high  angles  of  attack  the 
leading  shock  wave,  connected  only  to  the  apex/vertex  of  body,  is 
"powerful".  This  means  that  the  history  of  the  emergence  of 

a 

concrete/specific/actual  supersonic  flow,  generally  speaking,  can 
have  vital  importance. 
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(if  .!  a ii  n r ii  m n c t h ?j*  ot  'i'(O). 


Keys  (1).  Dependence  on  ¥(0). 


(/J*H  I'JIOHOB  II  ;i  H Jl  H»  K P II  H a M 
,1  Jl  H OKO.I  OHHVKOBUX 

C K O p UC  T e H 


Hf.  99. 

K«y:  (1).  "Apple- shaped"  carve  for  traasoaic  speeds.  (2).  shock  save 
(*)•  Li  soar  theory,  apple-like  carve.  <*  . Seale  liae.  (5)  . 

"Apple- like*  carve. 


V"  y 
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Table  M 2. 


Fields  of  flow  during 


the  transonic  flo*  about  the  cones. 
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